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Abstract

In a previous paper, we applied a field formalism to analyze capital allocation and accu-
mulation within a microeconomic framework of investors and firms. The financial connections
were modeled by a field of stakes, representing the links between agents. We showed that the
resulting collective states were composed of interconnected groups of agents defined by their
connections, their returns and disposable capital. However, within this framework, the collec-
tive states exhibited structural instability, as capital shortages in specific sectors could trigger
cascades of defaults.

The present model refines this framework by introducing a third type of agent, banks, a
type of investor that can create money through loans. We show that money creation neither
eliminates systemic instability nor prevents the emergence of defaults. In fact, the effect of banks
on system stability and defaults is ambiguous: When banks favor firms over investors, money
creation stabilizes the system by providing the necessary capital to prevent initial defaults,
whereas when banks favor investors over firms, investors’ influence is strengthened, potentially
amplifying instability and defaults. Moreover, regardless of whether they favor investors or
firms, banks may facilitate the propagation of defaults once they have started. Ultimately,
because banks are themselves investors, the emergence of highly capitalized, high-return banks
can directly generate instability in the system.

Beyond these mechanisms, the analysis reveals the structural limits of macroprudential reg-
ulation. Highly capitalized, high-return investors and banks may appear more diversified and
resilient, yet they constitute the primary source of endogenous instability. The model thus high-
lights that systemic fragility is inherent to the very structure of financial interdependence and
capital flows.
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Background fields, Collective states, Multi-Agent Model, Interactions.
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1 Introduction

In a series of papers1, we developed a field formalism to describe how multiple collective states can
emerge from a landscape of microeconomic interactions. These collective states constitute structural
equilibria that shape individual dynamics and may appear or disappear through transitions between
states.
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1See Gosselin and Lotz (2020–2024).
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In our earlier work (Gosselin and Lotz 2025), we analyzed the diffusion of capital across sectors
between two types of agents, firms and investors, with endogenized connections—namely, their
investment stakes. In this setting, agents tend to organize into several weakly interacting groups
of investors. The size and shape of these groups depend on cross-sectoral investment uncertainty,
while their stability depends on the degree of homogeneity in the capital distribution within each
group.

The present paper extends this analysis by introducing a third type of agent: banks. Banks
represent a distinctive class of investors that may hold stakes in other banks, investors, and firms,
while also being able to create money through loans. To investigate the impact of endogenous
participation and lending, we follow the same methodology as in Gosselin and Lotz (2025). We
develop a field model describing the connections among the three types of agents—investors, banks,
and firms. Collective states continue to emerge from the network of agents’ connections, now deter-
mined by the optimization of each agent’s objective function. In terms of fields, this introduces two
additional fields—one for investors and one for banks—whose variables are the stakes, and whose
respective action functionals are derived from the underlying microeconomic setup2. Minimizing
these two action functionals, together with the investors’ return equations from Gosselin and Lotz
(2024), yields the collective states of the system.

In the initial framework of Gosselin and Lotz (2024), banks impacted stability in two opposing
ways: they stabilized the system while simultaneously increasing investors’ leverage. The balance
between these effects depended on the relative size of the banking sector within each group.

Reducing the types of agents to solely investors and firms, Gosselin and Lotz (2025) showed
that investors split into two categories, high- and low-return investors, with high-return investors
holding larger capital endowments and ultimately demanding higher returns, and some firms led
to default for lack of capital, thereby triggering potential contagion. However, the introduction of
banks may modify this picture.

The results of the present paper refine and extend the analysis of Gosselin and Lotz (2024)
and (2025). We recover the infinite possibilities of collective states, each collective state organized
into groups that may themselves exhibit multiple sub-collective states, but also the ambiguous role
played by banks in the system.

Indeed, banks reduce disparities between investors but may nonetheless generate instability
when they channel their resources primarily toward investors rather than firms. Moreover, banks
themselves divide into high- and low-return groups, thereby shifting disparities to the banking level.
In this setting, instability remains possible, together with associated defaults, but for different
reasons linked to the perception of risk by banks, or any factor directing capital primarily toward
investors rather than directly to firms.

This paper is organized into six main parts. Following a brief literature review (Section 2), Part
I introduces the basic notations, including general notations in Section 3 and the description of
investments and stakes in Section 4. Part II, the general setup, presents the field return equations,
the fields of stakes, and the modeling of uncertainty (Sections 5–7). Part III formalizes the equa-
tions of the field model, combining the return equations (Section 8), the field equations (Section
9), and the uncertainty equations (Section 10). Part IV, the resolution of the model, details the
methodology (Section 11), analyzes the no-default scenario (Section 12), and presents the default
states (Section 13). Part V focuses on the stability of sub-collective states, examining their inter-
nal dynamics (Section 14), internal stability (Section 15), and possible transitions between them
(Section 16). Finally, Part VI synthsizes the results (Section 17), and discusses the results (Section
18). Section 19 concludes.

2See Gosselin and Lotz (2024) for the translation method.
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2 Literature review

Four major directions are related to our approach.
The first direction addresses heterogeneity among agents through distributions of agents mod-

eled by probability densities. In mean field games (MFG) and mean field control, individual agents
are negligible compared with the population but interact through aggregate variables (see Bensous-
san, Frehse, and Yam (2018) and Lasry and Lions (2007, 2010a, 2010b)). This approach has been
applied in the dynamic programming framework developed by Gomes, Vilanova, and others (see
Gomes et al., 2015; Achdou et al., 2014). Heterogeneous Agent New Keynesian (HANK) models
incorporate similar heterogeneity into macroeconomic structures. An equilibrium probability dis-
tribution is derived from a set of optimizing heterogeneous agents in a new Keynesian context (see
Kaplan and Violante (2018), as well as Kaplan, Moll, and Violante (2018) for quantitative im-
plementations). Information-theoretic approaches build on Sims’ (2003, 2006) rational inattention
theory to model agents optimizing under informational constraints (see Yang (2018) and Matejka
and McKay (2015)). This information theoretic approach considers probabilistic states around the
equilibrium and replaces the Walrasian equilibrium with a statistical equilibrium derived from an
entropy maximisation program. In these three types of models, probability distributions can be
seen as particular types of collective states postulated a priori as equilibria of the microeconomics
setup.

Field economics, on the contrary, builds on the interactions between agents at the microeconomic
level. We do not postulate an equilibrium probability distribution for each type of agent. Rather we
consider any possible probability density for the entire system of N agents and their interactions,
and translate these probability densities in terms of fields. Since the fields encompass all the
possible densities of agents as their realizations3, the state-space in field economics is thus much
larger than those considered in the above approaches. This allows us to study the agents’ economic
structural relations and the emergence of the collective states induced by these specific micro-
relations, which in turn impact each agent’s stochastic dynamics at the microeconomic level. These
emerging collective states are in general multiple with their own characteristics, average quantities,
and distributions of agents, etc.

Interacting agents with heterogeneous behavioral rules have been dealt with by multi-agent
systems, particularly agent-based models (ABMs), with an emphasis on non-equilibrium dynamics
and bounded rationality (Gaffard and Napoletano (2012), Delli Gatti et al. (2005)). Mandel,
Landini, and Gallegati (2010, 2012) further develop ABMs to capture innovation, sectoral dynamics,
and macroeconomic fluctuations. The field of economic networks, notably Jackson (2010, 2014),
focuses on the structural properties of agent interactions within economic systems. Both approaches
are highly numerical and model-dependent. They also rely on microeconomic relations, such as ad
hoc reaction functions, that may be too simplistic. Field economics, on the contrary, accounts for
transitions between scales. Macroeconomic patterns do not emerge solely from the dynamics of a
large population of agents: they are grounded in behaviours and interaction structures. Describing
these structures in terms of field theory allows for the emergence of phases at the macro scale, and
the study of their impact at the individual level.

Econophysics applies statistical physics methods to socio-economic systems (see Abergel et al.
(2011a, 2011b) for reviews of the field’s developments). Lux (2008, 2016) explores stylized facts and
agent-based dynamics, while Kleinert (2009) uses path integral formulations to analyze financial
markets. Other relevant works include Bardoscia et al. (2017), Bouchaud and Mézard (2000),
Chakraborti et al. (2011), Chakraborti et al. (2013). However, Econophysics does not apply

3In our formalism, the notion of fields refers to some abstract complex functions defined on the state space and is
similar to the second-quantized-wave functions of quantum theory.
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the full potential of field theory to economic systems. Instead, it seeks to reveal empirical laws in
economic systems. Field economics, in contrast, keeps track of usual microeconomic concepts, such
as utility functions, expectations, and forward-looking behaviors. It integrates these behaviours
into the analytical treatment of multi-agent systems by translating the main characteristics of
optimizing agents in terms of statistical systems. Closer to our approach, Bardoscia et al. (2017)
study a general equilibrium model for a large economy in the context of statistical mechanics, and
show that phase transitions may occur in the system. Our issue is similar, but our use of field
theory addresses a larger class of dynamic models.

The second direction addresses interactions between Finance and the Real Economy. The
interactions between financial frictions and capital accumulation have typically been modeled within
DSGE frameworks, enriched with credit constraints, incomplete markets, or firm-level heterogeneity.
Cochrane (2006) provides a review of asset pricing in macro models. Bernanke, Gertler, and
Gilchrist (1999) model the financial accelerator, linking firm balance sheets to investment dynamics.
Holmstrom and Tirole (1997) study liquidity provision under moral hazard. More recent work
includes Campello et al. (2010) and Quadrini (2012). Other contributions extend this framework
to heterogeneous agents and endogenous risk (Grassetti et al. (2022), Grosshans and Zeisberger
(2018), Böhm, Kuehn, and Schmedders (2008), Khan and Thomas (2013), Monacelli et al. (2011)
and Moll (2014)).

Field economics differs from DSGE models in that their models are micro models that stand
for the entire set of agents. This does not allow the study of the diffusion and circulation of capital
among agents. Field economics, on the contrary, studies the entire system of agents. When dealing
with capital, it describes the different states that result from this diffusion and circulation of capital.
Besides, the relative (un)stability of capital allocation can be assessed globally: it is the relative
distribution of returns or external conditions that determine investors’ allocation of capital to firms.
We can study how a local interest rate or a change in sectoral returns would impact the equilibrium
of one sector, and the whole system.

The third direction covers the literature on default and systemic risk, and their contagion within
financial networks. Early theoretical models were developed by Allen and Gale (2000), Cifuentes,
Ferrucci, and Shin (2005), and Gai and Kapadia (2010). The network-based approach has been
formalized by Acemoglu, Ozdaglar, and Tahbaz-Salehi (2015) and extended by Bardoscia et al.
(2019) and Glasserman and Young (2015) using graph-theoretic stress-testing techniques and feed-
back loop dynamics (see also Battiston et al. (2012, 2020) for recursive losses in interconnected
systems and Haldane and May (2011) for an ecology and epidemiology approach to financial in-
stability). Empirically, contributions include Reinhart and Rogoff (2009), Gennaioli, Martin, and
Rossi (2012, 2018), Adrian and Brunnermeier (2016), Langfield, Liu, and Ota (2020).

This paper adds to these studies by considering firms, investors and banks in the analysis.
Moreover, collective states are described both in terms of global averages and sectoral quantities,
allowing disparities in firms’ returns and borrowing conditions across agents to be explicitly ac-
counted for. Our analysis therefore moves back and forth between the micro and macro levels to
identify the conditions under which micro-level defaults propagate to the macroeconomic level.

A fourth strand of the literature emphasizes the intermediary role of banks and the regulatory
frameworks—especially macroprudential policies—designed to stabilize the financial system. It in-
cludes theories of banking (Diamond and Dybvig (1983); Diamond and Rajan (2001); Freixas, Parigi
and Rochet (2000); Freixas and Rochet (2008)) and modern macro-financial models (Gertler and
Kiyotaki (2010); Brunnermeier and Sannikov (2014); Adrian and Brunnermeier (2016)). Macro-
prudential tools are explicitly aimed at reducing the likelihood that idiosyncratic shocks trigger
widespread defaults. Empirical studies and policy evaluations (Borio and Drehmann (2009), Brun-
nermeier, Crockett, Goodhart, Persaud, and Shin (2009); Acharya and Richardson (2012); Galati
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and Moessner (2013); Drehmann and Juselius (2014); IMF (2014); Cerutti, Claessens and Laeven
(2017)) indicate that well-designed macroprudential measures can lower the probability of default,
although their effectiveness depends on timing, calibration, and cross-border coordination.

Our work differs from these approaches in that, in our framework, instability is inherent to
collective states, and the apparently more capitalized, high-yield investors or banks are themselves
sources of systemic fragility. Since risk is an ad-hoc concept rather than an absolute measure,
restricting access to credit to low-return investors and firms in the name of prudence may in fact
strengthen high-return investors and banks, thereby increasing structural instability.

Part I

Basic notations

3 General notations

We briefly recall the notations and the basic assumptions of our model. The economic space
comprises an infinite number of sectors. Each sector is labeled by a position, denoted by X, X ′,
X ′′ and so on. Each sector includes banks, investors and firms.

Since we are working within a field model, agents are, among other things, characterized by the
sector they occupy. Agents are not indexed individually; rather, they are distinguished by their
economic variables and by their sector. We consider three types of agents: banks, investors and
firms. We denote the banks and investors located in sector X as bank X and investor X respectively,
and the firms located in sector X as firm X. Variables pertaining to banks and investors will be
denoted with a bar and a hat respectively. For any type of agent, the agent’s disposable capital is
the capital used to produce or invest, denoted K. It is the sum of the agent’s private capital along
with the capital allocated to them, either through shares or loans.

The agents’ average disposable capital in sector X, for any type of agent, is the average of the
agents’ disposable capital in sector X. It is denoted K̄X for banks, K̂X for investors, and KX for
firms.

The aggregate disposable capital in sector X will be denoted by K̄ [X], K̂ [X] and K [X] for banks,
investors and firms, respectively.

We will denote the background fields, the fields minimizing the action functionals of banks,
investors and firms Ψ̄ (X), Ψ̂ (X) and Ψ(X), respectively. The densities of banks, investors and of

firms X will be written
∥∥Ψ̄ (X)

∥∥2, ∥∥∥Ψ̂ (X)
∥∥∥2and ∥Ψ(X)∥2, respectively. The total number, across all

sectors, of investors and of firms will be denoted
∥∥Ψ̄∥∥2, ∥∥∥Ψ̂∥∥∥2 and ∥Ψ∥2, respectively. Note that, by

construction, the disposable capital per sector for banks investors and firms4 satisfy the identities:

K̄ [X] = K̄X

∥∥Ψ̄ (X)
∥∥2

K̂ [X] = K̂X̂

∥∥∥Ψ̂ (X)
∥∥∥2

K [X] = KX ∥Ψ(X)∥2

4Expressions of K̄
[
X̂ ′

]
, K̂

[
X̂ ′

]
and K′ [X ′] as functions of returns and shares are given in Appendix 1.
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4 Investments and stakes

In this model, only investors and banks engage in investment. Their investments or stakes can
take two forms: equities (i.e., the purchase of shares) or loans. A bank or an investor is thus
characterized by the stakes it owns. We denote the stakes by S, and use the index η, which takes
the value E for equities and L for loans. We will present the notations for investors and banks
successively.

4.1 Investors

Investors may invest either in other investors or in firms, whether within their own sector or in
other sectors.

Investments made by one investor in another investor are denoted Ŝ, and are the sum of ŜE

and ŜL, and investments made in a firm, denoted S, which is similarly the sum of SE and SL.
In our field model of investment, two sectors must be distinguished: the sector in which the

investor is located (the origin sector of the investment), and the sector in which the investment is
made (the destination sector).

To differentiate origin and destination sectors, we will use notations such as X and X ′ , or X ′

and X ′′, respectively. When talking about a stake, $$ we may write in parenthesis, on the right, the
sector of origin, on the left, the sector of destination, and in between, when needed, the capital of

the beneficiary. For instance, the stake Ŝη

(
X ′, K̂ ′, X

)
is read: the stake of type η made by investor

X (located in sector X) towards investor X ′, who has capital K ′. When capital is not specified, as
in Ŝη (X

′, X), we refer to the average stake from investor X to investor X ′, the average being taken
over the capital of the beneficiaries of the sector X ′

An average stake is defined as the inter- and intra-sectoral average over all sectors X ′ and X of

the stakes taken by investors in those sectors. It is denoted by
〈
Ŝη (X

′, X)
〉
and ⟨Sη (X

′, X)⟩.
We will use the term aggregate specifically to denote a sum over all sectors connected to one

specific sector.
The inward aggregate stake is the total amount of stakes invested by all investors in the economic

space into a given investor or firm in sector X ′, relative to the capital available to the investors or
firms of that sector, respectively. It is denoted Ŝη (X

′) for investors and Sη (X
′) for firms.

The outward aggregate stakes
〈
Ŝη (X

′, X)
〉
X′

compute the average stakes taken by an investor

X in investors of all sectors.
The average aggregate stake is the average, across all sectors, of the aggregate stakes taken in

investors and firms in each sector, denoted
〈
Ŝη (X

′)
〉
, and ⟨Sη (X

′)⟩ respectively. Summing both

equity and loan investments into investors is denoted
〈
Ŝ (X ′)

〉
and ⟨S (X ′)⟩ in firms.

Average stakes are not necessarily equal to average aggregate stakes, because the latter are
measured relative to the capital of the destination sectors.

The connections between agents are proportions of investment. They are denoted k. These
factors will be denoted according to the same notation rules as the stakes, at the exception of the
proportion of aggregated stake Ŝ (X ′) that will be denoted k̂ (X ′).

The inverse uncertainty of investor X about its stakes in investors X ′ and firms X ′ will be
measured by ŵη (X

′, X) and wη (X
′, X) respectively. When averaged across sectors X ′, they measure

the average uncertainty among investors X about their stakes. They will be denoted ŵη (X) and
wη (X).

6



4.2 Banks

Banks may invest either in other banks, in investors or in firms, whether within their own sector or
in other sectors. Investments made by one bank in another bank are denoted S̄, and is the sum of
S̄E and S̄L. Total stakes in investors are written ŜB which is the sum of ŜB

E and ŜB
L . Investments

made in a firm are denoted SB, which is similarly the sum of SB
E and SB

L .
The conventions are the same as for investors. When talking about a stake, two sectors must be

distinguished: the sector in which the investor is located (the origin sector of the investment), and
the sector in which the investment is made (the destination sector). We may write in parenthesis,
on the right, the sector of origin, on the left, the sector of destination, and in between, when
needed, the capital of the beneficiary. For instance, the stake S̄η (X

′,K ′, X) is read: the stake of
type η made by bank X (located in sector X) towards bank X ′, who has capital K ′. When capital
is not specified, as in S̄η (X

′, X), we refer to the average stake from bank X to bank X ′, the average
being taken over the capital of the beneficiaries of the sector X ′

An average stake is defined as the inter- and intra-sectoral average over all sectors X ′ and X,

of the stakes taken by banks in those sectors. It is denoted by
〈
S̄η (X

′, X)
〉
,
〈
ŜB
η (X ′, X)

〉
and〈

SB
η (X ′, X)

〉
.

We will use the term aggregate specifically to denote a sum over all sectors connected to one
specific sector.

The inward aggregate stake is the total amount of stakes invested by all banks in the economic
space into a given bank, investor or firm in sector X ′, relative to the capital available to the banks,
investors or firms of that sector, respectively. It is denoted S̄η (X

′) for banks ŜB
η (X ′) for investors

and Sη (X
′) for firms.

The outward aggregate stakes
〈
S̄η (X

′, X)
〉
X′

〈
ŜB
η (X ′, X)

〉
X′

compute the average stakes taken

by a bank X in banks and investors respectively of all sectors.
The average aggregate stake is the average, across all sectors, of the aggregate stakes taken in

banks, investors and firms in each sector, denoted
〈
S̄η (X

′)
〉
,
〈
ŜB
η (X ′)

〉
, and

〈
SB
η (X ′)

〉
respectively.

Summing both equity and loan investments is written
〈
S̄ (X ′)

〉
,
〈
ŜB (X ′)

〉
and

〈
SB (X ′)

〉
.

The connections between agents are proportions of investment. They are denoted k. These
factors will be denoted according to the same notation rules as the stakes, at the exception of the

proportion of aggregated stakes S̄ (X ′) and ŜB (X ′) that will be denoted k̄ (X ′) and k̂
B
(X ′).

The inverse uncertainty of bank X about its stakes in banks X ′, investors X ′ and firms X ′ will
be measured by w̄η (X

′, X), ŵη (X
′, X) and wη (X

′, X) respectively. When averaged across sectors X ′,
they measure the average uncertainty among investors X about their stakes. They will be denoted
w̄η (X), ŵη (X) and wη (X).

The general set-up

In Gosselin and Lotz (2024), we designed a field model for banks, investors, and firms spread within
a sector space, the sectors interacting through exogenous connections. Three fields, one for each
type of agent, were used to derive the banks and investors’ field return equation. We extend this
model by endogenizing the connections between agents. This is done by introducing two fields in
the model, the banks’ field of stakes and the investors’ field of stakes.

We follow the structure of Gosselin and Lotz (2025) and include banks in the system, as a
particular type of investor that can create monetary capital by loans to firms and other investors.
We first reconsider the return equations for investors and banks. Then, we rewrite these equations
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in terms of shares of investment, or stakes, in order to reinterpret these equations in the context of
fields of stakes.

5 The field return equations

We start with the field version of return equations for investors and banks. The presence of this
second type of investor modifies the return equations for the investors described in Gosselin and
Lotz (2024, 2025).

5.1 Basic formulation

We denote f̂ (X) the average return of an investor X, f̄ (X) the average return of a bank X, and
define the excess return of these investors X and banks X with respect to the interest rate as
f̂ (X)− r̄ and f̄ (X)− r̄, respectively. We also denote f (X) the return of a firm X and f (X)− r̄ its
excess.

Since these returns are computed over the disposable capital, each type of agent - bank, investor

and firm, loans included, the banks’ excess return must be scaled by the factor 1+k̄L

(
X̂
)
to account

for the impact of loan repayments to other banks and the real average excess return of a bank X

is:
f̄ (X)− r̄

1 + k̄L (X)

Similarly, we must divide an investor’s excess return by the factor:

1 + k̂L

(
X̂
)
+ k̂

B

L

(
X̂
)
+ κ

[
k̂
B

L

1 + k̄

]
(X)

This factor accounts for the impact of loan repayments to investors and banks on the overall

return of the investor5. The coefficient κ

[
k̂
B
L

1+k̄

]
(X) describes the amount of loans from banks. It is

proportional to the credit multiplier that measures the level of bank loans. It involves the share of

bank private capital k̂
B
L

1+k̄
multiplied by the money multiplier κ. Its precise definition will be given

below. The real average excess return of an investor X is therefore:

f̂ (X)− r̄

1 + k̂L (X) + κ

[
k̂
B
L

1+k̄

]
(X)

Similarly, the real excess return of a firm is given by:

f (X)− r̄

1 + kL (X) + κ

[
kB
L

1+k̄

]
(X)

It is the return of the firm, computed relative to its disposable capital. The denominator represents
the total volume of loans to the firm.

5See Gosselin and Lotz (2024) for details.
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5.1.1 Investors’ return equation

The investors’ return equation in each sector X relates all the excess returns of investors and firms
across all sectors. Under a no-default scenario, they can be written as6:δ (X −X ′)− K̂ [X ′] k̂E (X ′, X)

1 + k̂ (X ′) + k̂
B

E (X ′) + κ

[
k̂
B
L

1+k̄

]
(X ′)


 f̂ (X ′)− r̄

1 + k̂L (X ′) + κ

[
k̂
B
L

1+k̄

]
(X ′)

 (1)

=
kE (X ′, X)K [X]

1 + k (X ′) + k
(B)
E (X ′) + κ

[
kB
L

1+k̄

]
(X ′)

f1 (X)− r̄

1 + kL (X ′) + κ

[
kB
L

1+k̄

]
(X ′)

with:

κ

[
k̂
B

L

1 + k̄

]
(X ′) = κ

∫
k̂
B

L (X ′, X)

1 + k̄ (X)
K̄
∣∣Ψ̄ (K̄,X

)∣∣2 dK̄dX

κ

[
kBL

1 + k̄

]
(X ′) = κ

∫
kBL (X ′, X)

1 + k̄ (X)
K̄
∣∣Ψ̄ (K̄,X

)∣∣2 dK̄dX

The excess return:
f̂ (X)− r̄

1 + k̂L (X) + κ

[
k̂
B
L

1+k̄

]
(X)

can be decomposed into two components. First, the amount of stakes taken by an investor X in
other investors7,8:

k̂E (X ′, X) K̂ [X ′]

1 + k̂ (X ′)

multiplied by their corresponding returns
f̂(X′)−r̄

1+k̂L(X′)+κ

[
k̂
B
L

1+k̄

]
(X′)

; second, the contribution from returns

of firms X ′ :
f (X)− r̄

1 + kL (X ′) + κ

[
kB
L

1+k̄

]
(X ′)

multiplied by:
kE (X ′, X)K [X]

1 + k (X ′) + k
(B)
E (X ′) + κ

[
kB
L

1+k̄

]
(X ′)

that computes the share invested by investor X. This share is proportional to k1 (X
′, X) the pro-

portion of connections9 between an investor X and a firm X ′, multiplied by the firm’s private

6See Gosselin and Lotz (2024) for details.

7The factor
K̂[X′]

1+k̂(X′)+k̂
B
1 (X′)+κ

[
k̂B
2

1+k̄

]
(X′)

measures the firm private capital, that is the part of the disposable capital

belonging to the investors. Participations are proportional to this amount.

8The coefficient k (X) is defined by k̂
(
X̂ ′

)
= k̂

(
X̂ ′

)
K̂[X̂′]

⟨K̂⟩|Ψ̂0(X̂)|2 . It represents the ratio of invested capital by

investors in a sector with respect to the level of private capital of firms in this sector. (see Gosselin and Lotz (2024)
for details).

9The coefficient k (X) is defined by:

k (X) = k (X)
K̂X

∣∣∣Ψ̂(
X̂
)∣∣∣2

⟨K⟩ |Ψ0 (X)|2

9



capital:
kE (X ′, X)K [X]

1 + k (X ′) + k
(B)
E (X ′) + κ

[
kB
L

1+k̄

]
(X ′)

In this basic formulation, the intersectoral links kE, k̂E, kL and k̂L are modeled as exogenous and
non-normalized. However, investors’ return equation can also be expressed in terms of stakes owned
by each agent.

These coefficients represent the total loans provided by the banks in the space of sectors X to
investors X ′ and firms X ′.

5.1.2 Banks return equation

The field expression for the investors’ return equation were derived under a no-default scenario in
Gosselin and Lotz (2024). They are expressed as follows:(

δ (X ′ −X)− K̄ [X ′] k̄E (X ′, X)

1 + k̄ (X ′)

)
f̄ (X ′)− (1 + κ) r̄

1 + k̄L (X ′)
(2)

−
∫

K̂ [X ′] k̂
B

E (X ′, X)

1 + k̂ (X ′) + k̂
B

E (X ′) + κ

[
k̂
B
L

1+k̄

]
(X ′)

f̂ (X ′)− r̄

1 + k̂L (X ′) + κ

[
k̂
B
L (X′)

1+k̄(X)

]dX ′

=
K [X] k

(B)
E (X ′, X)

1 + k (X ′) + k
(B)
E (X ′) + κ

[
k
(B)
L

(X′)
1+k̄

] f (X)− r̄

1 + kL (X ′) + κ

[
kB
L

1+k̄

]
(X ′)

Equation (2) decomposes the excess returns of banks:

f̄ (X)− (1 + κ) r̄

1 + k̄L (X)

into three components: first, the stakes in other banks10:

K̄ [X ′] k̄E (X ′, X)

1 + k̄ (X ′)

It represents the ratio of invested capital by investors in a sector with respect to the level of private capital of firms
in this sector.

10The factor
K̄[X̄′]

1+k̄(X̄′)
measures the private capital of a bank, that is the part of the disposable capital be-

longing to the banks. Participations are proportional to this quantity. The coefficient k (X) is defined by

k̄
(
X̄ ′) = k̄

(
X̄ ′) K̄[X̄′]

⟨K̄⟩|Ψ̄0(X̄)|2 .It represents the ratio of invested capital by banks in a sector with respect to the

level of private capital of banks in this sector. (see Gosselin and Lotz (2024) for details).
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scaled by their respective returns
f̄(X′)−r̄

1+k̄L(X′)
; second, the banks stakes in investors11:

K̂ [X ′] k̂
B

E (X ′, X)

1 + k̂ (X ′) + k̂
B

E (X ′) + κ

[
k̂
B
L

1+k̄

]
(X ′)

multiplied by their return:
f̂ (X ′)− r̄

1 + k̂L (X ′) + κ

[
k̂
B
L (X′)

1+k̄(X)

]
and third, the returns from firms:

f̂ (X ′)− r̄

1 + k̂L (X ′) + κ

[
k̂
B
L (X′)

1+k̄(X)

]
weighted by the shares held by banks in these firms12:

K [X] k
(B)
E (X ′, X)

1 + k (X ′) + k
(B)
E (X ′) + κ

[
k
(B)
L

(X′)
1+k̄

]
This share is proportional to a factor k

(B)
E (X ′, X), measuring the connection between investor X

and a firm X ′, multiplied by the private capital of the firm13:

K [X]

1 + k (X ′) + k
(B)
E (X ′) + κ

[
k
(B)
L

(X′)
1+k̄

]
Both return equations for investors and banks involve the average disposable capitals K̂X′ , K̄X′

KX′ , along with the disposable capitals per sector:

K ′ [X ′] = KX′ ∥Ψ(X ′)∥2 , K̂ [X ′] = K̂X′

∥∥∥Ψ̂ (X ′)
∥∥∥2 , K̄ [X ′] = K̄X′

∥∥Ψ̄ (X ′)
∥∥2

Following Gosselin and Lotz (2025), we will rewrite the investors’ and banks’ equations in terms of
stakes.

11The factor
K̂[X̂′]

1+k̂(X̂′)
measures the private capital of an investor, that is the part of the disposable capital belonging

to the investors. Participations are proportional to this quantity. The coefficient k (X) is defined by k̂
(
X̂ ′

)
=

k̂
(
X̂ ′

)
K̂[X̂′]

⟨K̂⟩|Ψ̂0(X̂)|2 .It represents the ratio of invested capital by investors in a sector with respect to the level of

private capital of investors in this sector. (see GL for details).

Similarly k̂
B

η

(
X̂ ′

)
= k̂B

η

(
X̂ ′

)
K̂[X̂′]

⟨K̂⟩|Ψ̂0(X̂)|2 for η = 1, 2, represents the ratio of invested capital (shares or loans) by

banks in a sector with respect to the level of private capital of investors in this sector.

12The factor
K[X̄]

1+k(X̂′)+k
(B)
1 (X̄′)+κ

[
k
(B)
2 (X̄′)
1+k̄

] measures the private capital of a firm, that is the part of the disposable

capital belonging to the firm. The interpretation of the coefficients arising in the sum k
(
X̂ ′

)
+k

(B)
1

(
X̄ ′)+κ

[
k
(B)
2 (X̄′)
1+k̄

]
is the same as for investors.

13The coefficient k (X) is defined by:

k (X) = k (X)
K̂X

∣∣∣Ψ̂(
X̂
)∣∣∣2

⟨K⟩ |Ψ0 (X)|2

It represents the ratio of invested capital by investors in a sector with respect to the level of private capital of firms
in this sector.
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5.2 Formulation in terms of stakes

To study the dynamics of interacting groups of investors, we require an alternative formulation
based on endogenous stakes. In this formulation, several levels of stakes must be considered: (i)
the stakes of an investor (or bank) X invested in sector X ′; (ii) the outward aggregate stakes,
obtained by summing these stakes over all sectors X ′, representing the total stakes originating from
X; and (iii) the inward aggregate stakes, obtained by summing over all sectors X and weighting
by the disposable capital of each sector X, which yields the total stakes directed toward sector X ′.
We will define these three types for both investors and banks.

5.2.1 Investors’ stakes

Stakes between two sectors We define the stakes invested by an investor X in investor X ′ with
capital K̂ ′ as:

Ŝη

(
X ′, K̂ ′, X

)
=

K̂ ′k̂η (X
′, X)

∣∣∣Ψ̂(K̂ ′, X ′
)∣∣∣2

1 + k̂ (X ′) + k̂
B

E (X ′) + κ

[
k̂
B
L

1+k̄

]
(X ′)

(3)

and the stakes invested by an investor X in a firm X ′ with capital K ′ as:

Sη (X
′,K ′, X) =

kη (X
′, X)K ′ |Ψ(K ′, X ′)|2

1 + k (X ′) + k
(B)
E (X ′) + κ

[
kB
L

1+k̄

]
(X ′)

(4)

The total stakes invested by an investor X in both investors X ′ and firms X ′, written Ŝη (X
′, X)

and Sη (X
′, X), respectively, will thus be defined as the integrals Ŝη

(
X ′, K̂ ′, X

)
and Sη (X

′,K ′, X)

over K̂ ′, yielding the expressions:

Ŝη (X
′, X) ≡

∫ k̂η (X
′, X) K̂ ′

∣∣∣Ψ̂ (X ′)
∣∣∣2

1 + k̂ (X ′) + k̂
B

E (X ′) + κ

[
k̂
B
L

1+k̄

]
(X ′)

=
k̂η (X

′, X) K̂X̂′

∣∣∣Ψ̂ (X ′)
∣∣∣2

1 + k̂ (X ′) + k̂
B

E (X ′) + κ

[
k̂
B
L

1+k̄

]
(X ′)

and:

Sη (X
′, X) ≡

∫
kη (X

′, X)K ′ |Ψ(K ′, X ′)|2

1 + k (X ′) + k
(B)
E (X ′) + κ

[
kB
L

1+k̄

]
(X ′)

dK ′ =
kη (X

′, X)KX′ |Ψ(X ′)|2

1 + k (X ′) + k
(B)
E (X ′) + κ

[
kB
L

1+k̄

]
(X ′)

The total stakes allocated by sector X in investors X ′, denoted Ŝ (X ′, X), are given by the sums of
shares and loans invested:

Ŝ (X ′, X) = ŜE (X ′, X) + ŜL (X ′, X)

and similarly, the total stakes allocated by investors X in firms X ′, denoted S (X ′, X), are given by:

S (X ′, X) = SE (X ′, X) + SL (X ′, X)

Since all disposable capital is invested, these quantities satisfy the constraint:∫ (
ŜR (X ′, X) + ŜL (X ′, X)

)
dX ′ +

∫
(SE (X ′, X) + SL (X ′, X)) dX ′ = 1 (5)
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Stakes according to the investor’s sector of origin: outward aggregate stakes The
outward aggregate stakes represent the average stakes of an investor X in investors X ′. They are
defined by: 〈

Ŝη (X
′, X)

〉
X′

(6)

and: 〈
Ŝ (X ′, X)

〉
X′

(7)

where the bracket ⟨⟩X′ denotes the average over investors X ′.

Stakes according to their sector of destination: inward aggregate stakes We compute
the inward aggregate stakes Ŝη (X

′), that is the aggregate stakes allocated in investors X ′ with
respect to the disposable capital in sector X ′. Similarly, we compute the inward aggregate stakes
allocated in firms of sector X ′ with respect to the disposable capital in sector X ′, Sη (X

′). They are
defined as:

Ŝη (X
′) =

∫
Ŝη (X

′, X)
K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2 dX (8)

Sη (X
′) =

∫
Sη (X

′, X)
K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX′ |Ψ(X ′)|2
dX (9)

so that ŜE (X ′) and ŜL (X ′) are the proportions of aggregate cross-sectoral equity or debt invested

into investors X̂ ′, within the sector disposable capital K̂X̂′

∣∣∣Ψ̂ (X ′)
∣∣∣2, and SE (X ′) and SL (X ′) are

the same proportions invested into firms X ′ within their own disposable capital KX′ |Ψ(X ′)|2.
Ultimately, we define the global proportion of aggregate cross-sectoral equity- or debt- invest-

ment in each sector:
Ŝ (X ′) = ŜE (X ′) + ŜL (X ′) (10)

and:
S (X ′) = SE (X ′) + SL (X ′) (11)

5.2.2 Banks’ stakes

Stakes between two sectors The total stakes invested by banks X in banks X ′, investors X ′,
and firms X ′, denoted S̄η (X

′, X), Ŝη (X
′, X) and Sη (X

′, X), respectively, are:

S̄η (X
′, X) =

∫
K̄ ′k̄η (X

′, X)
∣∣Ψ̄ (K̄ ′, X ′)∣∣2

1 + k̄ (X ′)
dK̄ ′ =

K̄X′ k̄η (X
′, X)

∣∣Ψ̄ (X ′)
∣∣2

1 + k̄ (X ′)

ŜB
E (X ′, X) =

k̂
B

E (X ′, X) K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2

1 + k̂ (X ′) + k̂
B

E (X ′) + κ

[
k̂
B
L

1+k̄

]
(X ′)

ŜB
L (X ′, X) =

κk̂
B

L (X ′, X)

1 + k̄ (X)

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2

1 + k̂ (X ′) + k̂
B

E (X ′) + κ
k̂
B
L (X′)
1+k̄
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with: [
kBL

1 + k̄

]
(X ′) =

∫
kBL (X ′, X)

1 + k̄ (X)
K̄
∣∣Ψ̄ (K̄,X

)∣∣2 dK̄dX,

SB
E (X ′, X) =

KX′k
(B)
E (X ′, X) |Ψ(X ′)|2

1 + k (X ′) + k
(B)
E (X ′) + κ

[
k
(B)
L
1+k̄

]
(X ′)

(12)

SB
L (X ′, X) =

κk
(B)
L (X ′, X)

1 + k̄ (X)

KX′ |Ψ(X ′)|2

1 + k (X ′) + k
(B)
E (X ′) + κ

[
k
(B)
L
1+k̄

]
(X ′)

and the global proportion of aggregate cross-sectoral equity- or debt- investment in banks:

S̄ (X ′, X) = S̄E (X ′, X) + S̄L (X ′, X)

These coefficients satisfy the constraints:∫ (
S̄E (X ′, X) + S̄L (X ′, X)

)
dX ′ +

∫
ŜB
E (X ′, X) dX ′ +

∫
SB
E (X ′, X) dX ′ = 1 (13)

∫
ŜB
L (X ′, X) dX ′ +

∫
SB
L (X ′, X) dX ′

=
κ

1 + k̄ (X)

= κ

(
1−

∫
S̄
(
X, Ȳ

) K̄Ȳ

∣∣Ψ̄ (Ȳ )∣∣2
K̄X

∣∣Ψ̄ (X)
∣∣2 dȲ

)
→ κ

(
1− S̄ (X)

)
Stakes according to their sector of origin: outward aggregate stakes The outward ag-
gregate stakes are defined as the average stakes of a bank X in banks X ′ and in investors X ′. They
are defined by: 〈

S̄η (X
′, X)

〉
X′ ,

〈
ŜB
η (X ′, X)

〉
X′

(14)

and: 〈
S̄ (X ′, X)

〉
X′ ,

〈
ŜB (X ′, X)

〉
X′

(15)

where the bracket ⟨⟩X′ denotes the average over investors X ′.

Stakes according to their sector of destination: inward aggregate stakes The inward
aggregate stakes S̄η (X

′) allocated in banks of sector X ′ with respect to their disposable capital, The
aggregate stakes S̄η (X

′) allocated by banks in investors X ′ with respect to their sector disposable
capital and the aggregate stakes Sη (X

′) allocated by banks in firms X ′ with respect to their
disposable capital in sector X ′ are, respectively:

S̄η (X
′) =

∫
S̄η (X

′, X)
K̄X

∣∣Ψ̄ (X)
∣∣2

K̄X′
∣∣Ψ̄ (X ′)

∣∣2 dX
S̄ (X ′) = S̄E (X ′) + S̄L (X ′)

ŜB
η (X ′) =

∫
ŜB
η (X ′, X) K̄X

∣∣Ψ̄ (X)
∣∣2

KX′ |Ψ(X ′)|2
dX

ŜB (X ′) = ŜB
E (X ′) + ŜB

L (X ′)
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SB
η (X ′) =

∫
SB
η (X ′, X) K̄X

∣∣Ψ̄ (X)
∣∣2

KX′ |Ψ(X ′)|2
dX

SB (X ′) = SB
E (X ′) + SB

L (X ′)

5.2.3 Return equation in terms of stakes

Assuming14 that investors invest in neighbouring firms, we can write:

SE (X ′, X) = SE (X,X) δ (X ′ −X)

SL (X ′, X) = SL (X,X) δ (X ′ −X)

where δ (X ′ −X) is the Dirac function. It is equal to 0 for X ′ ̸= X. Under these assumptions, the
constraint (5) simplifies as:∫ (

ŜE (X ′, X) + ŜL (X ′, X)
)
dX ′ + SE (X,X) + SL (X,X) = 1

Similarly, we assume that for banks:

SB
E (X ′, X) = SB

E (X,X) δ (X ′ −X)

SB
L (X ′, X) = SB

L (X,X) δ (X ′ −X)

and the constraint (13) simplifies as:∫ (
ŜE (X ′, X) + ŜL (X ′, X)

)
dX ′ + SE (X,X) + SL (X,X) = 1

∫ (
S̄E (X ′, X) + S̄L (X ′, X)

)
dX ′ +

∫
ŜB
E (X ′, X) dX ′ + SB

E (X,X) = 1

Investors’ return equation The return equation (1) can thus be written as15:

0 =

∫ (
δ (X ′ −X)− ŜE (X ′, X)

)
D̂F (X ′) R̂exc (X

′) dX ′ − SE (X,X)Rexc (X) (16)

where D̂F (X) is the investor’s discount factor for debt repayment to investors and banks and is
defined as:

D̂F (X) =
1−

(
Ŝ (X) + ŜB

E (X) + ŜB
L (X)

)
1−

(
ŜE (X) + ŜB

E (X)
)

and where investors’ and firms’ excess returns are respectively defined by:

R̂exc (X) = f̂ (X)− r̂ (X)

Rexc (X) = f (X)− r̄ (X)

14As in Gosselin and Lotz (2024).
15See Appendix 2 for details.
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Banks’ return equation Similarly, the banks’ return equation (2) without default can be written
as:

0 =

∫ (
δ (X ′ −X)− S̄E (X ′, X)

)
DF (X ′) R̄exc (X

′) (17)

−
∫

ŜB
E (X ′, X) D̂F (X ′) R̂exc (X

′)− SB
E (X ′, X)Rexc (X)

where DF (X) is the bank’s discount factor for debt repayment and is defined as:

DF (X) =
1− S̄ (X)

1− S̄E (X)

The banks’ excess returns, R̄exc (X
′), are given by:

R̄exc (X
′) = f̄ (X ′)− (1 + κ) r̄

The full equations with default16 will be presented later in the text. Note that, in the following,
we will also encounter the firm’s discount factor for debt repayment:

DF (X) =
1−

(
S (X) + SB (X)

)
1− SE (X)− SB

E (X)

6 The field of stakes

Now that the return equations are written in terms of stakes, we can endogenize these variables by
considering a field theory for stakes. To do so, we follow the same approach as in Gosselin and Lotz
(2025). We first formulate a micro-level model in which investment decisions, i.e. the investors’
stakes, result from the optimization of a benefit/uncertainty trade-off. We will then translate this
microeconomic framework into a field-theoretic formalism. This formalism will be characterized by
two fields Γ and Γ̄ whose arguments will be the investors’ and banks’ stakes respectively. To these
fields, we associate their field action functionals, that encompass the micro-level behaviors.

6.1 Micro setup for endogenous stakes

Let us consider a set of investors, banks and firms, indexed by Latin letters to distinguish these
types of agents. The positions of these agents within the sector space will be denoted Xi, Xj, Xk...
depending on the number of agents involved in an expression. We will further denote Ŝηij the stakes
taken by an investor i in another investor j, and Sηik the stakes taken by an investor i in a firm
k. The stakes taken by bank i in an other bank j will be written S̄ηij, its stakes in investor j and
firm k are denoted ŜB

ηij and SB
ηik, respectively. This difference notwithstanding, in what follows, the

notation will be similar to that previously adopted.

6.1.1 Investors

In a classical framework, each investor optimizes their investments based on their respective ex-
pected returns, and the uncertainty, or risk, associated with each investment. Assuming agents

16Derived in Appendix 2.
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adjust instantaneously to any change in their environment, an investor indexed by j maximizes the
objective function:

∑
j

ŜEij f̂j +
∑
j

ŜLij r̂j −
1

2

∑ (
Ŝηij

)2
ŵηi

(
X̂j

) +
∑
k

SEikfk +
∑
k

SLikr̄k − 1

2

∑
k

(Sηik)
2

wηik (Xk)

where the coefficients ŵη and wη represent the inverse uncertainties associated with returns.
This objective function is maximized under the constraint:∑

j

(
ŜEij + ŜLij

)
+
∑
k

(SEik + SLik) = 1

which is implemented by a Lagrange multiplier λi. The solutions of the instantaneous optimization
are given by:

ŜEij = ŵEij

(
f̂j + λi

)
ŜLij = ŵLij (r̂j + λi)

SEik = wEik (fk + λi)

SLik = wLik (r̄k + λi)

or, taking into account some inertia in the allocation:

α
d2

dt2
ŜEij = − ŜEij

ŵEij
+
(
f̂j + λi

)
α
d2

dt2
ŜLij = − ŜLij

ŵLij
+ (r̂j + λi)

α
d2

dt2
SEik = −SEik

wEik
+ (r̂j + λi)

α
d2

dt2
SLik = −SLik

wLik
+ (r̂j + λi)

with α < 1 in general17.

6.1.2 Banks

Similarly, banks will optimize their investments based on their respective expected returns, and the
uncertainty, or risk, associated with each investment. However, unlike investors, banks can create
money, which leads us to consider their activities as investor and lender independently. In terms of
loans, banks are not constrained by an overall disposable capital. Instead, they lend independently
of their participations, with the amount of loans determined solely as a multiple of their private
capital.

As investors, we consider that banks take shares in banks, investors and firms, and grant loans

17Note that in the optimization equations, the uncertainty coefficients ĥη and hη are perceived as exogenous by
any individual agent. We will see below that, in the context of the field description, these coefficients are in fact
endogenous to the system as a whole.
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to other banks. We thus consider the objective function for bank i:

∑
j

S̄B
Eij f̄j +

∑
j

S̄B
Lij r̄j −

1

2

∑(∑
j S̄ηij

)2
w̄ηi (Xj)

+
∑
j

ŜB
Eij f̂j −

1

2

∑(∑
j Ŝ

B
Eij

)2
ŵB

Ei (Xj)
+
∑
k

SB
Eikfk − 1

2

∑ (∑
k S

B
Eik

)2
wB

ηik (Xk)

As a lender, the banks are described by the following objective function for loans:

∑
j

ŜB
Lij r̂j −

1

2

∑(∑
j Ŝ

B
Lij

)2
ŵηLi

(Xj)
+
∑
k

SB
Likr̄k − 1

2

∑ (∑
k S

B
Lik

)2
wηik (Xk)

where the coefficients w̄ηi ŵB
η and wB

η measure the system-dependent return uncertainties.
The solutions of the instantaneous optimization equations are given by:

S̄Eij = w̄Eij f̄j, S̄Lij = w̄Lij r̄j

ŜB
Eij = ŵB

Eij f̂j, Ŝ
B
Lij = ŵB

Lij r̂j

SB
Eik = wB

Eikfk, S
B
Lik = wLikrk

or, taking into account some inertia in the allocation:

α
d

dt
S̄Eij = −S̄Eij + w̄Eij f̄j

α
d

dt
S̄Eij = −S̄Eij + w̄Eij f̂j

α
d

dt
ŜB
Eij = −ŜB

Eij + ŵB
Eij f̂j

α
d

dt
ŜB
Lij = −ŜB

Lij + ŵB
Lij r̂j

α
d

dt
SEik = −SB

Eik + wB
Eikfk

α
d

dt
SB
Lik = −SB

Lik + wB
Likr̄k

with α < 1 in general.

6.2 Field translation of the set-up

To translate the above micro setup into a field representation, we consider two fields - one for
investors, one for banks - whose variables are the stakes of investors and banks, respectively, together
with the positions of both the agent and their stakes within the sector space.

6.2.1 Investors

The investors’ field of stakes is:

Γ
(
Ŝ(T ), X ′, X

)
≡ Γ

(
SE , ŜE , SL, ŜL, X

′, X
)
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where SE and SL denote the stakes of investor X in firms of the same sector X through shares and
loans, respectively, while ŜE and ŜL denote the stakes in another investor X ′. We gather the four
possible types of stakes in a vector Ŝ(T ):

Ŝ(T ) =
(
SE , ŜE , SL, ŜL

)
The translation of the micro set-up in terms of fields yields the action functional S (Γ)18,19:

S (Γ) = −
∫

σ2
K̂
Γ†
(
Ŝ(T ), X ′, X

)
∇2

Ŝ
(T )
η

Γ
(
Ŝ(T ), X ′, X

)
d
(
Ŝ(T ), X ′, X

)
(18)

−
∫

β
∣∣∣Γ(Ŝ(T ), X ′, X

)∣∣∣2 d(Ŝ(T ), X ′, X
)

+
∑
η

∫ 
(
Ŝ
(T )
η

)2
2ŵT

η (X ′, X)
− V̂ηŜ

(T )
η − β

∣∣∣Γ(Ŝ(T ), X ′, X
)∣∣∣2 d(Ŝ(T ), X ′, X

)

+

∫
λ (X)

(∑
η

∫
Ŝ(T )
η

∣∣∣Γ(Ŝ(T ), X ′, X
)∣∣∣2 dX ′dŜ(T ) − 1

)∣∣∣Γ(Ŝ(T ), X ′, X
)∣∣∣2 d(Ŝ(T ), X ′, X

)
where the components of the vector

(
ŵT

η (X ′, X)
)
are the field-translated (inverse) uncertainty co-

efficients ŵηij and wηik:(
ŵT

η (X ′, X)
)
= (ŵE (X ′, X) , ŵL (X ′, X) , wE (X,X) , wL (X,X))

which reflect the uncertainty perceived by investors X regarding their stakes (equity or loans) in

investors X ′ and firms X. The functions V̂η

(
Ŝη

)
involved in (18) are defined in Appendix 3.

The Lagrange multipliers λ (X) implement the constraint:∑
η

∫
Ŝ(T )
η

∣∣∣Γ(Ŝ(T ), X ′, X
)∣∣∣2 dX ′dŜ(T ) = 1

where the integral sums the stakes of an investor X across various sectors X ′, and the factor∣∣∣Γ(Ŝ(T ), X ′, X
)∣∣∣2 weights the stakes Ŝ

(T )
η according to the number of investors X ′ benefiting from

them.
We define the partial averages:

Sη (X,X) =

∫
Sη

∣∣∣Γ(SE , ŜE , SL, ŜL, X
′, X

)∣∣∣2 d(SE , ŜE , SL, ŜL, X
′
)

Ŝη (X
′, X) =

∫
Ŝη

∣∣∣Γ(SE , ŜE , SL, ŜL, X
′, X

)∣∣∣2 d(SE , ŜE , SL, ŜL

)
so that the allocation constraint can be written as20:∫ (

ŜE (X ′, X) + ŜL (X ′, X)
)
dX ′ +

∫
(SE (X ′, X) + SL (X ′, X)) dX ′ = 1

18See Appendix 2 of Gosselin and Lotz (2025) for the details of the computation.
19An equivalent formulation of (18) is given in Appendix 2.2 in Gosselin and Lotz (2025).
20Appendix 2 in Gosselin and Lotz (2025) derives the minimization equation of (18) in terms of the sectoral

averages:

Ŝ(T )
η

(
X̂ ′, X̂

)
=

∫
Ŝ

(T )
η

∣∣∣Γ(
Ŝ(T ), X̂ ′, X̂

)∣∣∣2 dŜ(T )

∫ ∣∣∣Γ(
Ŝ(T ), X̂ ′, X̂

)∣∣∣2 dŜ(T )
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6.2.2 Banks

The field of banks is defined as:

Γ̄
(
S̄(T ), X̄ ′, X̂ ′, X̄

)
= Γ̄

(
S̄E , S

B
E , ŜB

E , S̄L, S
B
L , ŜB

L , X ′, X ′, X
)

with:
S̄(T ) =

(
S̄E , S

B
E , ŜB

E , S̄L, S
B
L , ŜB

L

)
The arguments SB

E and SB
L are the stakes taken by a bank X in firms of the same sector, through

shares and loans respectively, while ŜB
E and SB

L are those taken in an investor X ′, and S̄E and S̄L

are the stakes taken in a bank X ′.
The action functional for banks is given by21:

S
(
Γ̄
)

= −σ2
K̂

∑
η

∫
Γ̄†
(
S̄(T ), X ′, X

)
∇2

S̄
(T )
η

Γ̄
(
S̄(T ), X ′, X

)
d
(
S̄(T ), X ′, X

)
(19)

+

∫ ∑
η


(
S̄
(T )
η

)2
2w̄η (X ′, X)

− V̄ηS̄
(T )
η

− β

∣∣∣Γ̄(S̄(T ), X ′, X
)∣∣∣2 d(S̄(T ), X ′, X

)

+

∫
λ
(
X̄
) ∑

η=E,L

∫
S̄B
η (X ′, X) dX̄ ′ +

∫
ŜB
E (X ′, X) dX̂ ′ + SB

E (X,X)− 1

∣∣∣Γ̄(S̄(T ), X ′, X
)∣∣∣2

+

∫
λ′ (X̄)(∫ ŜB

L (X ′, X) dX̂ ′ + SB
L (X,X)− κ

(
1− S̄B

η

(
X̄
))) ∣∣∣Γ̄(S̄(T ), X ′, X

)∣∣∣2
where we defined the various averages in the states defined by the fields:

S̄η (X
′, X) =

∫
S̄η

∣∣Γ̄∣∣2 d(S̄(T ), X ′
)

SB
η (X,X) =

∫
SB
η

∣∣Γ̄∣∣2 d(S̄(T ), X ′
)

ŜB
η (X ′, X) =

∫
ŜB
η

∣∣Γ̄∣∣2 d(S̄(T ), X ′
)

and the coefficients:
w̄T

E (X ′, X) = w̄E (X ′, X) , w̄T
L (X ′, X) = w̄L (X ′, X)

ŵT
3 (X ′, X) = ŵE (X ′, X) , w̄T

4 (X ′, X) = ŵL (X ′, X)

ŵT
5 (X ′, X) = wE (X,X) , w̄T

6 (X ′, X) = wL (X,X)

are the field translation of the inter- and intra-sectoral uncertainty coefficients, which were defined
at the micro level.

The Lagrange multipliers λ (X) and λ′ (X) enforce the allocation constraints for the stakes of
banks: ∑

η

∫
S̄B
η (X ′, X) dX ′ +

∫
ŜB
E (X ′, X) dX ′ + SB

E (X,X) = 1

∫
ŜB
L (X ′, X) dX ′ + SB

L (X,X) = κ
(
1− S̄B

η (X)
)

S̄(T ) (X ′, X) |Γ (X ′, X)|2 =

∫
S̄(T )

∣∣∣Γ(S̄(T ), X ′, X
)∣∣∣2

The functions V̄η

(
S̄
)
, involved in the expression of S

(
Γ̄
)
are defined in Appendix 3.

21See Appendix 3.
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7 Modeling the uncertainty

In Gosselin and Lotz (2024), investments risk was supposed to be exogenous and the nature of
risk was unspecified. To fully endogenize the model, we must now fill this gap by deriving the

investment risk coefficients ŵ (X ′, X), w (X), w̄
(
X̂ ′, X̂

)
, ŵB (X ′, X) and wB (X) from some additional

assumptions about risk propagation22. Because investors invest in in one another, investment risk is
inherently non-local, and emerges endogenously from the intermediation structure: risk is composed
through layers of exposure and depends on the investment decisions of others.

7.1 Nature of uncertainty

In the present model, firms’ returns are observed by all investors, albeit with a delay. This lag
generates anticipation errors, thereby introducing uncertainty in the model.

All investors are assumed to have a minimal and uniform level of uncertainty regarding firms
within their own sector. That is, investors will always be more confident about firms in their own
sector than firms in other sectors. Furthermore, no investor is assumed more confident in their own
judgment than any other investor within the same sector. However, this assumption can be easily
relaxed.

Uncertainty is measured by the variance an investor assigns to his investment. It depends on
the model’s parameters and on the investor’s allocation choices. Uncertainty may relate, on the
one hand, to other investors’ potential returns: these are errors of appraisal about other investors’
strategy, acumen, etc. On the other hand, they can relate to firms’ returns: these are investors’
errors of anticipation about firms, first within their own sector — which is set minimal and uniform
by assumption — and second about firms in other sectors. Finally, uncertainty may extend to the
overall stability of the whole set of returns.

We assume that investors’ uncertainty regarding firms within their own sector is minimal and
uniformly distributed across those firms, i.e. that the average anticipation error regarding intra-
sector firms is on average zero. In contrast, both the evaluation errors investors from one sector
make about the returns of investors in other sectors, and their anticipation errors regarding these
returns, depend on the model’s parameters and the system’s current state.

7.2 Structure of investment risk

We analyze the risk structure for investors and banks in turn. Starting from the return equation
of each agent, we derive the investment risk associated with its stakes. This yields the expressions
for the inverse uncertainty that weight each investment.

7.2.1 Investors structure of investment risk

To analyze the interconnected structure of investment risk, we consider the return equation (16) in
the absence of default:(

δ (X −X ′)− ŜE (X ′, X)
)
D̂F (X ′) R̂exc (X

′) = SE (X,X)Rexc (X)

22To be fully precise, the coefficients ŵ
(
X̂ ′, X̂

)
and w

(
X̂
)
are a measure of the inverse of risk.
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and its series expansion:

R̂exc (X) =
(
D̂F (X)

)−1

[SE (X,X)Rexc (X)]

+
(
D̂F (X)

)−1∑
m

Ŝm
E (X ′, X) [SE (X,X)Rexc (X

′)]

This last equation reveals a diffusion effect: investing in other investors initiates a chain of increas-
ingly remote investments, in which the return f̂ (X ′) of investor X ′ comes with an ever increasing
risk to investor X. Assuming investment risk increases multiplicatively along each investment path,
the risk associated with each path, written ρp can be represented as the product of local risks along
the path of length m:

ρp

((
D̂F (X)

)−1

Ŝm
E

(
(X ′)

′
, X ′

) [
ŜE

(
(X ′)

′
)
Rexc

(
(X ′)

′
)])

(20)

→ ζ2
(
ŵ

(0)
E

(
(X ′)

′
, Xm−1

)
...ŵ

(0)
E (X1, X

′)
)−1

Ŝ2m
E (X ′, X)

where the term ζ2 denotes the variance of the term:

ŜE

(
(X ′)

′
)
Rexc

(
(X ′)

′
)

and represents the uncertainty attached to a direct investment into a firm X ′. This parameter ζ2

will be considered constant in first-order approximation to focus on the propagation of risk rather
than on the intrinsic variance of firm-level returns.

The coefficients ŵ
(0)
E (X1, X

′) are the local investment risk between neighboring agents. They
depend on the distance between sectors, but in first approximation, we will consider them constant.

We further assume that investment risk is additive for disconnected paths, up to a normalization

factor, so that first-order estimate of the total investment risk ρ
(
X̂, f̂ (X ′)

)
can be obtained by

summing the contributions of all distinct paths.

ρ
(
X̂, f̂ (X ′)

)
=

∑
paths

ρp (21)

→
∑

ζ2
(
ŵ

(0)
E (X ′, Xm−1) ...ŵ

(0)
E

(
Xm−1, X̂

))−1

Ŝ2m
E (X ′, X)

Using these assumptions and under a minimal investment condition, agents tend23 to self-organize
into relatively closed investment groups.

In this setting, and assuming that the uncertainty beared by shares and loans are identical24,
an investor X investing directly in firms X faces an uncertainty ζ2 that depends on the intrinsic
risk of the firms and on the shares invested by the investor. When investor X chooses to invest in
an investor X ′, the risk it faces is given by:

ÎR (X ′) ζ2 (22)

where the expression ÎR (X ′) accounts for the summation of the various chain of investments (21)
across investors X1, that writes:

ÎR (X ′) =
1

ŵ
(0)
E (X ′, X)

(
γ
〈
ŜE (X1, X

′)
〉
X1

)2

1−
(
γ
〈
ŜE (X)

〉)2 (23)

23See Appendices 3.2 and 3.3 in Gosselin and Lotz (2025).
24See Gosselin and Lotz (2025) and section 5.2 for details.
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and ζ2, that accounts for the risk pertaining to the firms that will be the ultimate recipients of
these chains of investments.

The coefficient γ represents the average uncertainty associated with distance-dependent invest-
ment paths, and is given by:

γ2 ≃
(
ŵ

(0)
E

(
(X ′)

′
, Xm−1

)
...ŵ

(0)
E (X1, X

′)
)− 1

m

In formula (23), the term: (
γ
〈
ŜE (X)

〉)2
describes the risk associated to an average share of

〈
ŜE (X)

〉
between investors. Higher shares

correspond to higher risk and, consequently, to a lower value of the coefficient ŵ (X ′, X). The
coefficient ŵ(0)

E (X ′, X) is a factor of local inverse uncertainty: it is a factor of confidence of investors
X in investors X ′. The higher this factor, the higher the investments in sector X ′. As such, this
coefficient captures the characteristics of local uncertainty that induce deviations from average
behavior.

Comparing the risks of investing in firms and investors, Bayes’ rule yields the inverse risk
coefficient for investors X investing in investors X ′:

ŵ (X ′, X) =
1

1 + ÎR (X ′)
(24)

while the risk coefficients for investments in firms are given by:

w (X,X) = 1− ⟨w (X ′, X)⟩X′ (25)

where the average γ is taken over the set of sectors in which sector X allocates capital.
To the first approximation, the expanded form for the risk coefficient for investment in investors

is given by:

ŵ (X ′, X) ≃
2

(
1−

(
γ
〈
ŜE (X)

〉)2)
ŵ

(0)
E (X ′, X)

1 + ŵ
(0)
E (X ′, X)

(
1−

(
γ
〈
ŜE (X)

〉)2)
+∆

(
γ
〈
ŜE (X1, X ′)

〉
X1

)2 (26)

The contribution:

∆

(
γ
〈
ŜE (X1, X

′)
〉
X̂1

)2

=

(
γ
〈
ŜE (X1, X

′)
〉
X̂1

)2

−
(
γ
〈
ŜE (X)

〉)2
in equation (26) is the gap between the risk perception of investor X ′ and that of the market. It
increases with the risk perception of investor X ′, so that the higher this gap, the lower the coefficient
ŵ (X ′, X), and the lower the investment of investor X ′ in investor X.

The functions ŵ and w defined in equations (26) and (25) depend on exogeneous parameters
but also on the stakes ŜE (X ′, X), Ŝ (X ′, X).

7.2.2 Banks structure of investment risk

Similarly, for banks, we begin with the return equations of banks:

0 =

∫ (
δ (X ′ −X)− S̄E (X ′, X)

)
DF (X ′) R̄exc (X

′) (27)

−
∫

ŜB
E (X ′, X) D̂F (X ′) R̂exc (X

′)− SB
E (X ′, X)Rexc (X)
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and their series expansion:

R̂exc (X) =
(
DF (X)

)−1
(
[SE (X,X)Rexc (X)] +

∫
ŜB
E (X ′, X) D̂F (X ′) R̂exc (X

′)

)
+
(
DF (X)

)−1∑
m

Ŝm
E (X ′, X)

(
[SE (X ′, X ′)Rexc (X

′)] +

∫
ŜB
E (X ′′, X ′) D̂F (X ′) R̂exc (X

′′)

)

The treatment is similar to that for investors, and we present only the results here25.
While investing in firms X ′, investors X ′, and banks X ′, a bank X faces three types of uncer-

tainties measured by the coefficients w̄ (X ′, X), ŵB (X ′, X) and wB (X,X). The derivation of these
coefficients is similar to the derivation for investors.

The uncertainty ξ2 measures the risk faced by a bank X when investing in a firm X ′. It depends
both on the intrinsic risk of the firm, and on the level of bank shares held in that firm.

The uncertainty faced by bank X in investment in investors X ′ is given by:

ζ2ÎRB (X ′) (28)

with:

ÎRB (X ′, X) =
1

ŵ
(0)B
E (X ′, X)

1 +

(
γ
〈
ŜE (X1, X

′)
〉
X1

)2

1−
(
γ
〈
ŜE

(
X ′, (X ′)

′)〉)2


and ζ2 represents the average level of uncertainty in firms.
This is the total uncertainty faced by investors in the previous paragraph, except for the factor:

1

ŵ
(0)B
E (X ′, X)

measuring the local perception of bank X with respect to risk of investors X ′. The total risk factor
is weighted by ζ2 to account for the global level of risk in firms where investors will invest.

The third type of uncertainty is faced by bank X in investing in banks X ′. It is given by:

IRG (X ′, X) = IRM (X ′) IR (X ′, X) (29)

with:

IR (X ′, X) =
1

w̄
(0)
E (X ′, X)

1 +

(
γ̄
〈
S̄E (X1, X

′)
〉
X1

)2
1−

(
γ̄
〈
S̄E (X1, X ′)

〉
X1

)2


IRM (X ′) = ζ̄2ζ2
〈
ÎRB

(
(X ′)

′
, X ′

)〉
(X′)′

+ ξ2

The term IR (X ′, X) represents the level of uncertainty for a bank investing in banks X ′, including
the local factor 1

w̄
(0)
E

(X′,X)
, which reflects banks X perception of risk in sector X ′. In the uncertainty

formula (29), this term is multiplied by the factor IRM (X ′) that measures the uncertainty a bank X ′

will face: a risk ξ2 for its shares in firms and a risk ζ2
〈
ÎRB

(
(X ′)

′
, X ′)〉

(X′)′
for bank X ′ investment

in investors. This risk is weighted by a factor ζ̄2 representing the shares invested in investors by
the bank X ′.

25See Appendix 5 for the derivation.
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The weights of inverse uncertainty between banks for both loans and stakes26 are given by:

(w̄ (X ′, X))
−1

= 1 +
1

2

(
IRG (X ′, X)

ÎRB (X ′, X)
+

IRG (X ′, X)

ξ2

)
(30)

and those for banks investing investors are given by:

(
ŵB

E (X ′, X)
)−1

= 1 + 2
ÎRB (X ′, X)

IRG (X ′, X)
+

ÎRB (X ′, X)

ξ2
(31)

where:
wB

E (X ′, X) = 1− w̄ (X ′, X)− ŵB
E (X ′, X) (32)

are the risk of investing in investors X ′ and banks X ′, respectively. These risks depend on the
level of investments these agents will themselves realize. These level are weighted by the level of
uncertainty γ and γ̄.

The factor IRG (X ′) :

IRG (X ′) =

 ζ̄2IR (X ′)〈
ŵ

(0)B
E

(
(X ′)

′
, X ′

)〉
(X′)′

+
ξ2

ζ2
IR (X ′)

ÎRB (X ′)


stands for the global risk of investing. It combines the relative risk to invest in a bank X ′ rather

than in an investor X ′,
IR(X′)
ÎRB(X′)

, and the general propensity for banks to invest in X ′ compared to

any other investment
ζ̄2ζ2IR(X′)〈

ŵ
(0)B
E ((X′)′,X′)

〉
(X′)′

.

In the above, the coefficient γ̄ is the average uncertainty associated with distance-dependent
investment paths for banks:

γ̄2 ≃

(
1

w̄
(0)
1

(
(X ′)

′
, X ′

m−1

)
...w̄

(0)
1 (X ′

1, X
′)

) 1
m

the coefficients w̄
(0)
1 (X ′

1, X
′) capture the local component of uncertainty perceived in neighboring

banks, whereas ζ2 and ξ2 capture the global uncertainty in investors and firms returns respec-
tively.Since they are considered constant across agents, they characterize the two types of agents’
uncertainty.

The equations of the field model

Three types of equations characterize the full model with endogenous stakes. First, the field return
equations (16) and (17), expressed in terms of excess return and discount factors. Second, the
stakes’ field equation, which we will first derive by minimizing the field of stakes’ action functional,
and then express in terms of stakes. And third, the endogenous equations governing uncertainties,
as measured by the coefficients ŵη (X

′, X), ŵ (X ′, X), w̄η (X
′, X) and w̄ (X ′, X).

26See section 5.2 for details.
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8 The field return equations for investors and banks

8.1 Investors’ field return equations

The minimization equations for the investor field are the return equations (16). They link the
distribution of stakes and the disposable capital across the various sectors. Under a no-default
scenario, they are27:

0 =

∫ (
δ (X ′ −X)− ŜE (X ′, X)

)
D̂F (X ′) R̂exc (X

′) dX ′ − SE (X,X)Rexc (X) (33)

Note that the firm’s excess returns Rexc (X) include the dividends and the share price variations,
which themselves depend on productivity and some exogenous factors28.

8.2 Banks return equation

Similarly, we consider equation (17) for banks’ returns:

0 =

∫ (
δ (X ′ −X)− S̄E (X ′, X)

)
DF (X ′) R̄exc (X

′) (34)

−
∫

ŜB
E (X ′, X) D̂F (X ′) R̂exc (X

′)− SB
E (X ′, X)Rexc (X)

which constitutes, with (33), the first block of equations for the model.

9 The equations for the fields of stakes

We will first derive the minimization equation for the field of stakes, then re-express this equation
in terms of sectoral stakes in banks, investors and firms.

9.1 Stakes’ field minimization equation for investors and banks

9.1.1 Investors

The collective states satisfy the minimization equations associated with the action functional S (Γ).
To a first approximation, these variations in stakes can be neglected29. Moreover, loans and partic-
ipations in any given investment are assumed to carry the same level of uncertainty30, so that the
uncertainty-dependent coefficients for participations and loans are equal, so that:

ŵE (X ′, X) = ŵL (X ′, X) =
1

2
ŵ (X ′, X) (35)

wE (X,X) = wL (X,X) =
w (X,X)

2
(36)

The various stakes taken by investors will be proportional to these coefficients. Assuming capital
is fully invested, we can normalize these coefficients and impose:

ŵE (X) + ŵL (X) + wE (X) + wL (X) = 1 (37)

27The default scenario will be examined later, in section 6.
28See Gosselin and Lotz (2024).
29This corresponds to neglecting the gradient terms in X in the minimization equation.
30See Appendix 3.1 in Gosselin and Lotz (2025) for details.

26



where:

ŵη (X) =

∫
ŵη (X

′, X) dX ′ (38)

and:

wη (X) =

∫
wη (X

′, X) dX ′ (39)

Nevertheless, the coefficients depend on the uncertainty in returns, which themselves are functions
of the shares Ŝηand Sη. The coefficients ŵα (X ′, X) and wα (X,X) are therefore endogenous, and
the resolution of the system will thus require a detailed characterization of these uncertainties.

Using the above simplifying assumptions, the minimization equations for the field of stakes

Γ
(
Ŝ(T ), X ′, X

)
satisfy31:

0 =

∑
η

−σ2
K̂
∇2

Ŝ
(T )
η

+

(
Ŝ
(T )
η

)2
2ŵη

− V̂ηŜ
(T )
η + λ (X)

∥∥∥Γ(Ŝ(T ), X ′, X
)∥∥∥2

X̂
Ŝ(T )
η

− β

 (40)

×Γ
(
Ŝ(T ), X ′, X

)
with λ (X) a Lagrange multiplier implementing the constraint (37) on stakes.

In first approximation, the solutions take the form:

Γ0,X′,X

(
Ŝ(T )

)
= N exp

−
∑
η

(
Ŝ
(T )
η − Ŝ

(T )
η (X ′, X)

)2
2σ2

K̂


where N is a normalization factor. Solving the minimization equations thus reduces to finding the
stakes invested by sector X into sector X ′, i.e. the sectoral averages Ŝ

(T )
η (X ′, X). They satisfy32:

Ŝ(T )
η (X ′, X) = ŵη (X

′, X)
(
V̂η (X

′, X) + λ (X)
)

and depend on the Lagrange multipliers33.

9.1.2 Banks

As for investors, as a first approximation, we assume that loans and participations in any given
investment carry the same level of uncertainty34, so that the uncertainty-dependent coefficients for
participations and loans are equal, and:

w̄E (X ′, X) = w̄L (X ′, X) =
1

2
w̄ (X ′, X)

ŵB
E (X ′, X) = ŵB

L (X ′, X) =
1

2
ŵB (X ′, X) , wB

E (X,X) = wB
L (X,X) =

1

2
wB (X,X)

The various stakes taken by investors and banks will be proportional to these coefficients. Assuming
capital is fully invested, we can normalize these coefficients and impose:

w̄E (X) + w̄L (X ′, X) + ŵB
E (X ′, X) + wB

E (X,X) = 1 (41)

31See Gosselin and Lotz (2025).
32See Appendix 2 in Gosselin and Lotz (2025).
33See Appendix 2 in Gosselin and Lotz (2025).
34See Appendix 3.1 for details.
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where:

w̄E (X) =

∫
w̄E (X ′, X) dX ′

and:

w̄L (X) =

∫
w̄L (X ′, X) dX ′

These coefficients depend on the uncertainty in returns, which themselves are functions of the shares
Ŝη, Sη, S̄η, ŜB

η , SB
η . The coefficients ŵα (X ′, X), wα (X,X), w̄η (X

′, X), ŵB
η (X ′, X), wB

η (X,X) are
therefore endogeneous, and the resolution of the system will thus require a detailed characterization
of these uncertainties.

The minimization equation for banks is similar to the investors’ equation, but involves the field

for banks’ stakes Γ̄
(
S̄(T ), X̄ ′, X̂ ′, X̄

)
. We find35:

0 = −σ2
K̂

∑
η

∇2

S̄
(T )
η

Γ̄
(
S̄(T ), X̄ ′, X̂ ′, X̄

)
(42)

+

∑
η


(
S̄
(T )
η

)2
2w̄η

− V̄ (T )
η S̄T

η + λη (X) S̄T
η

− β

 Γ̄
(
S̄(T ), X̄ ′, X̂ ′, X̄

)

with:

λη (X) = λ (X) for η = 1, 2, 3, 5

λη (X) = λ′ (X) for η = 5, 6

are Lagrange multiplier implementing the constraints (37) and (41). The solutions to the mini-
mization equations have the form36:

Γ0,X̄′,X̂′,X̄

(
S̄(T )

)
Γ
(
X̄ ′, X̂ ′, X̄

)
where:

Γ0,X̄′,X̂′,X̄

(
S̄(T )

)
= N̄ exp

−
∑
η

(
S̄
(T )
η − S̄

(T )
η

(
X̄ ′, X̂ ′, X̄

))2
2σ2

K̂


where N̄ is a normalization factor. Solving the minimization equations thus reduces to finding
the stakes invested by sector X into sector X ′, i.e.the sectoral averages S̄

(T )
η (X ′, X). We show in

Appendix 16 that S̄
(T )
η

(
X̄ ′, X̂ ′, X̄

)
satisfies:

S̄(T )
η

(
X̄ ′, X̂ ′, X̄

)
= w̄η

(
X̄ ′, X̂ ′, X̄

)(
V̄η

(
X̄ ′, X̂ ′, X̄

)
+ λη

(
X̂
))

(43)

and depends on the Lagrange multipliers λη

(
X̂
)
.

9.2 Equations in terms of sectoral stakes

Solving for the Lagrange multiplier, equations (40) and (42) can be written in expanded form, as
functions of the sectoral stakes. To do so, we define several average quantities for investors and
banks.

35See Appendix 3 and 4 for the derivation of the following formulas.
36See Appendix 4.
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For investors, we define the coefficients ŵ (X) and w (X) as the average uncertainties faced by
an investor X over its stakes in other investors and in firms X, respectively:

ŵ (X) =

∫
ŵ (X ′, X) dX ′ (44)

and:
w (X) = 1− ŵ (X) (45)

We further define R (X), R̂ (X ′), and R̂ as the returns from all stakes (shares and loans) in firms X,
in investors X ′, and across all investors, respectively:

R (X) =
1

2
(f (X) + r (X)) (46)

R̂ (X ′) =
1

2

(
f̂ (X ′) + r̂ (X ′)

)
and:

R̂X =
1

2

(〈
f̂ (X ′)

〉
ŵ(X)

+ ⟨r̂ (X ′)⟩ŵ(X)

)
(47)

The computation of R̂X involves a risk-weighted average of returns, whose definition, for any
function F (X ′), is:

⟨F (X ′)⟩ŵ(X) =

∫
F (X ′) ŵ (X ′, X)

ŵ (X)
(48)

Given these definitions, the expression:

Rw,ŵ (X) = ŵ (X) R̂X + w (X)R (X)

computes the return that investor X can expect from a diversified investment between firms X and
the market.

Considering banks, we define similarly the coefficients w̄ (X) and ŵB
E (X) and wB

E (X) as the
average uncertainty of bank X over its stakes in other banks, investors and firms X respectively:

w̄ (X) =

∫
w̄ (X ′, X) dX ′ (49)

ŵB
E (X) =

∫
ŵB

E (X ′, X) dX ′ (50)

and:
wB

E (X) = 1− w̄ (X)− ŵB
E (X) (51)

We also define the returns from all stakes (shares and loans) taken in banks X ′ by a bank X and
across all banks, respectively as:

R̄ (X ′) =
1

2

(
f̄ (X ′) + r̄ (X ′)

)
and:

R̄X =
1

2

(〈
f̄ (X ′)

〉
w̄E

+ ⟨r̄ (X ′)⟩w̄L

)
(52)

where the risk-weighted average of returns, for any function F (X ′), is:

⟨F (X ′)⟩w̄η(X) =

∫
F (X ′) w̄η (X

′, X)

w̄η (X)
(53)
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Ultimately, the expressions:

R̄w̄,ŵB
E ,wB

E (X) = w̄ (X) R̄X + ŵB
E (X)

〈
f̂ (X ′)

〉
ŵE

+ wB
E (X) f (X) (54)

R̄ŵB
L ,wB

L (X) = ŵB
L (X) ⟨r̂ (X)⟩+ wB

L (X) r (X) (55)

and:
R̄w̄,ŵB ,wB

(X) =
1

2

(
R̄w̄,ŵB

E ,wB
E (X) + R̄ŵB

L ,wB
L (X)

)
(56)

compute respectively the return that investor X can expect from a diversified investment between
firms X and the market (banks and investors) and the return due to loans to firms X and investors.

9.2.1 Stakes taken by investors in investors

Using the above notations, the stakes taken by investors in other investors can be expressed as:

ŜE (X ′, X) =
1

2
Ŝ (X ′, X) +

1

2
ŵ (X ′, X) ∆̂E (X ′, X) (57)

ŜL (X ′, X) =
1

2
Ŝ (X ′, X) +

1

2
ŵ (X ′, X) ∆̂L (X ′, X) (58)

and:
Ŝ (X ′, X) = Ŝ (X ′, X) + ŵ (X ′, X) ∆̂ (X ′, X) (59)

where:

∆̂E (X ′, X) = f̂ (X ′)−Rw,ŵ (X)

∆̂L (X ′, X) = r̂ (X ′)−Rw,ŵ (X)

∆̂ (X ′, X) = R̂ (X ′)−Rw,ŵ (X)

and:
ŜE (X ′, X) = ŜL (X ′, X) =

1

2
Ŝ (X ′, X) =

1

2
ŵ (X ′, X)

As expected, equations (57) and (58) for ŜE (X ′, X) and ŜL (X ′, X) indicate that investments are
inversely proportional to the uncertainty coefficients ŵ (X ′, X), and vary linearly with the difference
between the expected returns on shares, f̂ (X ′), or loans, r̂ (X ′), and the corresponding risk-weighted
returns Rw,ŵ (X).

9.2.2 Stakes taken by investors in firms

Similarly, the stakes equations taken by investors in firms are derived using the uncertainty coeffi-
cient is w (X):

SE (X,X) =
1

2
S (X,X) +

1

2
w (X)∆E (X) (60)

SL (X,X) =
1

2
S (X,X) +

1

2
w (X)∆L (X)

and:
S (X,X) = S (X,X) + w (X) (ŵ (X)∆ (X)) (61)

with:
SE (X,X) = SL (X,X) =

1

2
S (X,X) =

1

2
w (X,X)
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and:
∆E (X) = f (X)−Rw,ŵ (X) (62)

∆L (X) = r̄ (X)−Rw,ŵ (X) (63)

∆(X) = R (X)− R̂X (64)

Here too, the stakes are inversely proportional to the uncertainty of the investments and depend on
the difference between the expected returns of these shares or loans and the risk-weighted returns
expected from the market and from firms.

The equations (57), (58), (59), (60) and (61) relate the stakes, the returns, and each sector
average disposable capital, along with the coefficients ŵ (X ′, X), w (X) and their averages. The
cofficients ŵ (X ′, X) and w (X) are partially endogenous, reflecting subjective uncertainties both be-
tween sectors, and between individual agents. As investors invest in one another, these uncertainties
propagate throughout the system. Furthermore, the disposable capital of each sector depends on
the structure of connections, as derived in Gosselin and Lotz (2024). Their specific form is recalled
below.

9.2.3 Stakes taken by banks in banks

S̄E (X ′, X) =
1

2
S̄ (X ′, X) +

1

2
w̄ (X ′, X) ∆̄E (X ′, X) (65)

S̄L (X ′, X) =
1

2
S̄ (X ′, X) +

1

2
w̄ (X ′, X) ∆̄L (X ′, X) (66)

S̄ (X ′, X) = S̄ (X ′, X) + w̄ (X ′, X) ∆̄ (X ′, X) (67)

where:

∆̄E (X ′, X) = f̄ (X ′)− R̄w̄,ŵB
E ,wB

E (X) (68)

∆̄L (X ′, X) = r̄ (X ′)− R̄ŵB
L ,wB

L (X) (69)

∆̄ (X ′, X) = R̄X − R̄w̄,ŵB ,wB
(X) (70)

and:
S̄E (X ′, X) = S̄L (X ′, X) =

1

2
S̄ (X ′, X) =

1

2
w̄ (X ′, X)

9.2.4 Stakes taken by banks in investors

The level of shares and loans of a bank X in investor X ′ is given by:

ŜB
E (X ′, X) = Ŝ

B

E (X ′, X) + ŵB
E (X ′, X)

(
∆̂E
)B

(X ′, X) (71)

and:
ŜB
L (X ′, X)

κ
(
1− S̄ (X)

) = Ŝ
B

L (X ′, X) + ŵB
L (X ′, X)

(
∆̂L
)B

(X ′, X) (72)

with: (
∆̂E
)B

(X ′, X) = f̂ (X ′)− R̄w̄,ŵB
E ,wB

E (X)(
∆̂L
)B

(X ′, X) = r̄ (X ′)− R̄ŵB
L ,wB

L (X)

and:
Ŝ
B

E (X ′, X) = ŵB
E (X ′, X)

Ŝ
B

L (X ′, X) = ŵB
L (X ′, X)
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9.2.5 Stakes taken by banks in firms

Ultimately, the level of stakes of bank X in firm X are given by:

SB
E (X,X) = wB

E (X) + wB
E (X)

(
∆E
)B

(X) (73)

SB
L (X,X)

κ
(
1− S̄ (X)

) = wB
L (X) + wB

L (X)∆L (X) (74)

and: (
∆E
)B

(X) = f (X)− R̄w̄,ŵB
E ,wB

E (X)

∆L (X) = r̄ (X)−Rw,ŵ (X)

9.3 Inward aggregate stakes

Equations (33) and (34) describe the stakes of investors and banks. These equations also involve
inward aggregate stakes, which partially aggregate the stakes directed toward each sector. The
formulas for these aggregate quantities are presented below37.

9.3.1 Inward aggregate stakes of investors in investors

The return equations (33) involve the inward aggregate stakes (8), (9), (10), and (11). Defining
the coefficients ŵ and w as the averages over the sector space of the coefficients38 ŵ (X ′) and w (X),
these inward aggregate stakes can be expressed as follows:

ŜE (X ′) ≃
(
1

2
Ŝ (X ′) +

1

2
ŵ (X ′) ∆̂E (X ′)

) 〈
K̂
〉∥∥∥Ψ̂∥∥∥2

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2 (75)

ŜL (X ′) ≃
(
1

2
Ŝ (X ′) +

1

2
ŵ (X ′) ∆̂L (X ′)

) 〈
K̂
〉∥∥∥Ψ̂∥∥∥2

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2 (76)

and:

Ŝ (X ′) ≃
(
Ŝ (X ′) + ŵ (X ′) ∆̂ (X ′)

) 〈
K̂
〉∥∥∥Ψ̂∥∥∥2

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2 (77)

where ∆̂E (X ′), ∆̂L (X ′), and ∆̂ (X ′) are the aggregates of ∆̂E (X ′, X), ∆̂L (X ′, X), and ∆̂ (X ′, X) over
the variable X. They can be written as follows:

∆̂E (X ′) = f̂ (X ′)−
〈
Rw,ŵ (X)

〉
(78)

∆̂L (X ′) = r̂ (X ′)−
〈
Rw,ŵ (X)

〉
(79)

and:
∆̂ (X ′) = R̂ (X ′)−

〈
Rw,ŵ (X)

〉
(80)

37 See Appendix 9.
38 See equations (44) and (45).
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with:

R̂ =
〈
R̂X

〉
R = ⟨R (X)⟩

and: 〈
Rw,ŵ (X)

〉
= ⟨ŵ (X ′)⟩ R̂+ ⟨w (X)⟩R

which gives the average of the weighted return Rw,ŵ (X).

9.3.2 Inward aggregate stakes of investors in firms

Similarly, the inward aggregate stakes (9) invested in firms X are given by:

Sη (X) = Sη (X,X)
K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX |Ψ(X)|2
(81)

thus, using the expressions for the stakes invested in firms (60) and (61), we obtain:

SE (X) =

(
1

2
S (X,X) +

1

2
w (X)∆E (X)

) K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX |Ψ(X)|2
(82)

SL (X) =

(
1

2
S (X,X) +

1

2
w (X)∆E (X)

) K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX |Ψ(X)|2

and:

S (X,X) = (S (X,X) + w (X) (ŵ (X)∆ (X)))
K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX |Ψ(X)|2
(83)

9.3.3 Inward aggregate stakes of banks in banks

The return equations (34) involve the inward aggregate stakes (8), (9), (10), and (11). Defining the
coefficients ŵ and w as the averages over the sector space of the coefficients39 ŵ (X ′) and w (X),
these inward cross-stakes between banks are given by:〈

S̄E (X ′, X)
〉
X

=
1

2

〈
S̄ (X ′, X)

〉
X
+

1

2
⟨w̄ (X ′, X)⟩X ∆̄E (X ′) (84)

〈
S̄L (X ′, X)

〉
X

=
1

2

〈
S̄ (X ′, X)

〉
X
+

1

2
⟨w̄ (X ′, X)⟩X ∆̄L (X ′, X) (85)〈

S̄ (X ′, X)
〉
X

=
〈
S̄E (X ′, X)

〉
X
+
〈
S̄L (X ′, X)

〉
X

(86)

=
〈
S̄ (X ′, X)

〉
X
+ ⟨w̄ (X ′, X)⟩ ∆̄ (X)

where ∆̂E (X ′), ∆̂L (X ′), and ∆̂ (X ′) are the aggregates of ∆̂E (X ′, X), ∆̂L (X ′, X), and ∆̂ (X ′, X) over
the variable X. They can be written as:

∆̄E (X ′) = f̄ (X ′)−
〈
R̄w̄,ŵB ,wB

(X)
〉

∆̄L (X ′) = r̄ (X ′)−
〈
R̄w̄,ŵB ,wB

(X)
〉

∆̄ (X) = R̄X −
〈
R̄w̄,ŵB ,wB

(X)
〉

39 See equations (44) and (45).
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and: 〈
R̄w̄,ŵB ,wB

(X)
〉
= ⟨w̄ (X)⟩ R̄X +

〈
ŵB

E (X)
〉 〈

f̂ (X ′)
〉
ŵE

+
〈
wB

E (X)
〉
⟨f (X)⟩

Consequently, the inward aggregate stakes are obtained by weighting (84), (85), and (86) with the
corresponding scapital ratios:

S̄η (X
′) =

〈
S̄η (X

′, X)
〉
X

〈
K̄
〉 ∥∥Ψ̄∥∥2

K̄X

∣∣Ψ̄ (X)
∣∣2 (87)

and:

S̄ (X ′) =
〈
S̄ (X ′, X)

〉
X

〈
K̄
〉 ∥∥Ψ̄∥∥2

K̄X

∣∣Ψ̄ (X)
∣∣2 (88)

9.3.4 Inward aggregate stakes of banks in investors

The inward stakes of banks in investors X ′ are given by:〈
ŜB
E (X ′, X)

〉
X

=
〈
Ŝ
B

E (X ′, X)
〉
X
+
〈
ŵB

E (X ′, X)
〉
X

(
∆̂E
)B

(X ′)

and: 〈
ŜB
L (X ′, X)

〉
X

κ
(
1− S̄ (X)

) =
〈
Ŝ
B

L (X ′, X)
〉
X
+
〈
ŵB

L (X ′, X)
〉
X

(
∆̂L
)B

(X ′) (89)

where ∆̂E (X ′), ∆̂L (X ′) are the aggregates of ∆̂E (X ′, X), ∆̂L (X ′, X), and ∆̂ (X ′, X) over the variable
X. They can be written as: (

∆̂E
)B

(X ′) = f̂ (X ′)−
〈
R̄w̄,ŵB

E ,wB
E (X)

〉
(
∆̂L
)B

(X ′) = r̄ (X ′)−
〈
R̄ŵB

L ,wB
L (X)

〉
and: 〈

R̄ŵB
L ,wB

L (X)
〉
=
〈
ŵB

L (X)
〉
⟨r̂ (X)⟩+

〈
wB

L (X)
〉
⟨r (X)⟩

which computes the average of the weighted return R̄ŵB
L ,wB

L (X).
The corresponding agregate stakes are given by:

ŜB
E (X ′) =

〈
ŜB
E (X ′, X)

〉
X

〈
K̄
〉 ∥∥Ψ̄∥∥2

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2

ŜB
L (X ′) =

〈
ŜB
L (X ′, X)

〉
X

〈
K̄
〉 ∥∥Ψ̄∥∥2

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2

9.3.5 Inward aggregate stakes of banks in firms

Ultimately, the inward banks’ stakes in firms are given by (73) and (74), with the associated inward
aggregate stakes:

SB
E (X,X) = SB

E (X,X)

〈
K̄X

〉 ∣∣Ψ̄ (X)
∣∣2

KX |Ψ(X)|2
(90)

and:
SB
L (X,X)

κ
(
1− S̄ (X)

) =
SB
L (X,X)

κ
(
1− S̄ (X)

) 〈K̄X

〉 ∣∣Ψ̄ (X)
∣∣2

KX |Ψ(X)|2
(91)
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10 The equations for uncertainty

10.1 Investors

The equation defining the weight of inverse uncertainty for cross-investment between investors,
derived in section 4, is:

ŵ (X ′, X) =

2

(
1−

(
γ
〈
ŜE (X)

〉)2)
ŵ

(0)
E (X ′, X)

1 + ŵ
(0)
E (X ′, X)

(
1−

(
γ
〈
ŜE (X)

〉)2)
+∆

(
γ
〈
ŜE (X1, X ′)

〉
X̂1

)2 (92)

Recall that γ is the average uncertainty of the distance-dependent investment paths and is given
by:

γ2 ≃
(
ŵ

(0)
E

(
(X ′)

′
, Xm−1

)
...ŵ

(0)
E (X1, X

′)
)− 1

m

where the coefficient ŵ
(0)
E (X ′, X) was defined in section 4.

The weight of inverse uncertainty for investments in firms is given by:

w (X,X) = 1− ⟨w (X ′, X)⟩X′ (93)

10.2 Banks

Similarly, the weights for inverse uncertainty of banks are:

(w̄ (X ′, X))
−1

= 1 +
1

2

(
IRG (X ′, X)

ÎRB (X ′, X)
+

IRG (X ′, X)

ξ2

)
(94)

and those for banks investing in investors are given by:

(
ŵB

E (X ′, X)
)−1

= 1 + 2
ÎRB (X ′, X)

IRG (X ′, X)
+

ÎRB (X ′, X)

ξ2
(95)

wB
E (X ′, X) = 1− w̄ (X ′, X)− ŵB

E (X ′, X) (96)

Since the functions ŵ and w both depend on the stakes, their expressions complete the minimization
equations and yield ŜE (X ′, X), Ŝ (X ′, X), SE (X,X), S (X,X).

Note, incidentally, that the above equations hold for a fixed value of the uncertainty γ; however,
since γ can vary across the sector space, the groups of investors may be relatively interconnected.
In first-order approximation, we will assume them to be independent, and solve the model for each
group separately40.

Resolution of the model

The resolution of the model consists of solving the return equations (33) and (34) using the rela-
tionships between stakes and returns established in equations in (57), (58), (59), (60), and (61) for
investors, and (65), (66), (67), (71), (72), (73) for banks, along with the uncertainty coefficients
(92), (94) and (95). The solutions of these minimization equations define the collective states of
the system. We will detail the resolution process, implement it under a no-default scenario, and
study the possibility of defaults41.

40We will examine the interactions between groups in greater detail in the third paper of this series.
41Default states will be discussed subsequently.
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11 Methodology

11.1 Groups and sub-collective states

To solve the full system, we must determine the levels of capital and returns for each type of agent
in each sector of the sector space S, along with the distribution of stakes across all these sectors.
Taken together, these quantities define a collective state of the system.

Since capital and returns can be derived from the levels of stakes between investors, a collective
state can be described by a set of stake values for investors:{

ŜE (X ′, X) , Ŝ (X ′, X) , SE (X,X) , S (X,X)
}
(X′,X)∈S

and for banks:{
ŜB
E (X ′, X) , ŜB (X ′, X) , SB

E (X,X) , SB (X,X) , S̄E (X ′, X) , S̄B (X ′, X)
}
(X′,X)∈S

These quantities are governed by equations (33) and (34). These are non-local equations that involve
the network of connections within each group.

As we have seen, under uncertainty, agents connect to only a finite number of neighbours, so
that they are organized into several loosely-connected groups. Each of these groups, Gα, can display
one among several possible phases, each defined by a distribution of stakes among the agents of
Gα: {

ŜE (X ′, X) , Ŝ (X ′, X) , SE (X,X) , S (X,X) ,

ŜB
E (X ′, X) , ŜB (X ′, X) , SB

E (X,X) , SB (X,X) , S̄E (X ′, X) , S̄B (X ′, X)
}
(X′,X)∈Gα

We define a sub-collective state as the combination of one group, Gα, and one of its possible phases.
Thus, collective states are organized into several distinct, weakly interacting sub-collective states,
so that, in a first-order approximation, a collective state can be seen as a set of sub-collective states,
expressed as:

∪α

{
ŜE (X ′, X) , Ŝ (X ′, X) , SE (X,X) , S (X,X) ,

ŜB
E (X ′, X) , ŜB (X ′, X) , SB

E (X,X) , SB (X,X) , S̄E (X ′, X) , S̄B (X ′, X)
}
(X′,X)∈Gα

where the groups Gα describe a particular organization of the sector space S.
The organization of the sector space into groups {Gα} is not unique; there are an infinite number

of such organizations. Moreover, for each organization, multiple distinct phases are possible for
each group: the combination of uncertainty and interconnectivity of sectors leads to an infinite
number of possible solutions, some of which correspond to default states42. Therefore, there is
an infinite number of possible collective states, each representing a potential configuration of the
full system, among an infinite number of such configurations. Each of these configurations is itself
composed of multiple groups, each in a possible phase.

Any group together with its phase is called a sub-collective state. For any group, several sub-
collective states may exist.

42See Gosselin and Lotz (2024).
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11.2 Principle of resolution

The return equations in sector X, equations (33) and (34), connect all investors in the sector space
and, as such, comprise three types of variables: the inward aggregate stakes on investors and banks
in sector X; the returns of investors X, banks X, and firms X, considered independently; and the
average returns of all investors across the sector space.

The resolution follows a four-step process:
1. We average the return equations over all sectors. This yields the averages of all the variables

in the equations: average stakes, levels of capital and returns.
2. We then substitute these results back into the return equations, and further replace the

aggregate stakes (75), (77), and (81) in terms of returns, so that the return equations depend solely
on returns.

3. Solving this equations yields the returns per sector and, in turn, the aggregate stakes and
disposable capital per sector.

4. Using equations (57), (58), and (59), we reconstruct the remaining quantities of the model.

12 Solving the model: no-default scenario

12.1 Step 1: solving for average stakes, capital, and returns

12.1.1 General resolution

The return equations (33) and (34), averaged, can be written as:(
1−

〈
Ŝ (X ′, X)

〉)〈
R̂exc (X

′)
〉
≃ ⟨SE (X,X)⟩ ⟨Rexc (X)⟩ (97)

and:

0 =
(
1−

〈
S̄ (X ′, X)

〉) 〈
R̄exc (X

′)
〉

(98)

−
〈
D̂F (X)

〉〈
ŜB
E

〉 〈K̄〉 ∥∥Ψ̄∥∥2〈
K̂
〉∥∥∥Ψ̂∥∥∥2

〈
R̂exc (X

′)
〉
−
〈
SB
E (X ′, X)

〉
⟨Rexc (X)⟩

The solutions of (97) and (98) ultimately depend on the assumptions regarding the firms’ returns
per unit of capital, ⟨f (X)⟩. As a first approximation, and to simplify the computations, we assume
constant returns to scale, so that:

⟨f (X)⟩ = ⟨f1 (X)⟩

where ⟨f1 (X)⟩ is the net average productivity. Decreasing returns to scale will then be introduced
as corrections, particularly when computing disposable capital, in which case the firms’ returns will
be43:

⟨f (X)⟩ = ⟨f1 (X)⟩
⟨K⟩r

− C

⟨K⟩
− C0 (99)

where C represents a fixed cost and C0 a cost per unit of capital44.

43See Appendix 8 in Gosselin and Lotz (2025).
44More precisely, considering the marginal productivity 1

1−r
⟨f1 (X)⟩ ⟨K⟩1−r, the average return per unit of capital,

including costs, is:
1

1− r
⟨f1 (X)⟩ ⟨K⟩1−r − C − C0 ⟨K⟩

Including the factor 1
1−r

in the definition of ⟨f1 (X)⟩ yields the formula presented in the text.
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Resolution for investors The global average stakes in investors,
〈
Ŝ (X ′)

〉
, and in firms, ⟨SE (X,X)⟩

and ⟨S (X,X)⟩, as well as the ratio of the average disposable capital of investors to that of firms,
⟨K̂⟩∥Ψ̂∥2

⟨K⟩∥Ψ∥2 , are expressed as functions of the average shares in investors,
〈
ŜE (X ′)

〉
, and the total

stakes in firms, ⟨S (X)⟩. To solve the average return equation (97), we use equations (57), (58),
(59), (60), and (61) to reexpress all variables - namely, the global average stakes in firms and the
average returns in firms, ⟨S (X)⟩ and ⟨f (X)⟩, respectively - as functions of the average shares in

investors,
〈
ŜE (X ′)

〉
. In this way, the full system is expressed as a function of a single variable: the

average shares in investors.

Resolution for banks The method is similar to that used for the investors’ equations, using (65),
(66), (67), (71), (72), (73), (74), (92), (93), (94), and (95) to express stakes, and the capital ratios,
⟨K̄⟩∥Ψ̄∥2

⟨K⟩∥Ψ∥2 ,
⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
,
⟨K̂⟩∥Ψ̂∥2
⟨K⟩∥Ψ∥2 , as functions of the average shares

〈
ŜE (X ′, X)

〉
and

〈
S̄E (X ′, X)

〉
. These

expressions, together with the solution of (97) for the investors’ average excess return,
〈
f̂ (X ′)

〉
− r̄,

are then substituted into (98), yielding an equation for
〈
S̄E (X ′, X)

〉
.

For later purposes, note that, using (97), equation (98) can be rewritten as an equation for bank
returns only:

0 =
(
1−

〈
S̄
〉) 〈

R̄exc (X
′)
〉
−
〈
S
(e)
E

〉
0
⟨Rexc (X)⟩ (100)

where the effective stakes,
〈
S
(e)
E

〉
0
, encompass indirect investment in firms through the shares of

banks in intermediate investors:

〈
S
(e)
E (X,X)

〉
0
=

〈D̂F (X ′)
〉 〈ŜB

E

〉 〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̂
〉∥∥∥Ψ̂∥∥∥2

⟨SE (X,X)⟩(
1−

〈
Ŝ (X ′, X)

〉) +
〈
SB
E (X,X)

〉
12.1.2 Average variables

Numerical analyses of the solutions reveal that investors’ and banks’ cross-investments,
〈
ŜE (X ′)

〉
and

〈
S̄E (X ′, X)

〉
, increase with the excess average firm return ⟨f (X)⟩ and decrease with uncertainty

γ.
When average firm returns exceed the interest rate, ⟨f (X)⟩ > r, higher firm returns foster

sectoral firm capital accumulation. The average capital held by firms, ⟨K⟩ ∥Ψ∥2, rises with returns.
Investors allocate capital within their own sector, and in firms specifically. Consequently, disposable
capital for investors diminishes, and the ratios of average disposable capital of investors and banks

over that of firms,
⟨K̂⟩∥Ψ̂∥2
⟨K⟩∥Ψ∥2 and

⟨K̄⟩∥Ψ̄∥2

⟨K⟩∥Ψ∥2 , respectively, decrease as returns increase.

Conversely, when average firm returns do not exceed the interest rate, ⟨f (X)⟩ < r, they fail
to offset the higher investment risk, leading to a decline in capital invested in firms. As global
uncertainty γ increases, investments become more diversified, resulting in higher capital ratios
⟨K̂⟩∥Ψ̂∥2

⟨K⟩∥Ψ∥2 and
⟨K̄⟩∥Ψ̄∥2

⟨K⟩∥Ψ∥2 .

When firms’ returns are high, uncertainty tends to favor direct investment in firms; conversely,
when uncertainty is low, it promotes investment diversification among investors and banks.

Overall, incorporating banks into the model increases the disposable capital of both investors
and firms. Under decreasing returns to scale, it also smoothes excess average returns, which in turn
affects the stability of the system, as will be shown below.
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12.1.3 Average variables under constant return to scale

Solutions can be approximated when firms’ average returns, ⟨f (X)⟩, are close to the average interest
rate, ⟨r̄ (X)⟩.

Benchmark case In the benchmark case, average returns are equal the average interest rate,

that is, ⟨Rexc (X)⟩ = 0. In this situation, the value of
〈
ŜE (X ′, X)

〉
, denoted z0, is a function of the

level of uncertainty γ.
When there is no uncertainty, γ = 0, we have:〈

ŜE (X ′, X)
〉
=
〈
ŜL (X ′, X)

〉
= ⟨SE (X,X)⟩ = ⟨SL (X,X)⟩ = z0 =

1

4

and: 〈
S̄E (X ′, X)

〉
=
〈
S̄E (X ′, X)

〉
=
〈
ŜB
E (X ′, X)

〉
=
〈
SB
E (X ′, X)

〉
= x =

1

4

In the absence of both excess returns and uncertainty, portfolio diversification is maximal.
However, when uncertainty is present (γ > 0), stakes remain equivalent in terms of expected

returns, but not in terms of risk. In this case, z0 measures the effect of uncertainty on invest-

ment allocation. When uncertainty is high, the level of average shares in investors
〈
ŜE (X ′, X)

〉
is correspondingly low: for equivalent expected returns, investors prefer direct over intermediated
investment in firms. Conversely, when uncertainty is low, the system reverts to the benchmark
configuration, where both investors and banks diversify their investments.

Impact of differential returns on investors’ cross-sectoral stakes When average returns
differ from the interest rate, average stakes depend on both the differential return, ⟨f1 (X)⟩−⟨r̄ (X)⟩,
and z0, the measure of uncertainty.

The average shares held in, and the loans granted by, investors to other investors are respectively
given by: 〈

ŜE (X ′, X)
〉

=
〈
ŜE (X ′)

〉
= z0

(
1 +

1

2

z20
D

⟨Rexc (X)⟩
)

(101)

〈
ŜL (X ′, X)

〉
= z0

(
1− 1

2

(
1− z20

D

)
⟨Rexc (X)⟩

)
where:

D = 1− 5z0 + 8z20

and the total average stake is:〈
Ŝ (X ′, X)

〉
=

〈
ŜE (X ′, X)

〉
+
〈
ŜL (X ′, X)

〉
(102)

= 2z0

(
1− 1

4

(1− 3z0) (1− 2z0)

D
⟨Rexc (X)⟩

)
For a given level of uncertainty, any increase in firms’ excess returns induces investors to allocate
more capital toward firms. They do so not only within their own sector, but also across sectors
through the intermediation of other investors. As a result, average cross-sectoral equity investments,〈
ŜE (X ′, X)

〉
, increase. By contrast, the attractiveness and relative profitability of loans decreases,

leading to a reduction in
〈
ŜL (X ′, X)

〉
. The overall cross-investors volume of stakes

〈
Ŝ (X ′, X)

〉
will

nonetheless decline, since direct investment in firms remains comparatively more profitable.
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A relative increase in uncertainty dampens cross-sectoral intermediation. Portfolio management
under uncertainty implies diversification through loans, which limits investors’ ability to fully cap-
ture higher returns. Consequently, investors’ aggregate returns increase more slowly than firms’
returns: 〈

R̂exc (X)
〉
=

⟨Rexc (X)⟩
2

Hence, an increase in firms’ returns, ⟨f1 (X)⟩, results only in a partial rise in average investors’

returns,
〈
f̂ (X)

〉
, by an amount of ⟨f1 (X)⟩ /2.

Impact of differential returns on investors’ stakes in firms The stakes in firms are given
by:

⟨SE (X,X)⟩ =
1− 2z0

2

(
1 +

(
z0ε (z0) +

(
3

4
− z0

))
⟨Rexc (X)⟩

)
(103)

⟨SL (X,X)⟩ =
1− 2z0

2

(
1 +

(
z0 − ε (z0)

(
1

2
− z0

)
− 3

8

)
⟨Rexc (X)⟩

)

⟨S (X,X)⟩ = ⟨SE (X,X)⟩+ ⟨SL (X,X)⟩

= (1− 2z0)

(
1 +

(
1

2
+ ε (z0)

)
z0 ⟨Rexc (X)⟩

)
where:

ε (z0) =
z20 (1− 4z0)

(1− 5z0 + 8z20)

When firms experience excess returns, they tend to raise capital through equity issuance rather
than debt. Consequently, shares in firms, ⟨SE (X,X)⟩, increase, while loans, ⟨SL (X,X)⟩, decline.
Nonetheless, total investment in firms, ⟨S (X,X)⟩, rises. In addition, a relative increase in uncer-
tainty further increase direct investment in firms.

Impact of differential returns on banks’ shares We define the reference values
〈
S
(e)
E

〉
0
,〈

S̄B
E

〉
0
, and

〈
ŜB
E

〉
0
as the values of the effective share

〈
S
(e)
E

〉
, the shares of banks in firms

〈
S̄B
E

〉
and

investors
〈
ŜB
E

〉
for ⟨f1 (X)⟩ − ⟨r̄ (X)⟩ = 0.

Defining x =
〈
S̄E

〉
0
, we show45 that, under high uncertainty, we have, to a first approximation46:〈

S̄B
E

〉
0
≃ 1− 6

〈
S̄E

〉
0
= 1− 6x

and: 〈
ŜB
E

〉
0
≃ 4

〈
S̄E

〉
0
= 4x

That is, investments in banks and in investors are proportional, as both are subject to the same
uncertainty of financial circulation. Investment in investors, however, is higher than in banks,
since under our assumptions, investing in other banks lengthens the path from the banks, seen as
investors, and the real returns provided by firms.

45See Appendix 6.
46Quadratic corrections in x to these formula are given in Appendix 6.5.1.4.
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For banks, the cross-shares in banks are given by:

〈
S̄E (X ′, X)

〉
=

1 +

 1−
〈
S̄E

〉
0(

1− 2
〈
S̄E

〉) 〈S(e)
E

〉
0
−
〈
S̄B
E

〉
0
−

〈
ŜB
E

〉
0

2

 ⟨Rexc (X)⟩

〈S̄E

〉
0

(104)

and cross-loans by:

〈
S̄L (X ′, X)

〉
=

1 +

 〈
S̄E

〉
0(

1− 2
〈
S̄E

〉) 〈S(e)
E

〉
0
−
〈
S̄B
E

〉
0
−

〈
ŜB
E

〉
0

2

 ⟨Rexc (X)⟩

〈S̄E

〉
0

(105)

where the reference values
〈
S
(e)
E

〉
0
,
〈
S̄B
E

〉
0
, and

〈
ŜB
E

〉
0
are the values of the effective share

〈
S
(e)
E

〉
, the

shares of banks in firms
〈
S̄B
E

〉
and investors

〈
ŜB
E

〉
for ⟨f1 (X)⟩−⟨r̄ (X)⟩ = 0. In first approximation47,

under relatively high uncertainty, we have:〈
S̄B
E

〉
0
≃ 1− 6

〈
S̄E

〉
0

and: 〈
ŜB
E

〉
0
≃ 6

〈
S̄E

〉
0

Again, investments in banks and investors remain proportional, as both are subject to uncertainty
in capital circulation. Investment in investors is higher than in banks, since, given our assumptions,
investing in other banks lengthens the path from the banks, seen as investors, and the real returns
provided by firms.

Formulas (104) and (105) show that
〈
S̄E

〉
and

〈
S̄L

〉
depend negatively48 on ⟨f1 (X)⟩. The same

result holds for the total cross-stakes between banks, given by:

〈
S̄ (X ′, X)

〉
= 2

〈
S̄E (X ′, X)

〉
−

〈
S̄E (X ′, X)

〉(
1− 2

〈
S̄E (X ′, X)

〉) 〈S(e)
E (X,X)

〉
0
⟨Rexc (X)⟩ (106)

≃ 2x− 2x


〈
ŜB
E

〉
0

2
+

〈
S̄B
E

〉
0

2
(
1−

〈
S̄E

〉
0

)
 ⟨Rexc (X)⟩

These results differ from the investors’ case. When firms’ returns increase, banks gain to directly
invest in firms or in investors. This is explicit in the expressions for banks’ shares in firms and
investors: 〈

SB
E

〉
≃ 1− 6x+

7

4
x2 (1 + 5x) ⟨Rexc (X)⟩ (107)

−1

2
(1− x)

2
x
〈
R̂exc (X)

〉
− 1

4
(1− x)x2

〈
R̄exc (X)

〉
and similarly: 〈

ŜB
E (X ′, X)

〉
= 1−

〈
SB
E

〉
−
〈
S̄ (X ′, X)

〉
≃ 4x+ 2x

(
4− 11x

2

)
⟨Rexc (X)⟩

+
1

2
(1− x)

2
x
〈
R̂exc (X)

〉
+

1

4
(1− x)x2

〈
R̄exc (X)

〉
47See Appendix 6.
48See Appendix 8.
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which depends positively on ⟨f1 (X)⟩.
The stake

〈
SB
E

〉
depends negatively on both

〈
R̂exc (X)

〉
and

〈
R̄exc (X)

〉
, as expected: when the

returns of banks or investors increase, banks prefer to invest in these two types of agents.

The stake
〈
ŜB
E (X ′, X)

〉
depends positively on

〈
R̂exc (X)

〉
, but also indirectly on

〈
R̄exc (X)

〉
:

when banks’ returns rise, so do their investments in investors.
Finally, as uncertainty increases, banks’ stakes in firms,

〈
SB
E

〉
, rise, while their stakes in other

banks and investors decrease.

Impact of differential returns on banks loans The banks’ average perception of investors
cross-stakes, zB, measures the banks’ valuation of risks associated with cross-stakes between in-
vestors. It is defined as:

zB = EB
〈
ŜE

〉
As in the investors’ case, we can also define zB0 , the value of EB

〈
ŜE

〉
for ⟨f (X)⟩ − ⟨r̄ (X)⟩ = 0. For

simplicity, we assume that zB = z and zB0 = z0, implying that the banks’ perception of investor’s
risk assessment is unbiased49.

As expected, banks’ loans to investors and firms depend positively on firms’ returns, ⟨f (X)⟩,
and on investors’ shares, z0. They can be written as:〈

ŜB
L (X ′)

〉
(108)

= κ (1− 2z0) 2z0

(
1 + z0

(
1− (1− 4z0) (1− 2z0)

2 (1− 5z0 + 8z20)

)
⟨Rexc (X)⟩

+(1− 2z0) (⟨r̂ (X ′)⟩ − ⟨r (X)⟩))

〈
SB
L (X,X)

〉
(109)

= κ (1− 2z0)
2

×
(
1 + z0

(
1 +

(1− 4z0) z0
(1− 5z0 + 8z20)

)
⟨Rexc (X)⟩+ 2z0

(
⟨r (X)⟩ − ⟨r̂ (X ′)⟩ŵ2

))
An increase in firms’ returns calls for additional capital, both directly and indirectly, so that loans
expand in proportion to the multiplier κ. However, this expansion in loans remains bounded by
the assumption of decreasing returns to scale.

12.1.4 Adjusting for decreasing return to scale

Accounting for decreasing returns to scale for firms amounts to replacing ⟨f1 (X)⟩ in the formulas
for stakes by:

⟨f1 (X)⟩
⟨K⟩r

− C

⟨K⟩
− C0

The previous interpretations remain valid. However, the impact of productivity, ⟨f1 (X)⟩, is now
dampened by the level of disposable capital available to both firms and investors.

49This assumption can be relaxed if needed.
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Disposable capital for investors and associated agregate stakes The disposable capital
available to investors is given by:

〈
K̂
〉∥∥∥Ψ̂∥∥∥2 ≃

µ̂V σ2
K̂

2

 ∥Ψ̂0∥2
µ̂

(
1− Ŝ

)
+ τ

〈
f̂
〉
Ŝ〈

f̂
〉(

1− Ŝ
)


2

(110)

where
〈
f̂
〉
denotes the average return for investors:

〈
f̂
〉
≃ ⟨r̂ (X ′)⟩+

fa − fb

(
C0+r̄
f1(X)

) 2
r

2
(111)

and where fa, fb, and τ are some coefficients50, while the parameter
∥∥∥Ψ̂0

∥∥∥2 represents the average

number of investors per sector.
In expression (110), the parameter µ̂ represents the fluctuations in the number of agents within

each sector. When µ̂ is large, the number of agents can vary significantly. In such a case, the average
cease to be a reliable indicator for the level of disposable capital.

The associated average aggregate stakes are given by:〈
ŜE (X ′)

〉
=

〈
ŜE (X ′, X)

〉
〈
ŜL (X ′)

〉
=

〈
ŜL (X ′, X)

〉

⟨SE (X)⟩ =
〈
ŜE (X,X)

〉 〈K̂〉∥∥∥Ψ̂∥∥∥2
⟨K⟩ ∥Ψ∥2

⟨SL (X)⟩ = ⟨SL (X,X)⟩

〈
K̂
〉∥∥∥Ψ̂∥∥∥2

⟨K⟩ ∥Ψ∥2

Disposable capital for banks and associated aggregate stakes The disposable capital
available to banks,

〈
K̄
〉 ∥∥Ψ̄∥∥2, is given by:

〈
K̄
〉 ∥∥Ψ̄∥∥2 = 9

σ2
K̂
V
∥∥Ψ̄0

∥∥4 (1− S̄
)2

2µ̂
〈
f̄
〉2

where banks’ returns are, to a first approximation, determined by their returns on loans:〈
f̄
〉
≃ (1 + κ) r̄

The associated average aggregate stakes are given by:〈
S̄E (X ′)

〉
=

〈
S̄E (X ′, X)

〉
〈
S̄L (X ′)

〉
=

〈
S̄L (X ′, X)

〉 〈K̄〉 ∥∥Ψ̄∥∥2
⟨K⟩ ∥Ψ∥2

50These coefficients are defined in Apppendix 5.4 in Gosselin and Lotz (2025).
.
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〈
ŜB
E (X ′, X)

〉
=
〈
ŜB
E (X ′, X)

〉 〈K̄〉 ∥∥Ψ̄∥∥2〈
K̂
〉∥∥∥Ψ̂∥∥∥2

〈
ŜB
L (X ′, X)

〉
=
〈
ŜB
L (X ′, X)

〉 〈K̄〉 ∥∥Ψ̄∥∥2〈
K̂
〉∥∥∥Ψ̂∥∥∥2

〈
SB
E (X)

〉
=

〈
SB
E (X,X)

〉 〈K̄〉 ∥∥Ψ̄∥∥2
⟨K⟩ ∥Ψ∥2〈

SB
L (X)

〉
=

〈
SB
L (X,X)

〉 〈K̄〉 ∥∥Ψ̄∥∥2
⟨K⟩ ∥Ψ∥2

Disposable capital for firms The disposable capital available to firms, ⟨K⟩ ∥Ψ∥2, is given by:

⟨K⟩ ∥Ψ∥2 ≃

1−
⟨S (X,X)⟩

〈
K̂
〉∥∥∥Ψ̂∥∥∥2 + 〈SB (X,X)

〉 〈
K̄
〉 ∥∥Ψ̄∥∥2

2ϵ
3σ2

K̂

(
⟨f1⟩
C0+r̄

) 2
r

(⟨K⟩ ∥Ψ∥2
)
0

(112)

where the factor: (
⟨K⟩ ∥Ψ∥2

)
0
=

( 2ϵ

3σ2
K̂

) r
2 ⟨f1 (X)⟩

C0 + r̄

 2
r

represents the firms’ average disposable capital in the absence of investors’ stakes, i.e. when
⟨S (X,X)⟩ =

〈
SB (X,X)

〉
= 0.

The presence of investors and banks reduces the share of firms’ disposable capital, producing an
eviction effect. Due to decreasing returns, capital is limited and caped at a certain level, a part of
which is held by investors and banks. Even if firms could reach this capital level without investors,
doing so would require considerable cost and a longer time span.

In general, firms’ disposable capital, ⟨K⟩ ∥Ψ∥2, increases with ⟨f1⟩: a global rise in firms’ produc-
tivity, ⟨f1 (X)⟩, increases their capital levels and favours direct capital accumulation in firms, while

reducing intermediation. Overall, investors’ total disposable capital,
〈
K̂
〉∥∥∥Ψ̂∥∥∥2, decreases with ⟨f1⟩,

although their private capital51 increases.
Ultimately, introducing decreasing returns to scale amounts to replacing, in all formulas for

stakes, the excess return under constant returns to scale, (⟨f1 (X)⟩ − ⟨r̂ (X)⟩), by its expression
under decreasing returns, ⟨f⟩ − ⟨r̂ (X ′)⟩, as defined in equation (111). The interpretations remain
valid, but the results are dampened by decreasing returns.

Note that in all the above formulas, we assumed the same perception of uncertainty for banks
and investors. This implies that the parameters x and z, measuring the impact of uncertainty on
banks’ and investors’ investments, are approximatively equal. This assumption can be relaxed by
treating x and z as independent parameters. The formulas derived above remain valid in that case.

51Defined as
(
1−

〈
Ŝ (X ′, X)

〉)〈
K̂
〉∥∥∥Ψ̂∥∥∥2

.
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12.2 Step 2: Writing the return equations in terms of returns

As a first approximation, the integrals in equations (33) and (34) can be replaced by their averages.
This allows the return equations to be expressed as:

0 = D̂F (X) R̂exc (X)−
〈
ŜE (X ′, X)

〉
X′

〈
D̂F (X ′)

〉〈
R̂exc (X

′)
〉

(113)

−SE (X,X)Rexc (X)

0 =
1− S̄ (X)

1− S̄E (X)
R̄exc (X)−

〈
S̄E (X ′, X)

〉
X′

〈
D̂F (X ′)

〉 〈
R̄exc (X

′)
〉

(114)

−
〈
ŜB
E (X ′, X)

〉
X′

〈
D̂F (X ′)

〉〈
R̂exc (X

′)
〉
− SB

E (X,X)Rexc (X)

The various parameters are defined in Appendix 10.

Equation (113) involves several averages computed in step 1, namely
〈
Ŝ (X ′)

〉
,
〈
Ŝ (X ′)

〉
, and〈

f̂ (X ′)
〉
, as well as the returns f̂ (X) and f (X), the aggregate stakes Ŝ (X), ŜE (X), and

〈
ŜE (X ′, X)

〉
X′
,

and the shares in firms, SE (X,X), S̄E (X), S̄ (X), and
〈
S̄E (X ′, X)

〉
X′ , as given by equations (84),

(86), and (14), respectively.

Investors’ return equations Using equations (57), (58), (59), along with the risk coefficients
(26) and (25), we can replace the average stakes by functions of returns and average variables, and
recast explicitly equation (113) as a return equation for f̂ (X)52:

0 =

〈
f̂
〉2 (

Ξ
1−Ξ

)2
− Ξ

(
f̂ ′ (X)

)2
〈
f̂
〉2 (

Ξ
1−Ξ

)2
− 1

2A
(
1 + ∆̂E (X)

)(
f̂ ′ (X)

)2 R̂exc (X)−H (X) (115)

where:
f̂ ′ (X) = f̂ (X)

(
1−

〈
Ŝ
〉)

+
〈
Ŝ (X ′, X)

〉
X′

〈
f̂
〉

Ξ = A
(
1 + ∆̂ (X)

)
and:

H (X) = ŵ (X)

(
1− w (X) ∆̂ (X) +

1

2

〈
R̂exc (X

′)
〉)

×
〈
D̂F (X ′)

〉〈
R̂exc (X

′)
〉
+ SE (X,X)Rexc (X)

Here, ∆̂E (X) and ∆̂ (X) are defined by (78) and (80), respectively, and the parameter A is defined
in Appendix 7 in Gosselin and Lotz (2025).

Banks’ return equations The same method applies to banks. Using equations (65), (66), (67),
(71), (72), and (73) for banks, along with the risk coefficients (92) and (94), the return equation
for f̄ (X) becomes:

0 =

1− Ā
(
1 + ∆̄ (X)

) ⟨K̄⟩∥Ψ̄∥2
K̄X |Ψ̄(X)|2

1− 1
2 Ā
(
1 + ∆̄E (X)

) ⟨K̄⟩∥Ψ̄∥2

K̄X |Ψ̄(X)|2
R̄exc (X)− Ḡ

52See Appendix 7 in Gosselin and Lotz (2025).
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This equation can also be expressed in expanded form:

0 =

〈
f̄
〉2

D − Ā
(
1 + ∆̄ (X)

) (
f̄ (X)

(
1−

〈
S̄
〉)

+
〈
S̄ (X ′, X)

〉
X′
〈
f̄
〉)2〈

f̄
〉2

D − 1
2 Ā
(
1 + ∆̄E (X ′)

) (
f̄ (X)

(
1−

〈
S̄
〉)

+
〈
S̄ (X ′, X)

〉
X′
〈
f̄
〉)2 R̄exc (X)− Ḡ (116)

with:

D =
Ā
(
1 + ∆̄ (X)

)
1− Ā

(
1 + ∆̄ (X)

)
and:

Ḡ =
〈
S̄E (X ′, X)

〉
X′

1−
〈
S̄ (X ′)

〉
1−

〈
S̄E (X ′)

〉 〈R̄exc (X
′)
〉

(117)

+
〈
ŜB
E (X ′, X)

〉
X′

〈
D̂F (X ′)

〉〈
R̂exc (X

′)
〉
+ SB

E (X,X)Rexc (X)

The formula for Ā is given in Appendix 9.

12.3 Step 3: solving for sectoral returns and aggregate stakes

Having established the average solutions, we now refine the analysis to identify sector-specific
equilibria. In contrast with the previous study, the incorporation of banks modifies the distribution
of investors’ returns. The principle of a dual solution—where high- and low- return states coexist
within the same sectors—remains valid for both banks and investors.

For investors, however, such a configuration arises only under specific conditions. When these
conditions are not satisfied, the system converges toward a unique solution, characterized by returns
clustered around the overall average across all investors. In the following, we examine separately
the return structures of investors and of banks.

12.3.1 Investors’ returns

Investors’ returns per sector depend on three coefficients. First, the investors’ estimation of risks
in investors stakes, denoted z and defined by53:

z =
〈
ŜE (X ′, X)

〉
Second, the relative strength of banks’ investments in investors, denoted54 x:

x =
〈
S̄E (X ′, X)

〉
Third, the relative average number of banks compared to investors, denoted P , defined by:

P =

∥∥Ψ̄0

∥∥2∥∥∥Ψ̂0

∥∥∥2
The higher the ratio P , the higher the importance of the banking system and its impact on inter-
mediation. The higher the uncertainty of banks regarding investors, the lower are x and the impact
of banks on investors. Under high uncertainty, banks reduce both participations and loans. Con-
versely, the higher the coefficient z, the higher is the intermediation among investors, and thereby
the higher the impact of banks on investors.

Two types of solutions emerge depending on the three parameters P , x, and z.

53The link between z and z0, the value of
〈
ŜE (X ′, X)

〉
under the constraint ⟨f (X)⟩ − ⟨r̄ (X)⟩ = 0, is given in

Appendix 5.4.1 of Gosselin and Lotz (2025). In first approximation, we can consider z = z0.
54To the first approximation we identify x =

〈
S̄E (X ′, X)

〉
=

〈
S̄E

〉
0
with

〈
S̄E

〉
0
defined in section 12.1.3.. First

order corrections to this approximation are defined in Appendix 6.5.2.
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First case: a unique solution We show that when P exceeds a certain threshold55:

P > Th

with:

Th =
2 (2z − 1)

2
(A− 1)

(1− 2x)
+

√(
2 (2z − 1)

2
(A− 1)

)2
− (1− 2x)

(
(A− 1)

(
4− 4z − 1

z

))
(1− 2x)

and:

A =
2− 24z + 112z2 − 224z3 + 160z4

1− 9z + 26z2 − 12z3 + 8z4

In this case, the investors’ return equations per sector (115) have only a unique solution, which is
close to the average solution:

R̂exc (X) ≃ z
(〈

R̂exc (X
′)
〉)

+ (1− z)Rexc (X) (118)

Second case: two solutions Conversely, when the relative average number of banks is below
the threshold:

P < Th

the investors’ return equations per sector (115) have two solutions, as in Gosselin and Lotz (2025).
These two solutions for investors’ excess returns depend on firms’ excess returns per sector as well
as the average returns in the system. They are given by56:

R̂H
exc (X) =

R̂H,0
exc (X)

2
+

√√√√( R̂H,0
exc (X)

2

)2

− 1− 2z

1− z

⟨r̄ (X)⟩
|a (z, P )|

R̂L,0
exc (X) (119)

and:

R̂L
exc (X) =

R̂H,0
exc (X)

2
−

√√√√( R̂H,0
exc (X)

2

)2

− 1− 2z

1− z

⟨r̄ (X)⟩
|a (z, P )|

R̂L,0
exc (X) (120)

with:

R̂H,0
exc (X) =

1−2z
1−z ⟨r̄ (X)⟩+ z

(
b (z, L)

〈
R̂exc (X

′)
〉
+ 1

2
1−2z
(z−1)2

Rexc (X)
)

2 |a (z, P )|
(121)

and:

R̂L,0
exc (X) = z

〈
R̂exc (X

′)
〉
+

(1− z)

2
Rexc (X) (122)

Here, the functions a (z, P ) and b (z, L) are defined in Appendix 10.5. Note that the firms’ ex-
cess return, Rexc (X), is given by (f1 (X)− ⟨r̂ (X ′)⟩) under constant returns to scale, and by 1

2fa −
1
2fb

(
C0+r̄
f1(X)

) 1
r
under decreasing returns to scale57. The interpretations are similar in both cases, but

with dampened amplitudes under decreasing returns.
Obviously, the two solutions (119) and (120) differ whether the second term is added or sub-

stracted: √√√√( R̂H,0
exc (X)

2

)2

− 1− 2z

1− z

⟨r̄ (X)⟩
|a (z, P )|

R̂L,0
exc (X) (123)

55See Appendix 9.
56See Appendix 7 in Gosselin and Lotz (2025) for the derivation.
57See Appendix 8.2.
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When it is added, the high-return solution (119) arises, in which returns are relatively higher.
When it is substracted, we obtain the low-return solution (120).

When excess returns are relatively small compared to the interest rate, these two solutions can
be expressed as:

R̂H
exc (X) = R̂H,0

exc (X)− R̂L,0
exc (X) (124)

and:

R̂L
exc (X) = R̂L,0

exc (X)

1− 2 |a (z, P )| (1− z)

(1− 2z)


〈
R̂exc (X)

〉
⟨r̄⟩

+
Rexc (X)

⟨r̄⟩

 (125)

Note that the high-return solution occurs only under certain conditions. For instance, when uncer-
tainty is high, R̂H

exc (X) would need to be very high to offset the uncertainty, which rules out this
solution practically. Therefore, the high-return solution arises only when investors’ risk perception
is low.

12.3.2 Banks’ returns

For banks, there are two solutions that have a form similar to those of investors:

R̄exc (X) =
R̄H,0

exc (X)

2
±

√√√√√( R̄H,0
exc (X)

2

)2

− (κ+ 2) (κ+ 1)
1− x

x
R̄L,0

exc (X)

2

with:

R̄H,0
exc (X) = (κ+ 2) (κ+ 1)

(
1− x

2x
⟨r̄ (X ′)⟩+ (⟨f (X)⟩ − ⟨r̄ (X ′)⟩)

4
+
(〈

f̂ (X ′)
〉
− ⟨r̄ (X ′)⟩

)
x

)
and:

R̄L,0
exc (X) =

〈
S̄E (X ′, X)

〉
X′
〈
DF (X ′)

〉 (〈
f̄ (X ′)

〉
− r̄
)

+
〈
ŜB
E (X ′, X)

〉
X′

〈
D̂F (X ′)

〉(〈
f̂ (X ′)

〉
− r̄
)
+ SB

E (X,X) (f1 (X)dr − r̄)

Since 2x
(κ+2)(κ+1) << 1, the low-return solution is close to the average:

R̄L
exc (X)

≃ R̂L,0
exc (X)

(
1− 2x

(1− x) (κ+ 2) (κ+ 1)
R̄H,0

exc (X)

)
≃ R̄L,0

exc (X)

This can be rewritten in terms of banks’ uncertainty x as:

R̄exc (X) ≃ x
(〈
f̄ (X ′)

〉
− (κ+ 1) r̄

)
+ 4x

(〈
f̂ (X ′)

〉
− r̄
)
+ (1− 6x) (f (X)− r̄)

Acting as an investor, that is loans excluded, banks’ returns combine their investments in other
banks, in investors, and in firms. The corresponding coefficients depend on uncertainty. Under
high uncertainty, banks primarily invest in firms, whereas under low uncertainty, they diversify.
In this case, the shares in investors are larger than in other banks, since intermediation through
investors provides a more direct path than the bank-investor-firm path.

The high-return solution is expressed as:

R̄H
exc (X) ≃ R̄H,0

exc (X)
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12.3.3 Interpretation of investors’ sectoral returns

As mentioned above, the introduction of banks modifies the structure of investors’ returns. By
allocating capital between firms and investors, banks facilitate access to capital and reduce the
pressure that investors exert on returns. When banks are able to perform this reallocative role
effectively, investors’ returns tend to cluster around an average, with variations reflecting sector-
specific differences. Conversely, when banks do not fulfill this function, or when they are too few
in number to provide firms with the necessary capital, the dual outcome of high and low returns
described in Gosselin and Lotz (2025) persists, albeit in a mitigated form. In the following, we
examine these two types of investor equilibria in turn.

First case: unique solution When the ratio of banks to investors is sufficiently high, bank
loans and participations are sufficient to smooth capital allocation. Recall that the unique solution
is given by equation (118):

R̂exc (X) ≃ z
(〈

R̂exc (X
′)
〉)

+ (1− z)Rexc (X)

The upward pressure on returns is dampened: investors’ returns converge toward the average
solution, aside from sector-specific discrepancies among investors. This induces investors to seek
higher returns through diversification between direct investments (1− z)Rexc (X) and cross-holdings

with other investors z
(〈

R̂exc (X
′)
〉)

.

The threshold governing this outcome depends on the relative number of banks to investors and
on the parameters z and x, which represent the inverse perception of risk by investors and banks,
respectively. This threshold increases with x: the greater the confidence of banks in investors, the
larger the banking system must be to smooth returns. In other words, for a given relative number
of banks, an increase in x may shift the system toward a dual-solution regime for the investors’
return equations.

Second case: two solutions When banks are scarce, or fail to reallocate capital between firms
and investors, the dual outcome of high and low returns identified in Gosselin and Lotz (2025)
persists, albeit in an attenuated form.

Low-return solution Under this solution, investors’ excess returns are given, in last analysis,
by equation (125). Using the definition (122) of R̂L,0

exc (X), this solution can be analyzed as a sum
of returns over investors:

z
〈
R̂exc (X

′)
〉

(126)

and over firms:
(1− z)

2
Rexc (X) (127)

both terms are dampened by the factor:

1− 2 |a (z, P )| (1− z)

(1− 2z)


〈
R̂exc (X)

〉
⟨r̄⟩

+
Rexc (X)

⟨r̄⟩

 (128)

The contributions (37) and (127) can be interpreted as follows: when uncertainty is high, the param-
eter z is low, and investors primarily allocate capital to firms within their own sector, as expected.
When uncertainty is low, investors diversify their portfolios - and stakes - between direct invest-
ments in firms and cross-holdings with other investors. Under the low-return solution, however,
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investors’ returns are largely determined by their sectoral firm investments, and only marginally
by intermediation through other investors: their exposure to risk is thus reduced. Sectoral returns
differ from the average only in that average firm returns are replaced by sector-specific ones.

As noted above, these contributions are dampened by the factor (128), which implies that
investors’ average excess returns under the low-return solution are systematically lower than the
overall average. Specifically, low-return investors experience a loss equal to a fraction of their

average excess returns,
⟨R̂exc(X)⟩

⟨r̄⟩ + Rexc(X)
⟨r̄⟩ . This fraction is directly linked to the existence of the

high-return solution, in which high-return investors achieve above-average returns at the expense
of low-return investors and firms. Since the high-return solution is facilitated by low uncertainty,
this fraction decreases as uncertainty rises.

High-return solution Under this solution, cross-sectoral investments - loans and participa-
tions in investors - drive the returns through the term:

R̂H,0
exc (X)

However, to properly assess these higher returns, one must substract the contribution from the
low-return solution:

R̂L,0
exc (X)

Overall, the solution R̂H
exc (X) decomposes into three terms:

R̂H
exc (X) = (1− z)

〈
R̂exc (X

′)
〉
+

(
z (1− 2z)

(1− z)
2 |a (z, P )|

− 1− z

2

)
⟨Rexc (X

′)⟩+ (1− z)

|a (z, P )|
⟨r̄ (X)⟩

When the perception of risk is low, cross-investments (the first term) exceed investments in firms
(the second term). Under this solution, due to firms’ low productivity and returns, investors
allocate more capital to other investors than to firms in their own sector. The third term captures
the additional profit that investors with high disposable capital can negociate from loans to other
investors.

Structurally, the high-return solution is systematically greater than the low-return solution,
since investors with high disposable capital can demand higher interest rates and returns. As noted
above, these additional returns are realized at the expense of low-return investors; therefore, for
any given average, it is the discrepancy between high- and low-return investors that determines the
overall average solution.

The coefficient |a (z, P )| is increasing in P , so that any increase in the relative number of banks
reduces the high-return solution R̂H

exc (X) and increases the low-return solution R̂L
exc (X). In this

way, the relative size of the banking system mitigates the discrepancy between the two solutions.

12.3.4 Interpretation of banks’ sectoral returns

The solution for banks reflects the fact that, when acting as investors, they diversify their allocations
across other banks, investors, and firms. The level of investment in investors is higher than in other
banks due to uncertainty, as the intermediation of investors is more direct than that of banks.
However, when uncertainty is very high, banks—like other investors—tend to invest directly in
firms. A second solution, analogous to the high-return strategy, emerges under conditions of very
high excess returns58.

58See Appendix 9.
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12.3.5 Implications for the collective state

The collective state thus consists of two types of solutions. The low-return solution represents the
standard outcome, similar to the results obtained for average returns, except for the dampening
factor induced by the presence of high-return solutions. In contrast, the high-return solution
corresponds to a deviation from these standard returns. It describes investors who maintain very
high level of capital by attracting other investors and extracting higher returns from both firms and
other investors. Other investors in the system, by comparison, receive lower-than-average returns.
Regarding loans, firms and investors face varying interest rates depending on whether they borrow
from high-return or low-return investors.

This suggests that, in general, returns are primarily driven by firms’ returns, whereas superior
returns are largely determined by cross-sectoral investments made by investors with high levels of
disposable capital.

As we will show later, these two solutions - high and low - can affect the stability of the collective
states. Even small changes in returns may trigger large capital flows, potentially destabilizing the
collective state and shifting the system toward alternative states, including possibly default states.

12.3.6 Outward aggregate stakes

Having established the possible solutions for sectoral returns, we can now compute the associated
levels of stakes and capital.

Outward aggregate stakes in investors The outward aggregate stakes (6) and (15) compute
the stakes of investors X outside their own sector.

The proportion of capital invested by investor X in other investors,
〈
ŜE (X ′, X)

〉
X′
, is:〈

ŜE (X ′, X)
〉
X′

≃ 1

2
⟨ŵ (X ′, X)⟩X′

(
1 + ∆̂E (X)

)
(129)

Similarly, the proportion of loans granted by investor X to other investors, X ′
〈
ŜE (X ′, X)

〉
X′
, is:〈

ŜL (X ′, X)
〉
X′

≃ 1

2
⟨ŵ (X ′, X)⟩X′

(
1 + ∆̂L (X)

)
where the coefficients of proportionality of investors X investments in other investors and in firms
are given by the averages of formula (26), and can be written, respectively, as:

⟨ŵ (X ′, X)⟩ =

(
1−

(
γ
〈
ŜE (X)

〉)2)
2−

(
γ
〈
ŜE (X)

〉)2 (130)

and:
w (X) = 1− ⟨ŵ (X ′, X)⟩ (131)

From formula (130), we infer that the higher the average perceived risk,
(
γ
〈
ŜE (X)

〉)2
, the lower

the coefficient ⟨ŵ (X ′, X)⟩ and, consequently, the lower the participations between investors.
Recall that the quantity ∆(X) measures the relative return of firms X across equity and loans.

Hence, the higher the returns of firms X, the less investors X allocate capital externally, and
this capital is further diversified among multiple investors X ′. This corresponds to the low-return
solution, where firms’ productivity is sufficient to attract investments and sustain global levels of
returns. Under the high-return solution, due to the high level of returns extracted from investors〈
f̂ (X ′)

〉
, investors will rather invest externally.

51



Outward aggregate banks cross-stakes The outward aggregate stakes of banks were defined
in (14) and (15). For aggregate banks’ cross-stakes, we find:

〈
S̄E (X ′, X)

〉
X′ ≃

⟨w̄ (X ′, X)⟩
2

(
1 +

〈
∆̄E (X ′, X)

〉
X′
)

(132)

〈
S̄L (X ′, X)

〉
X′ ≃

⟨w̄ (X ′, X)⟩
2

(
1 +

〈
∆̄L (X ′, X)

〉
X′
)

Consequently, we have:

〈
S̄ (X ′, X)

〉
X′ =

⟨w̄ (X ′, X)⟩
2

(
1 +

〈
∆̄ (X ′, X)

〉
X′
)

where: 〈
∆̄E (X ′, X)

〉
X′ =

〈
f̄ (X ′)

〉
− w̄L (X) ⟨r̄ (X ′)⟩w̄L

− ŵB
E (X)

〈
f̂ (X ′)

〉
ŵE

− wB
E (X) f (X)

〈
∆̄L (X ′, X)

〉
X′ = ⟨r̄ (X ′)⟩ − w̄E (X)

〈
f̄ (X ′)

〉
w̄E

− ŵB
E (X)

〈
f̂ (X ′)

〉
ŵE

− wB
E (X) f (X)

and: 〈
∆̄ (X ′, X)

〉
X′ =

〈
∆̄E (X ′, X)

〉
X′ +

〈
∆̄L (X ′, X)

〉
X′

2

Outward aggregate banks’ stakes in investors Similarly, we obtain:〈
ŜB
E (X ′, X)

〉
X′

≃
〈
ŵB

E (X ′, X)
〉
X′

(
1 +

〈(
∆̂E
)B

(X ′, X)

〉
X′

)
〈
ŜB
L (X ′, X)

〉
X′

κ
(
1− S̄ (X)

) ≃
〈
ŵB

L (X ′, X)
〉
X′

(
1 +

〈(
∆̂L
)B

(X ′, X)

〉
X′

)
with: 〈

∆̂E (X ′, X)
〉
X′

=
〈
f̂ (X ′)

〉
− 1

2

(〈
f̄ (X ′)

〉
w̄E

+ ⟨r̄ (X ′)⟩w̄L

)
−
〈
wB

E (X)
〉
f (X)

and: 〈
∆̂L (X ′, X)

〉
X′

= ⟨r̂ (X ′)⟩ −
〈
f̂ (X ′)

〉
ŵE

− ⟨wE (X)⟩ f (X)

12.3.7 Capital level per sector

Under decreasing returns to scale, firms’ returns are:

f (X) =
f1 (X)(

KX

∣∣∣Ψ̂ (X)
∣∣∣2)r − C

KX
− C0

For each solution (119), the disposable capital for banks is given by:

K̄X

∣∣Ψ̄ (X)
∣∣2 ≃

〈
K̄
〉 ∥∥Ψ̄∥∥2( 〈

f̄
〉((

1−
〈
S̄
〉)

f̄ (X) +
〈
S̄ (X ′, X)

〉
X′
〈
f̄
〉) ĪX/⟨X′⟩

)2

(133)

where:

ĪX/⟨X′⟩ =

⟨S̄(X′,X)⟩
X

1−⟨S̄(X′,X)⟩
X′

⟨S̄(X′,X)⟩
1−⟨S̄(X′,X)⟩
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This quantity measures the level of investment in investor X by other sectors,
⟨S̄(X′,X)⟩

X

1−⟨S̄(X′,X)⟩
X′
, relative

to the level of investment in the rest of the market,
⟨S̄(X′,X)⟩

1−⟨S̄(X′,X)⟩ . It is also weighted by the ratio:

〈
f̄
〉((

1−
〈
S̄
〉)

f̄ (X) +
〈
S̄ (X ′, X)

〉
X′
〈
f̄
〉)

which measures a saturation effect: a high level of returns limits the amount of capital that generates
this level of return. The return f̄ (X) alone does not determine the capital level; rather, it is the
weighted combination with the average returns

〈
S̄ (X ′, X)

〉
X′
〈
f̄
〉
, reflecting the share of capital

reinvested in the market by banks X.
The capital levels per sector for investors are:

K̂X

∣∣∣Ψ̂ (X)
∣∣∣2 ≃

〈
K̂
〉∥∥∥Ψ̂∥∥∥2( ⟨ĝ⟩

ĝ (X)
IX/⟨X′⟩

)2

(134)

where ⟨ĝ⟩ and ĝ (X) are given by:

⟨ĝ⟩ =
〈
f̂
〉
+

(
ŜB
E + ŜB

L

)
1− S̄

〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̂
〉∥∥∥Ψ̂∥∥∥2

〈
f̄
〉

ĝ (X) =

f̂ (X) +

(〈
ŜB
E (X,X ′)

〉
X′

+
〈
ŜB
L (X,X ′)

〉
X′

) ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
〈
f̄
〉

1−
〈
S̄
〉

+
〈
Ŝ (X ′, X)

〉
X′

⟨ĝ⟩

The average investors’ return is defined by (111), and investors X returns f̂ (X) are given by:

f̂ (X) ≃ r̂ (X) +
1

2
fa −

1

2
fb

(
C0 + r̂ (X)

f1 (X)

) 1
r

Disposable capital (134) is proportional to the ratio:

ÎX/⟨X′⟩ =

⟨Ŝ(X,X′)⟩
X′

1−⟨Ŝ(X,X′)⟩
X′

⟨Ŝ(X,X′)⟩
1−⟨Ŝ(X,X′)⟩

(135)

which measures the level of investment in investor X by other sectors,
⟨Ŝ(X,X′)⟩

X′
1−⟨Ŝ(X,X′)⟩

X′
, relative to the

level of investment in the rest of the market,
⟨Ŝ(X,X′)⟩

1−⟨Ŝ(X,X′)⟩ .

It is further weighted by the ratio ⟨ĝ⟩
ĝ(X) , which measures the saturation effect: high returns limit

the capital that can generate these returns. Thus, the effective capital depends not only on the

sector-specific return, f̂ (X), but also on its weighted combination with
〈
Ŝ (X ′, X)

〉
X′

〈
f̂
〉
, which

translates the share of capital reinvested in the market by investors X.
The disposable capital for firms is given by:

KX |Ψ(X)|2 ≃

1−

S (X,X)
K̂X

∣∣∣Ψ̂ (X)
∣∣∣2(

KX ∥Ψ(X)∥2
)
0

+ SB (X,X)
K̄X

∣∣Ψ̄ (X)
∣∣2(

KX ∥Ψ(X)∥2
)
0


(KX ∥Ψ(X)∥2

)
0

(136)
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where: (
KX ∥Ψ(X)∥2

)
0
=

( 2ϵ

3σ2
K̂

) r
2
f1 (X)

C0 + r̄

 2
r

represents the disposable capital of firms X in the absence of investor participation, i.e. when
S (X,X) = 0.

Under both solutions, firms’ capital increases with firms’ productivity f1 (X), and investors X

disposable capital increases with firms’ productivity f1 (X). This refines our results for the average
capital obtained in step 1, since this increase in firms’ productivity in any given sector X increases
investments in investors X from other sectors. However, investors’ disposable capital is higher under
the high-return solution than under the low-return solution, since investors attract more capital;
under this solution, the ratio IX/⟨X′⟩ is particularly high.

12.3.8 Capital ratios per sector

The ratio between the banks’ average disposable capital and the banks’ disposable capital per sector
is: 〈

K̄
〉 ∥∥Ψ̄∥∥2

K̄X

∣∣Ψ̄ (X)
∣∣2 ≃

(((
1−

〈
S̄
〉)

f̄ (X) +
〈
S̄ (X ′, X)

〉
X′
〈
f̄
〉)〈

f̄
〉 ĪX/⟨X′⟩

)2

(137)

Using (213), the ratio of bank’s average disposable capital to investors’ sector disposable capital is:〈
K̄
〉 ∥∥Ψ̄∥∥2

K̂X

∣∣∣Ψ̂ (X)
∣∣∣2 ≃

(
ĝ (X)

⟨ḡ⟩

)2
∥∥Ψ̄0

∥∥4∥∥∥Ψ̂0

∥∥∥4(1 + ∥Ψ̄0∥2

∥Ψ̂0∥2
〈
ŜB
L

〉) (138)

The ratio of banks disposable capital to firms’ disposable capital is:

K̄X

∣∣Ψ̄ (X)
∣∣2

KX |Ψ(X)|2
≃

18σ2
K̂
V
∥∥Ψ̄0 (X)

∥∥4(
f̄ (X) +

⟨S̄(X′,X)⟩X′

(1−⟨S̄⟩)
〈
f̄
〉)2

µ̂

((
2ϵ

3σ2
K̂

) r
2

f1(X)

C0+
SL(X)

1−SE(X)
r̄

) 2
r

(139)

and the ratio of investors’ disposable capital to firms’ disposable capital is:

K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX |Ψ(X)|2
≃

18σ2
K̂
V
∥∥∥Ψ̂0 (X)

∥∥∥4
µ̂F 2

1

((
2ϵ

3σ2
K̂

) r
2

f1(X)

C0+
SL(X)

1−SE(X)
r̄

) 2
r

where F1 is defined in Appendix 9.

12.3.9 Investors’ inward aggregate stakes

Having computed the outward aggregate stakes in investors and the level of disposable capital per
sector, we can now derive the inward aggregate stakes - the stakes held by all investors and banks
in a given sector - to better understand the distribution of investments. Since firms X can only be
invested in by investors X, the stakes in firms - which represent the proportion invested in firms X -
and the aggregate stakes in firms - which represent the share of total capital invested in firms - differ
only by a single factor: the ratio of investors’ disposable capital, both private and intermediated,
to the firms’ disposable capital.
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Inward aggregate stakes in investors Recall that the general formulas for the inward aggre-
gate stakes in investors are given by (75), (76), and (77):

ŜE (X ′) =
1

2
ŵ (X ′)

(
1 + ∆̂E (X ′)

)
QK̂ (X ′)

ŜL (X ′) =
1

2
ŵ (X ′)

(
1 + ∆̂L (X ′)

)
QK̂ (X ′)

Ŝ (X ′) = ŵ (X ′) (1 + ∆ (X ′))QK̂ (X ′)

These formulas involve the ratio of the aggregate disposable capital of all investors X ′ to that of
investors X, which is computed by (134):

QK̂ (X ′) =

〈
K̂
〉∥∥∥Ψ̂∥∥∥2

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2 =

 f̂ (X)
(
1−

〈
Ŝ
〉)

+
〈
Ŝ (X ′, X)

〉
X′

〈
f̂
〉

〈
f̂
〉
IX/⟨X′⟩

2

and the proportionality coefficient:

ŵ (X ′) =

(
1−

(
γ
〈
ŜE (X)

〉)2)
2−

(
γ
〈
ŜE (X)

〉)2
− γ2

〈
ŜE (X)

〉
⟨ŵ (X ′, X)⟩ ⟨w (X)⟩∆(X ′)

which depends directly on uncertainty and returns.
The capital invested in the investors of a given sector decreases with uncertainty and increases

with the relative returns of both investors and firms in that sector. This reflects the fact that
investors X ′ also invest in X to gain access to the returns of the firms in that sector.

Inward stakes in firms As expected, the proportion of shares invested in firms X, SE (X,X),
increases with their return f1 (X):

SE (X,X) =
1

2
w (X)

(
1 +

(
ŵ (X)

(
f (X)− R̂

)
+

1

2
w (X)Rexc (X)

))
(140)

SL (X,X) =
1

2
w (X)

(
1 +

(
ŵ (X)

(
r (X)− R̂

)))
(141)

The decision to invest in firms X depends negatively on the average returns of cross-investments〈
f̂ (X ′)

〉
ŵE

and the interest rates on loans between investors ⟨r̂ (X ′)⟩ŵL
. Consequently, stakes in

firms are higher under the low-return solution than under the high-return one.
The inward total stake in firms, which is the sum of equations (140) and (141), is given by:

S (X,X) = w (X)
(
1 +

(
ŵ (X)

(
R (X)− R̂

)))
(142)

Inward aggregate stakes in firms The aggregate stakes of investors in firms X are obtained
by multiplying (140), (141), and (141) by the capital ratio, which yields:

SE (X) ≡ SE (X,X)
K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX |Ψ(X)|2

SL (X) ≡ SL (X,X)
K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX |Ψ(X)|2
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and:

S (X) = S (X,X)
K̂X̂

∣∣∣Ψ̂ (X)
∣∣∣2

KX̂ |Ψ(X)|2

These formula reflect two opposing effects: increased investment due to higher returns f1 (X), and

the reduction in the capital density ratio
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2 resulting from decreasing marginal returns.

Thus, the overall proportion of investors’ capital in firms depends on the structural parameters of
the model.

12.3.10 Banks inward aggregate stakes per sector

Inward aggregate cross-stakes between banks Similarly, once the returns and capital ratios
per sector are determined, the inward aggregate stakes S̄E (X), S̄L (X), and S̄ (X) are computed
using (84), (85), (86), (87), and (88), with the capital ratio given by (137).

The corresponding coefficients are given by averages of (94) and (95) over X:

(⟨w̄ (X ′, X)⟩X)
−1

= 1 +
1

2

 〈IRG (X ′, X)
〉
X〈

ÎRB (X ′, X)
〉
X

+

〈
IRG (X ′, X)

〉
X

ξ2


and:

(⟨w̄ (X ′, X)⟩X)
−1 ≃ 1 + 2

〈
ÎRB (X ′, X)

〉
X〈

IRG (X ′, X)
〉
X

+

〈
ÎRB (X ′, X)

〉
X

ξ2

Inward aggregate banks’ stakes in investors The inward aggregate stakes ŜB
E (X) and ŜB

L (X)

are computed using (88) and (89), with the capital ratio given by (138), where wB
E (X) is defined

by (95) and:〈
ŵB

L (X ′, X)
〉
X

≃ ⟨ŵL (X ′, X)⟩X
≃ ⟨ŵE (X ′, X)⟩X

→

(
1−

(
γ
〈
ŜE (X)

〉)2)
2−

(
γ
〈
ŜE (X)

〉)2
+

(
γ
〈
ŜE (X1, X ′)

〉
X1

)2

−
(
γ
〈
ŜE (X)

〉)2
Inward aggregate banks’ stakes in firms The inward aggregate stakes SB

E (X) and SB
L (X) are

obtained using (90) and (91), with the capital ratio given by (139), and the coefficients are given
by:

wB
E (X) =

〈
wB

E (X)
〉

→
1 +

(
1−

(
γ̄
〈
S̄E

〉)2)(
4 + 3

(
1−

(
γ̄
〈
S̄E

〉)2)− ⟨ŜB
E ⟩

2

⟨SE⟩2

(
1−

(
γ
〈
ŜE

〉)2))
(
1 + 4

(
1−

(
γ̄
〈
S̄E

〉)2))( ⟨ŜB
E ⟩

2

⟨SE⟩2

(
1−

(
γ
〈
ŜE

〉)2)
+
(
1−

(
γ̄
〈
S̄E

〉)2)
+ 1

)
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wB
L (X) ≃

〈
wB

L (X)
〉
=

1

2−
(
γ
〈
ŜE (X ′, X)

〉)2
ŵB

L (X) ≃ 1− wB
L (X) = 1−

〈
wB

L (X)
〉 1− (γ 〈ŜE (X ′, X)

〉)2
2−

(
γ
〈
ŜE (X ′, X)

〉)2
12.4 Step 4: solving for stakes

Once the sectoral returns f̄ (X) and f̂ (X) are established, we close the resolution by computing the
stakes invested sector by sector.

Investors We first compute cross-investment stakes between investors.

The uncertainty
ŵ(X′,X)

2 , defined in equation (26), impacts investments in shares such that:

ŜE (X ′, X) =
1

2
ŵ (X ′, X)

(
1 + ∆E (X ′, X)

)
(143)

ŜL (X ′, X) =
1

2
ŵ (X ′, X)

(
1 + ∆L (X ′, X)

)
Ŝ (X ′, X) ≃ ŵ (X ′, X) (1 + ∆ (X ′, X)) (144)

where ∆E (X ′, X) and ∆(X ′, X) are defined by (62) and (64), and the expressions for the stakes
invested in firms SE (X,X) and S (X,X), are provided in (140) and (142), respectively.

Any given collective state is characterized by two stakes, (143) and (144). These solutions do
not fundamentaly differ from the aggregate stakes described in (129). The behaviors of agents
sector by sector follow a two-solution pattern. Differences between sectoral stakes (143) and (144)
and aggregate stakes result from local variations in the perception of risks ŵ (X ′, X) and w (X). The
sector dependence of these two parameters impact the solutions and induce local variations around
the aggregate stakes, returns, and capital levels. We show59 that:

ŵ (X ′, X) =

2

(
1−

(
γ
〈
ŜE (X)

〉)2)
ŵ

(0)
1 (X ′, X)

1 + ŵ
(0)
1 (X ′, X)

(
1−

(
γ
〈
ŜE (X)

〉)2)
+

(
γ
〈
ŜE (X1, X ′)

〉
X1

)2

−
(
γ
〈
ŜE (X)

〉)2
and:

w (X ′, X) = 1− ⟨ŵ (X ′, X)⟩X′

Here, the coefficients ŵ
(0)
1 (X ′, X) computes a local factor of inverse uncertainty. When this fac-

tor is high, ŵ (X ′, X) is high and sector X ′ attracts investment from sector X. This coefficient
thus captures the local characteristics of uncertainty that induce the deviations from the average
behavior.

Banks Ultimately, we close the resolution by computing the cross-investment stakes among
banks and stakes in investors (65), (66), and (67).

59See Appendix 23.
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The cross-stakes between banks are:

S̄E (X ′, X) =
1

2
w̄ (X ′, X)

(
1 + ∆̄E (X ′, X)

)
S̄L (X ′, X) =

1

2
w̄ (X ′, X)

(
1 + ∆̄L (X ′, X)

)
S̄ (X ′, X) = w̄ (X ′, X)

(
1 + ∆̄ (X ′, X)

)
where ∆̄E (X ′), ∆̄L (X ′), and ∆̄ (X ′) are the averages of (68), (69), and (70) over X, with w̄ (X ′, X)

defined by (94).
Banks’ stakes in investors are given by (71) and (72):

ŜB
E (X ′, X) = Ŝ

B

E (X ′, X) + ŵB
E (X ′, X)

(
∆̂E
)B

(X ′, X) (145)

ŜB
L (X ′, X)

κ
(
1− S̄ (X)

) = Ŝ
B

L (X ′, X) + ŵB
L (X ′, X)

(
∆̂L
)B

(X ′, X) (146)

and Banks’ stakes in firms are given by (73) and (74):

SB
E (X,X) = wB

E (X) + wB
E (X)

(
∆E
)B

(X) (147)

SB
L (X,X)

κ
(
1− S̄ (X)

) = wB
L (X) + wB

L (X)∆L (X) (148)

with w̄ (X), ŵB
E (X), and wB

E (X) defined by the averages over X ′ of (94), (95), and (96), respectively.
The coefficients for banks investing in banks are:

(w̄ (X))
−1

= 1 +
1

2

 〈IRG (X ′, X)
〉
X′〈

ÎRB (X ′, X)
〉
X′

+

〈
IRG (X ′, X)

〉
X′

ξ2

 (149)

Those for banks investing investors are given by:

(
ŵB

E (X)
)−1

= 1 + 2

〈
ÎRB (X ′, X)

〉
X′〈

IRG (X ′, X)
〉
X′

+

〈
ÎRB (X ′, X)

〉
X′

ξ2
(150)

and those for banks investing in firms are:

w̄B
E (X,X) = 1− ⟨w̄ (X ′, X)⟩X′ −

〈
ŵB

E (X ′, X)
〉
X′

The local coefficients ŵB
L (X ′, X) and wB

L (X) are defined by60:

ŵB
L (X ′, X) =

(
1−

(
γ
〈
ŜE (X1, X

′)
〉)2)

ŵ
(0)
L (X ′, X) (1 + ∆r̂ (X ′))

1 + ŵ
(0)
L (X ′, X)

(
1−

(
γ
〈
ŜE (X1, X ′)

〉)2)
+∆

(
γ
〈
ŜE (X1, X ′)

〉
X1

)2 (151)

and:
wB

L (X) = 1− ŵB
L (X ′, X) (152)

with:

∆

(
γ
〈
ŜE (X1, X

′)
〉
X1

)2

=

(
γ
〈
ŜE (X1, X

′)
〉
X1

)2

−
(
γ
〈
ŜE (X1, X

′)
〉)2

60See Appendix 11.
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The coefficients w̄
(0)
E (X ′, X), w(0)B

E (X ′, X),
〈
ŵ

(0)B
E

(
(X ′)

′
, X ′)〉

(X′)′
, and ŵ

(0)
L (X ′, X) represent local

inverse uncertainties in shares in banks, investors and firms. Higher values of w̄
(0)
E (X ′, X) and

w
(0)B
E (X ′, X) indicate higher investments of sector X in sector X ′.
The factor ŵB

L (X ′, X) captures the relative inverse uncertainty of investors relatively to sector
X ′: the higher this coefficient, the more relatively risky are investors X ′ and the lower the shares
in investors X ′.

The factor ŵ
(0)
2 (X ′, X) is a local factor of inverse uncertainty in loans to investors. The higher

ŵ
(0)
2 (X ′, X), the higher the loans of bank X in investors X ′.
Thus, the local characteristics of uncertainty conditions the investments. These factors measure

any condition that locally modify investments and perception of risk.

13 Default states

Defaults states can be defined as modifications of non-default states. Assuming one or several
defaulting firms initially in one sector, the default state is built recursively from this initial impact.
Once the initial default has propagated, the returns in each sector will be deviations from what
would have been the returns in a non-default scenario, equation (33).

We will detail below the propagation mechanism and the condition for the default to materialize
and spread. The loss incured by investors and the fraction of defaulting investors will then be
computed.

13.1 Uncertainty and default

Note that the role of uncertainty changes depending on the agent who bares the risk of default.
When uncertainty increases, the threshold diminishes and the risk of default increases for the agent
invested in, since uncertainty deters other investors.

In our model, uncertainty is defined very broadly, and corresponds to a global perception of
risk. The parameter γ, when not otherwise mentionned, refers to an average perception of risk
of the whole system on all the sectors of the system. It would nonetheless be easy to render this
parameter sector-dependent, and as a matter of fact, we will do so in our interpretations.

The fact that the uncertainty is high does not necessarily imply that the risk has risen, and
inversely. Uncertainty and risk are not correlated. Risk can exist without necessarily being per-
ceived. In this case, Investors may act under a false presomption of full certainty, and risk is all
the more great.

In the study of defaults, the notion of risk perception is fundamental, and its role depends on the
perception agents have of it and where and from where it is seen. The default of a firm will be less
likely to propagate to other investors in a climate of confidence, when γ is small. Alternately, the
system as a whole is in a greater zone of default when it benefits from a false climate of confidence.
The intermediation being stronger, if a default occurs, intermediation will favor its propagation.
The propagation of a default is more likely when, locally, one sector is being perceived as risky, and
thus locally γ increases, investors in the sector default and this default propagates because the rest
of the system is impaired by an intermediation corresponding to a γ small. Default is more likely
when the differential between the γ of the system and the γ of a specific sector is wider.

13.2 Principle of propagation

The default states for investors have been described in Gosselin and Lotz (2025). The principle
of propagation is similar if we include banks. The default states are found recursively. We first
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assume some realized initial default states S0, Ŝ0 and S̄0, when a set of firms, investors and banks
experience a complete loss of their private capital. In terms of returns this corresponds to:

f̂ (X ′) = −1 (153)

f̄ (X ′) = −1

f ′
1

(
X̂
)

= −1

for investors, banks and firms in Ŝ0, S̄0 and S0 respectively. The number −1 stands for a return of
−100 percent, so that the private capital for defaulting firms, banks and investors are 0.

The possible default sets are then obtained from this initial set by the limit of a sequence of
equations. We assume that after n iterations, the sets of defaulting agents are Sn, Ŝn and S̄n. We
define the remaining sets of agents as S/Ŝn, S/S̄n and S/Sn.

Then these sets are included in the return equations for investors and banks:

Investors

0 =

∫ (
δ (X −X ′)− ŜE (X ′, X)

)
D̂F (X ′)

(
f̂n+1 (X

′)− r̄
)
dX ′ (154)

+

∫
Ŝn

1−
(
Ŝ (X ′) + ŜB

E (X ′) + ŜB
L (X ′)

)
ŜL (X ′)

ŜL (X ′, X) dX ′

+

∫
Sn

1−
(
S (X ′) + SB

E (X ′) + SB
L (X ′)

)
SL (X ′)

SL (X ′, X) dX ′ −
∫

SE (X ′, X) ((f (X ′)− r̄)) dX ′

Banks

0 =
(
δ (X −X ′)− S̄E (X ′, X)

) (
f̄n+1 (X

′)− r̄
)
DF (X ′)− D̂F (X ′) ŜB

E (X ′, X)
(
f̂ (X ′)− r̄

)
(155)

+

∫
S̄n

S̄L (X ′, X)

(
1− S̄ (X ′)

)
S̄L (X ′)

+

∫
Ŝn

ŜB
L (X ′, X)

1−
(
S (X ′) + SB

E (X ′) + SB
L (X ′)

)
SL (X ′) + SB

L (X ′)

+

∫
Sn

SB
L (X ′, X)

1−
(
Ŝ (X ′, X) + ŜB

E (X ′) + ŜB
L (X ′)

)
ŜL (X ′) + ŜB

L (X ′)
− SB

E (X ′, X) (f (X ′)− r̄)

These equations define new sets of returns f̂n+1 (X
′) and f̄n+1 (X

′) which in turn may define new
default sets Sn+1, Ŝn+1 and S̄n+1. Once the iteration stabilizes, we find a remaining sets of - non-

defaulted - agents
(
Ŝ∞, S̄∞, S∞

)
, defined by the limit

(
S/Ŝn, S̄/S̄n, S/Sn

)
→

n→∞

(
Ŝ∞, S̄∞, S∞

)
with

returns
{
f̂n (X) → f̂ (X) , f̄n (X) → f̄ (X)

}
for which the resulting disposable capitals are given by

(134), (133) and (136).

13.3 Conditions for propagation

Firms default when they meet the conditions for initial defaults. But, for this default to propagate
to the whole set of investors and banks, some additional conditions must be met. First, the defaut
must propagate to the firm’s immediate investors or banks. Then, it must propagate from these
investors to other investors and banks. The case of investors default was considered in Gosselin
and Lotz 2025 and we focus on the banks default only61.

61See Appendix 11.3.
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13.3.1 Propagation from firms to banks

Some firms may lack the disposable capital to face their costs, pushing them into default. Whether
these initial defaults may push into default their intra-sectoral banks depends on the magnitude of
loss of the defaulting firms.

For the default to spread to the firm’s banks, the level of loss a firm has to experience, by lack
of capital or increase in costs, must be below a negative threshold62:

f (X)− r < DTh

where the threshold DTh is:

DTh = − 1

SB
E (X,X)

(
1 + r̄ +

〈
S̄E (X ′, X)

〉
X′ DF (X ′)

(〈
f̄ (X ′)

〉
− r̄
)

+
〈
ŜB
E (X ′, X)

〉
X′

D̂F (X ′)
(〈

f̂ (X ′)
〉
− r̄
))

This threshold is negative, and the default zone includes all returns that are below it.
When average excess returns

(〈
f̄ (X ′)

〉
− r̄
)
among the whole set of banks or the set of investors〈

f̂ (X ′)
〉
− ⟨r̄⟩ increase the default zone decreases, and so does the risk of default in the sector.

The sector is safer financially. On the contrary, when average excess returns among the whole set
of banks or investors decrease increases, the sector as a whole becomes more risky, and investors
diversify away from the sector and in other investors, which further increases the default risk. For
a given level of returns among banks or investors, any increase in interest rates or in the level of
loans between investors increases the default zone and the risk of default for investors.

Assuming that uncertainty γ increases, the average banks’ shares in other banks
〈
S̄E (X ′, X)

〉
X′

or in investors
〈
ŜB
E (X ′, X)

〉
X′

diminish, and the default zone increases. This also applies if the

bank mere perception of risk increases, while the investors’ perception remains unchanged.
The introduction of banks induces a particular effect. Actually, when banks’s loans are essen-

tially invested in investors, the coefficient
〈
D̂F (X ′)

〉
diminishes and may even tend to 0, which

increases DTh and consequently the default zone.

13.3.2 Propagation from investors and banks to other sectors

Given an initial default in investors and banks in certain sectors, the condition for default to
propagate to investors is the same as in part 1 and the condition under which the default may
spread to other banks is:

H
(〈(

ŜL (X ′, X)
)〉

X′
+ SL (X,X)

)
(156)

+G
(〈

S̄L (X ′, X)
〉
X′ +

〈
ŜB
L (X ′, X)

〉
X′

+ SB
L (X,X)

)
> 2

〈
f̄
〉

where H and G are functions of stakes, uncertainty and capital ratios under the non-default sce-
nario63.

62See Appendix 8 in Gosselin and Lotz (2025).
63Their formula are in Appendix 11.2.
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Interpretation of the condition Equation (156) expresses the potential for systemic default
as a global property of a group of connected agents. While a default may begin in a single sector,
its full propagation depends on the structural configuration of the system.

Actually, equation (156) involves the banks average loans,
〈
S̄L (X ′, X)

〉
X′ +

〈
ŜB
L (X ′, X)

〉
X′

+

SB
L (X,X), and the average investors loans,

〈
ŜL (X ′, X)

〉
+ ⟨SL (X,X)⟩.

First, (156) indicates that a high volume of investors loans,
〈
ŜL (X ′, X)

〉
+ ⟨SL (X,X)⟩, or of

banks loans
(〈

S̄L (X ′, X)
〉
X′ +

〈
ŜB
L (X ′, X)

〉
X′

+ SB
L (X,X)

)
combined with a high level of global

inter-bank stakes—i.e., S̄ (X ′) close to 1 —places the system in the default zone. Any further
increase in average loan exposure across the system facilitates the transition into default. Changes
in the banks’ average expected return

〈
f̄
〉
, has a similar effect.

Role of the coefficients Coefficients G and H modify the threshold equation (156). The higher
these coefficients and the lower the threshold for the loans to enter the default.

We show64 that coefficientG increase as function of S̄ (X ′),
〈
Ŝ (X)

〉
, with capital ratios

K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

K̄X |Ψ̄(X)|2
KX |Ψ(X)|2 and decreases as a function of SB

E (X,X) and uncertaint γ. Coefficient H increases

as function of S̄ (X ′),
〈
Ŝ (X)

〉
, ŜE (X ′), ŜB

E (X ′), with capital ratios
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2 ,

K̄X |Ψ̄(X)|2
KX |Ψ(X)|2 while

it decreases with loans ŜL (X ′)+ ŜB
L (X ′) and decrease as a function of SB

E (X,X), SE (X,X) and
uncertaint γ.

As a consequence, when banks stakes in banks and investors increases, the threshold decreases
which amplifies the likelihood of systemic default. Similarly Thie threshold for default decreases
with higher investor disposable capital and lower perceived uncertainty. In other words, the higher
the lower the global risk perception for investors or banks, the more prone the system is to cascading
failure.

This tendency is further magnified by the ratio

〈
K̂X |Ψ̂(X)|2

〉
⟨KX |Ψ(X)|2⟩ and

K̄X |Ψ̄(X)|2
KX |Ψ(X)|2 : When they are high,

defaults are more probable, structurally.
Moreover, the expression for H given in Appendix 11.2 shows that this coefficient depends

on D̂F (X ′), which is an inverse measure of the rate of investments of banks in investors. When
banks take large stakes in investors, D̂F (X ′) diminishes, and so does H: when banks’perception of
investors uncertainty leads them to invest in investors rather than in firms, the risk of propagation
increases.

Correlation between factors of fragility These various causes of structural fragility tend
to reinforce one another. A high level of capital invested in the financial sector typically coin-

cides with a low perception of risk and higher inter-investor stakes
〈
Ŝ (X)

〉
or banks stakes in

investors
〈
ŜB (X)

〉
. Taken together, these factors lower the threshold of average loan exposure

—
〈
S̄L (X ′, X)

〉
X′ +

〈
ŜB
L (X ′, X)

〉
X′

+ SB
L (X,X)— required to trigger a structural default.

Note that the banks default condition is similar to the condition for investors, excpt that it
involves the various loans: loans between banks

〈
S̄L (X ′, X)

〉
X′ and loans to investors and firms〈

ŜB
L (X ′, X)

〉
X′

+SB
L (X,X), and also also involves the loans of investors

〈(
ŜL (X ′, X)

)〉
X′

+SL (X,X),

consequence of the interconnections between banks and investors. The default propagate if a
combination of loans of banks and loans of investors is above some threshold.

64See Appendix 11.
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13.4 Description of the default state

Once the default has materialized, the system is in a default state. This state can be analyzed
as a deviation from a no-default state. To do so, we will compute, for the default state, both the
average loss and the fraction of investors affected.

When defaults occur, banks’ returns are shifted by:

f̄ (X) → f̄ (X)− df̄ (157)

where df̄ is the loss incured by the remaining investors for each investor defaulting. We define, µ

as the fraction of investors impacted by the default. Appendix 11 first computes
⟨df̄⟩
µ , representing

the loss incurred by the remaining banks per defaulting sector.
We find that:〈

df̄
〉

µ
= −

SB
E (X,X)

1− S̄ (X ′)
+ SE (X,X)

SB
E (X,X)

1− S̄ (X ′)

ŜB
E (X ′, X)

1−
〈
Ŝ (X ′)

〉D̂F (X ′)

 A

B
dC (158)

+

 1

1− S̄ (X ′)
+

SB
E (X,X)

1− S̄ (X ′)

ŜB
E (X ′, X)

1−
〈
Ŝ (X ′)

〉D̂F (X ′)

(〈(ŜL (X ′, X)
)〉

X′
+ SL (X,X)

)
+

1

1− S̄ (X ′)

(〈
S̄L (X ′, X)

〉
X′ +

〈
ŜB
L (X ′, X)

〉
X′

+ SB
L (X,X)

)
with:

A = A1

(〈(
ŜL (X ′, X)

)〉
X′

+ SL (X,X)
)
+A2

(〈
S̄L (X ′, X)

〉
X′ +

〈
ŜB
L (X ′, X)

〉
X′

+ SB
L (X,X)

)

A1 =

w(X)ŵ(X)
2

K̂X |Ψ̂(X)|2
KX |Ψ(X)|2 + wB

E (X)
〈
ŵB

E (X)
〉 K̄X |Ψ̄(X)|2

KX |Ψ(X)|2

1−
〈
Ŝ (X)

〉 , A2 = wB
E (X) ⟨w̄ (X)⟩S̄

K̄X

∣∣Ψ̄ (X)
∣∣2

KX |Ψ(X)|2

B =

(
1− 2

S (X) + SB (X)

1− (S (X) + SB (X))

)

×

1− dC

(
w(X)ŵ(X)

2

(
1− ⟨SE(X,X)⟩

1−⟨Ŝ(X)⟩

)
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2 + wB

E (X) ⟨w̄ (X)⟩f(X)

K̄X |Ψ̄(X)|2
KX |Ψ(X)|2

)
1− 2 S(X)+SB(X)

1−(S(X)+SB(X))


where:

dC = C −
r
(
f1 (X) + τ∆Fτ

(
R̄ (K,X)

))
(KX)

r−1 (159)

This parameter reflects the impact of defaults on the firms’ cost structure. It measures the loss in
returns per unit of stake divested from firm X. Thus, higher values of dC are associated with larger
capital loss and an increased likelihood of default.

The above expressions reveal that, the higher the investment stake S (X) in sector X, the
smaller the value of dC. Financially vulnerable states—characterized by a high dC—are more
prone to initiate a cascade of defaults.

The fraction of defaulting investors is given by:

µ =
1

⟨df̄⟩
µ − 2

〈
f̄
〉 (160)
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where all parameter values are those of a non-default scenario. Ultimately, expressions (158) and
(160) allow to find the loss incurred by the remaining banks:

〈
df̄
〉
=

1

⟨df̄⟩
µ − 2

〈
f̄
〉
〈
df̄
〉

µ

The average loss due to default for the entire group of firms can also be derived:

⟨df (X)⟩ = −A

B
µdC (161)

Stability of sub-collective states

We define a sub-collective state as a specific group of sectors in the system (and hence their agents)
that are in a particular phase—that is, the set of stakes, available capital, returns per sector, and
all other relevant variables.

Until now, we have treated sub-collective states as static. However, for any group of investors,
multiple sub-collective states can exist, including several default states. Moreover, our analysis
of default states has shown that the set of defaulting agents ultimately results from a cascade of
defaults among firms and investors. This suggests that shocks could trigger new phases in the
collective states, and that there exist underlying dynamics between these phases. Instabilities
within a phase’s dynamics may thus reveal the possibility of transitions between phases.

To study these dynamics and the potential for phase transitions, we must transform the static
return equation (33) into a dynamic one by introducing a time parameter. We can then use this
dynamic return equation to analyze the deviations of any sub-group from a given static phase, and,
in turn, assess its stability or instability.

14 Internal dynamics

To reveal the internal dynamics of the system, we transform the static return equations (33) and
(34) for each group into a dynamic system. To do so, we perform a first-order perturbation of these
return equations.

14.1 Dynamic return equation

To study the distribution of stakes within groups dynamically, we must specify the temporal se-
quence of investments by replacing the static return equations (33) and (34) with a dynamic for-
mulation. For investors, this can be expressed as:

0 = D̂F (X ′, θ − 1)
(
f̂ (X ′, θ)− r̄

)
(162)

−
〈
ŜE (X ′, X, θ)

〉
X′

〈
D̂F (X, θ − 1)

〉(〈
f̂ (X ′, θ)

〉
− ⟨r̂ (X ′)⟩

)
−SE (X,X, θ − 1) (f (X, θ − 1)− ⟨r̄ (X)⟩)

where D̂F (X, θ − 1) denotes the dynamic discount factor of investor X for debt repayment:

D̂F (X, θ − 1) =
1−

〈
Ŝ (X ′, θ − 1)

〉
+
〈
ŜB
E (X ′, θ − 1)

〉
+
〈
ŜB
L (X ′, θ − 1)

〉
1−

〈
ŜE (X ′, θ − 1)

〉
+
〈
ŜB
E (X ′, θ − 1)

〉
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and the firms’ returns are assumed to exhibit decreasing returns to scale:

f (X, θ − 1)− ⟨r̄ (X)⟩ = f1 (X, θ − 1) + τ (⟨f1 (X)⟩ − ⟨f1 (X ′)⟩)(
K (X, , θ − 1) ∥Ψ((X, , θ − 1))∥2

)r − C

K (X, , θ − 1)
− C0 − ⟨r̄ (X)⟩

The dynamic equation for the bank’s return is given by:

0 = DF (X, θ − 1)
(
f̄ (X, θ)− (1 + κ) r̄

)
(163)

−
〈
S̄E (X ′, X, θ − 1)

〉
X′
〈
DF (X ′, θ − 1)

〉 (〈
f̄ (X ′, θ)

〉
− (1 + κ) r̄

)
−
∫ 〈

ŜB
E (X ′, X, θ − 1)

〉
X′

〈
D̂F (X ′, θ − 1)

〉(〈
f̂ (X ′, θ)

〉
− ⟨r̂ (X ′)⟩

)
dX ′

−SB
E (X,X, θ − 1) (f (X, θ − 1)− ⟨r̄ (X)⟩)

where DF (X, θ − 1) denotes the dynamic discount factor of investor X for debt repayment:

DF (X, θ − 1) =
1− S̄ (X, θ − 1)

1− S̄E (X, θ − 1)

and the returns they generate:
f̂ (X ′, θ)− r̄

The returns generated by firms are themselves determined by lagged productivity:

f (X, θ − 1)− r̄

so that capital reallocation delays the effect on firms’ returns.6566.

14.2 Dynamic fluctuations of stakes

Let us consider a first-order fluctuation in the returns of investors and banks, denoted by δf̂ (X)

and δf̄ (X) respectively. Expanding the dynamic return equation (162) around a static solution
yields67 a dynamic equation for δf̂ (X):

0 =

∫
dX ′

(
δ (X −X ′)− ŜE (X ′, X, θ − 1)

)
δD̂F (X ′, θ − 1)

(
f̂ (X) + δf̂ (X)− r̄

)
(164)

−
∫

δŜE (X ′, X, θ − 1) D̂F (X ′, θ − 1)
(
f̂ (X ′)− r̄

)
dX ′

−δSE (X,X, θ − 1) (f (X, θ − 1)− r̄)− SE (X,X, θ − 1)
∂f (X, θ − 1)

∂S (X, θ − 1)

where:

δD̂F (X ′, θ − 1) =
1−

(〈
Ŝ′ (X ′, θ − 1)

〉
+ δ

〈
Ŝ′ (X ′, θ − 1)

〉)
1−

(〈
Ŝ′
E (X ′, θ − 1)

〉
+ δ

〈
Ŝ′
E (X ′, θ − 1)

〉)
with: 〈

Ŝ′ (X ′, θ − 1)
〉

=
〈
Ŝ (X ′, θ − 1)

〉
+
〈
ŜB
E (X ′, θ − 1)

〉
+
〈
ŜB
L (X ′, θ − 1)

〉
〈
Ŝ′
E (X ′, θ − 1)

〉
=

〈
ŜE (X ′, θ − 1)

〉
+
〈
ŜB
E (X ′, θ − 1)

〉
65In this study, we focus on the case of decreasing returns to scale.
66The formula for f

(
X̂, θ − 1

)
− r̄ is provided in Appendix 9 in Gosselin and Lotz (2025).

67Derived in Appendix 9 in Gosselin and Lotz (2025).
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and where the aggregate stake allocation, δS (X) varies both with intra-sectoral investments, δS (X,X),
and with the total disposable capital available for investment:

δS (X) = δS (X,X)
K̂X̂

∣∣∣Ψ̂ (X)
∣∣∣2

KX̂ |Ψ(X)|2
+ S (X,X) δ

K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX |Ψ(X)|2
(165)

Similarly, expanding the dynamic return equation (163) around a static solution yields a dynamic
equation for δf̄ (X):

0 =

∫
dX ′ (δ (X −X ′)−

〈
S̄E (X ′, X, θ − 1)

〉
X′
)

(166)

×δDF (X ′, θ − 1)
(
f̄ (X ′, θ) + δf̄ (X ′, θ)− (1 + κ) r̄

)
dX ′

−
∫

δS̄E (X ′, X, θ − 1)DF (X ′, θ − 1)
(
f̄ (X ′, θ)− (1 + κ) r̄

)
dX ′

−
∫

ŜB
E (X ′, X, θ − 1) δD̂F (X ′, θ − 1)

(
f̂ (X) + δf̂ (X)− r̄

)
dX ′

−
∫

δŜB
E (X ′, X, θ − 1) D̂F (X ′, θ − 1)

(
f̂ (X ′)− r̄

)
dX ′

−δSB
E (X,X, θ − 1) (f (X, θ − 1)− ⟨r̄ (X)⟩)− SB

E (X,X, θ − 1)
∂f (X, θ − 1)

∂SB (X, θ − 1)

where:

δDF (X ′, θ − 1) =
1−

(
S̄ (X, θ − 1) + δS̄ (X, θ − 1)

)
1−

(
S̄E (X, θ − 1) + δS̄E (X, θ − 1)

)
The variations in stakes in each sector are described by a coupled system of equations involving

investor returns and aggregate sectoral stake allocations
(
δf̄ (X, θ) , δf̂ (X, θ) , δST (X, , θ − 1)

)
where

ST (X, , θ − 1) denotes the total share of invested capital in firms:

ST (X, , θ − 1) = S (X, θ − 1) + SB
E (X, , θ − 1) + SB

L (X, θ − 1)

which captures the lag between the investments ŜE (X ′, X, θ − 1), S̄E (X ′, X, θ − 1), ŜB
E (X ′, θ − 1) and

SE (X,X, θ − 1). We obtain68: δf̄ (X, θ)

δf̂ (X, θ)

δST (X, , θ − 1)

 =

 a 0 c

d −1 f

g 0 i


 δf̄ (X, θ − 1)

δf̂ (X, θ − 1)

δST (X, , θ − 2)

 (167)

This system of equations can alternatively be reformulated entirely in terms of stakes:(
δS̄ (X ′, X, θ) , δŜ (X ′, X, θ) , δST (X, , θ − 1)

)
in firms and other investors69: δS̄ (X ′, X, θ)

δŜ (X ′, X, θ)

δST (X, , θ − 1)

 =


a 0

w̄(X′,X)
2 c

ŵ(X′,X)
w̄(X′,X) d −1

ŵ(X′,X)
2 f

g
w̄(X′,X)

2

0 i


 δS̄ (X ′, X, θ − 1)

δŜ (X ′, X, θ − 1)

δST (X, , θ − 2)


The coefficients α, β, c, and h are defined explicitly in Appendix 12.

68See Appendix 12.
69See Appendix 12.
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15 Internal stability

To study the stability of any group under fluctuations, we first consider that, for each sector X ′,
the stakes of other investors in X ′can be aggregated. This amounts to replacing the stakes from

each alternate sector X to X ′, Ŝ (X ′, X, θ − 1), by their average
〈
Ŝ (X ′, X, θ − 1)

〉
X

over the entire

sector space. By doing so, the resulting return equations for X ′ depend solely on X ′ and the inward
aggregated averages. This approach allows for the analysis of deviations in the return equation (167)
sector by sector, independently. We will then provide a more detailed account of the interactions
between sectors to study the propagation of perturbations throughout the sector space.

15.1 Independent fluctuation of stakes

15.1.1 Eigenvalues and stability

The eigenvalues of equation (167) determine the stability of each sector under some perturbations.
We have studied the stability resulting specifically from investors’fluctuations in Gosselin and Lotz
(2025) and in this work we focus on banks.

When stakes are approximated by inward aggregate stakes, these eigenvalues are expressed as:(
−1,

1

2
(a+ i)− 1

2

√
(a− i)

2
+ 4cg,

1

2
(a+ i) +

1

2

√
(a− i)

2
+ 4cg

)
(168)

They are typically negative70, so that the system is generally stable. However, since the dominant
eigenvalue generally decreases with

〈
f̄ (X)

〉
− r̄, instability arises when returns are high. This

corresponds to the high-return solution presented above and is consistent with the higher level of
capital circulation in this case.

A sector becomes unstable only when banks behave like investors, with f̄ (X) − (1 + κ) r̄ >> 1

and f (X) = O (1). In this situation, banks achieve returns higher than those of firms. Such a case
does not correspond to an equilibrium and is ruled out in the long term.

Nonetheless, banks can also indirectly generate instability. As shown in Gosselin and Lotz
(2025), investors may become unstable under several conditions. One case is of particular interest
in the present work: when the returns of firms X do not differ significantly from the interest rates,
and when investors X are heavily invested in these firms, that is:

f (X)− r̄ << 1 and S (X, θ − 1) → 1

investors X become unstable only if
〈
f̂ (X ′)

〉
is sufficiently low: even small shifts in expected returns

can induce significant reallocations of capital. This situation arises, for instance, when uncertainty
is very high and investors hold a large amount of disposable capital, so that the potential returns

across the entire sector space,
〈
f̂ (X ′)

〉
are too low to attract investors X who primarily invest in

firms X. This leads to a high concentration of capital in firms X , which in turn results in low

returns per unit of capital. However, any fluctuation in returns
〈
f̂ (X ′)

〉
may shift the system

toward another equilibrium.
Without banks, these conditions are rarely met. However, when a large number of banks invest

predominantly in investors rather than directly in firms—whether through shares or loans—these
investments magnifies the value of investors’ stakes in firms’ disposable capital, so that S (X, θ − 1) →
1, thereby inducing sectoral instability.

70This stability analysis is conducted in Appendix 10 in Gosselin and Lotz (2025).
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15.1.2 Dynamics of perturbations

For a small initial perturbation in investors’ returns and stakes, the dominant term in the dynamics
is71:  δf̄ (X, θ)

δf̂ (X, θ)

δST (X, , θ − 1)

 ≃ c exp (λ+θ)V3 (169)

where λ+ denotes the largest eigenvalue of the system72, V3 the associated eigenvector and where:

c = (0, 0, 1)

(V1, V2, V3)
−1

 δf̄

δf̂

δS




with (V1, V2, V3) the matrix of eigenvectors of the system.
Depending on the initial disturbances δf̄ , δf̂ and δST , two cases may arise: either banks X

and investors X returns and total stakes in firms X decay to zero, leading the system back to its
equilibrium; or they are amplified, inducing a transition of the system towards another equilibrium.

In this second case, a positive perturbation either in δf̄ , δf̂ or δST pushes the sector towards a
new equilibrium of higher returns and larger capital accumulation in investors X: higher banks or
investors’ returns attract capital and increase the firms’ capitalization in the sector. Conversely, a
negative perturbation shifts the sector towards lower returns and lower firm capitalization.

15.2 Interacting fluctuations between sectors

In general, fluctuations in cross-sectoral investments are correlated, which implies that the dynamics
of several—or even all—sectors must be considered in interaction. Consequently, system stability
depends on the specific interactions between sub-groups of agents, which should be analyzed through
sector-dependent stakes (60) rather than through their averages:

S̄ (X ′, X) = w̄ (X ′, X)
(
1 + w̄ (X)

(
∆
(
f̄ (X ′) + r̄ (X ′)

)))
Ŝ (X ′, X) = ŵ (X ′, X)

(
1 +

f̂ (X ′) + r̂ (X ′)

2
− ŵ (X) R̂− w (X)R (X)

)

S (X,X) = w (X)

1 + ŵ (X)

f (X) + r̄ (X)

2
−

〈
f̂ (X ′)

〉
ŵE

+ ⟨r̂ (X ′)⟩ŵL

2




with:

R̂ =

〈
f̂ (X ′)

〉
ŵE

+ ⟨r̂ (X ′)⟩ŵL

2

R (X) =
f (X) + r (X)

2

∆f̄ (X ′) = f̄ (X ′)−

(
w̄ (X)

〈
f̄ (X ′)

〉
w̄E

+ ⟨r̄ (X ′)⟩w̄L

2
+ ŵB

E (X)
〈
f̂ (X ′)

〉
ŵE

+ wB
E (X) f (X)

)
and:

∆r̄ (X ′) = r̄ (X ′)−

(
w̄ (X)

〈
f̄ (X ′)

〉
w̄E

+ ⟨r̄ (X ′)⟩w̄L

2
+ ŵB

E (X)
〈
f̂ (X ′)

〉
ŵE

+ wB
E (X) f (X)

)
71See Appendix 12.
72The coefficients are detailed in the Appendix 12.
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The sector-dependent variations of the total stakes are given by:

δS̄ (X ′, X) = w̄ (X ′, X) w̄ (X)
(
δf̄ (X ′)− wB

E (X) δf (X)
)

δŜ (X ′, X, θ − 1) → ŵ (X ′, X)

2

(
δf̂ (X ′)

2
− ⟨w (X)⟩ δR (X)

)

δS (X,X, θ − 1) → w (X) ŵ (X)
δf (X)

2

These formulas show how a change in the return of sector X ′ modifies the stakes Ŝ (X ′, X, θ − 1)

held by an investor X, thereby indicating that sectors X and X ′ are interrelated.

ŜE (X ′, X) → ŵ (X ′, X)

2

(
1 +

(
f̂ (X ′)− ⟨ŵ (X)⟩ R̂− ⟨w (X)⟩R (X)

))
S̄E (X ′, X) =

w̄ (X ′, X)

2

(
1 + w̄ (X)∆f̄ (X ′)

)
with:

R̂ =

〈
f̂ (X ′)

〉
ŵE

+ ⟨r̂ (X ′)⟩ŵL

2

R (X) =
f (X) + r (X)

2

and:

∆f̄ (X ′) = f̄ (X ′)−

(
w̄ (X)

〈
f̄ (X ′)

〉
w̄E

+ ⟨r̄ (X ′)⟩w̄L

2
+ ŵB

E (X)
〈
f̂ (X ′)

〉
ŵE

+ wB
E (X) f (X)

)
and their sector-dependent variations:

δŜE (X ′, X, θ − 1) =
ŵ (X ′, X)

2

(
1 +

(
δf̂ (X ′)− ⟨w (X)⟩ δR (X)

))
δS̄E (X ′, X) =

w̄ (X ′, X)

2

(
1 + w̄ (X) δf̄ (X ′)− wB

E (X) δf (X)
)

These corrections modify73, for each sector, the return equations:

1−
(
Ŝ (X)

)
1−

(
ŜE (X)

)δf̂ (X, θ) = dδf̄ (X, θ − 1) + eδf̂ (X, θ − 1) + fδST (X, θ − 2)

+

∫
T (X,X ′) δf̄ (X ′, θ − 1)

1− S̄ (X)

1− S̄E (X)
δf̄ (X, θ − 1) = aδf̄ (X, θ − 1) + bδf̂ (X, θ − 1) + cδST (X, θ − 2)

+

∫
V (X,X ′) δf̄ (X ′, θ − 1) +

∫
W (X,X ′) δf̂ (X ′, θ − 1)

where the coefficients:

V (X,X ′) = S̄E (X ′, X)
1−

〈
S̄ (X ′)

〉
1−

〈
S̄E (X ′)

〉
W (X,X ′) = ŜB

E (X ′, X)
1−

〈
Ŝ (X ′)

〉
+
〈
ŜB
E (X ′)

〉
+
〈
ŜB
L (X ′)

〉
1−

〈
ŜE (X ′)

〉
+
〈
ŜB
E (X ′)

〉
73See Appendix 11 in Gosselin and Lotz (2025).
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and:

T (X,X ′) = ŜE (X ′, X)
1−

〈
Ŝ (X ′)

〉
1−

〈
ŜE (X ′)

〉
transcribe the interactions between sectors X and X ′. These corrections modify74, for each sector,
the system matrix by introducing an additional term: a 0 c

d −1 f

g 0 i

→

 a 0 c

d −1 f

g 0 i

+

 0 V (X,X ′) W (X,X ′)

0 0 T (X,X ′)

0 0 0


and alters the dynamic coefficients at each point in the group, such that equation (167) becomes: δf̄ (X, θ)

δf̂ (X, θ)

δST (X, θ − 1)

 =

 a 0 c

d −1 f

g 0 i


 δf̄ (X, θ − 1)

δf̂ (X, θ − 1)

δST (X, θ − 2)

 (170)

+

∫
dX ′

 0 V (X,X ′) W (X,X ′)

0 0 T (X,X ′)

0 0 0


 δf̄ (X, θ − 1)

δf̂ (X, θ − 1)

δST (X, θ − 2)


The above modifications turn the eigenvalues (168) into local quantities, so that the stability of
each sector now depends on the value of c (X).

15.2.1 Unilateral interactions: Modification of eigenvalues and instability propaga-
tion

To analyze how sub-groups of interacting agents diverge from non-interacting ones, we assume that
stakes are both sector-dependent and dynamically interrelated. Under this assumption, it becomes
possible to assess the impact of sector-specific variations W on neighboring sectors as well as on
the system as a whole.

A typical case of unilateral interactions between two sectors can be expressed as a dynamical
system of two distinct sectors X1 and X2, in the following way: δf̄ (X1, θ)

δf̂ (X1, θ)

δST (X1, θ − 1)

 =

 a1 0 c1
d1 −1 f1
g1 0 i1


 δf̄ (X1, θ − 1)

δf̂ (X1, θ − 1)

δST (X1, θ − 2)

 (171)

and:  δf̄ (X2, θ)

δf̂ (X2, θ)

δST (X2, θ − 1)

 =

 a2 0 c2
d2 −1 f2
g2 0 i2


 δf̄ (X2, θ − 1)

δf̂ (X2, θ − 1)

δST (X2, θ − 2)

 (172)

+

 0 V (X2, X1) W (X2, X1)

0 0 T (X2, X1)

0 0 0


 δf̄ (X1, θ − 1)

δf̂ (X1, θ − 1)

δST (X1, θ − 2)


This system exhibits non-reciprocal interactions: variations in one sector unilaterally affect the
other. Investment behavior in sector 1 remains unchanged, but causes investment in sector 2 to

74See Appendix 12.
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deviate from its average. Such interactions, by themselves, do not modify the eigenvalues or the
overall stability of the system. As long as sector 1 remains stable, the dynamics of sector 2 is
impacted but still stable: fluctuations within both blocks remain damped and contained. Instability
arises only when sector 1 becomes unstable, triggering a reallocation of investment stakes and
disposable capital across sectors. This instability may then propagate to adjacent sectors and,
ultimately, to the system as a whole.

15.2.2 Multilateral interactions: Modification of eigenvalues and higher instability

To study the reciprocal interactions between two sectors, we symmetrically modify both dynamical
matrices, replacing (171) with:

 δf̄ (X1, θ)

δf̂ (X1, θ)

δST (X1, θ − 1)

 =

 a1 0 c1
d1 −1 f1
g1 0 i1


 δf̄ (X1, θ − 1)

δf̂ (X1, θ − 1)

δST (X1, θ − 2)

 (173)

+

 0 V (X1, X2) W (X1, X2)

0 0 T (X1, X2)

0 0 0


 δf̄ (X2, θ − 1)

δf̂ (X2, θ − 1)

δST (X2, θ − 2)


and we refer to this configuration as a multilateral deviation from the average. We then consider
the modifications of each sector’s eigenvalues and the corresponding stability, under the simplifying
hypothesis75:

(a1, c1, d1, f1, g1, i1) ≃ (a2, c2, d2, f2, g2, i2)

V (X2, X1) = T (X2, X1) = V (X1, X2) = T (X1, X2) = 0

to isolate the effect of the reciprocal extra-shares W = W (X1, X2) and W ′ = W (X2, X1). We then
determine the resulting modification of the dominant eigenvalue:

∆λ+ (X) =
ŜE (X ′, X, θ − 1)

1−Ŝ(X′)
1−ŜE(X′)

ŜE (X,X ′, θ − 1) 1−Ŝ(X)

1−ŜE(X)

λX − λX′

h2

(α− β)
2
+ 4ch

Under these conditions, the largest eigenvalue may indirectly drive the system into an unstable
zone, where λX >> 1.

More generally, circular investment deviations—i.e., loops of altered investment patterns in-
volving multiple sectors—modify the eigenvalues through sums of contributions of the type:

∆λiα =
∏ Wjk+1αk+1,jkαk

λiα − λjk+1αk+1

where λiα denote the eigenvalues associated with sector i, and Wjk+1αk+1,jkαk
represents the interac-

tion between jkαk and jk+1αk+1.
The global effect is the sum over all possible paths and computed by:

∆λiα =
∑

(jkαk)

∏ Wjk+1αk+1,jkαk

λiα − λjk+1αk+1

These loops directly affect the eigenvalues and the stability of the collective state. When the largest
eigenvalue becomes positive, the system enter an unstable zone and may transition to another
equilibrium. In this regime, any decline in returns toward zero or negative values can drive the
system into default. Overall, such looped interactions increase systemic fragility and contribute to
the propagation of instabilities throughout the investment network.

75See Appendix 11 in Gosselin and Lotz (2025).

71



16 Transitions

Within groups of stably interconnected agents, external fluctuations may change connectivity pat-
terns which may in turn generate circulation loops among specific groups of agents and reinforce
internal investments within these groups.

Such feedback loops may trigger instability when fluctuations in investors’ returns divert capital
away from firms, and push the system toward a default state. This new equilibrium typically
involves a smaller, more concentrated group of investors.

16.1 Group modification

Under greater certainty, an anticipated increase in returns may induce new investment toward new
groups of agents. Consequently, several groups may merge to form a larger collective structure.

Let us consider a shock affecting both returns and stakes within a single group Ga:
 δf̄a (X, θ)

δf̂a (X, θ)

δST
a (X, θ − 1)




a

where a is the group index. This may induce two groups Ga and Gb to merge, creating a joint

vector of returns
(
f̂a + δf̂a

)
(X, θ) and stakes (Sa + δSa) (X, θ − 1):

(
f̄ + δf̄

)
(X, θ)(

f̂ + δf̂
)
(X, θ)(

ST+δST
)
(X, θ − 1)


which represents the evolving state of the newly formed group.

Dynamically, the transition unfolds through the propagation mechanism:

δf̄a (Xa, θ) → δST
ab (Xa, θ − 1)

δf̂a (Xa, θ) → δST
ab (Xa, θ − 1)

δST
ab (Xa, θ − 1) → δST

b (Xb, θ − 1) → δλ (Xb, θ − 1)

Even if all elements of the original groups were incorporated into the new structure, {Xa} ∪ {Xb},
the resulting group may still contain unstable components, potentially driving the system toward
new equilibria, including default configurations.

16.2 Interpretation

The evolution towards instability can be analyzed within the framework described in (173). When

new connections are introduced, the system evolves according to
(
f̄ (X) , f̂ (X)

)
→
(
f̄ (X) , f̂ (X)

)
+(

δf̄ (X) , δf̂ (X)
)
, potentially triggering transitions toward instability in specific sectors. While the

impacted sector begins to exhibit fluctuations, the rest of the system may remain stable in the
short term. Gradually, however, the real economic activity of the affected group contracts, and its
financial stability deteriorates under the cumulative effect of these fluctuations. Over time, this
instability can lead to default in some sectors, thereby reshaping the structure and connectivity of
the broader system76.

76The parameters characterizing the emergence of such unstable regimes, as well as the range of fluctuations capable
of triggering these transitions, are detailed in Appendix 10 in Gosselin and Lotz (2025).
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Results and Discussion

17 Results

Incorporating money creation into our framework refines and modifies our previous results in several
respects, particularly regarding the distribution of capital between investors and firms, the circu-
lation of capital, and overall stability77. The general structure of collective states as collections of
sub-collective states, already established in our earlier work, is presented here for completeness.

17.1 Sub-collective states

Introducing a third type of agent does not alter the overall structure of collective states. In a fully
endogenized model, agents tend to self-organize into relatively independent groups, which in turn
leads to a resolution at the group level.

Each group is characterized by the sectors it contains, the number of agents per sector, and
the phase the group is in. Each phase is defined by the agents’ interconnections, namely here
their stakes, disposable capital levels, and returns. Multiple phases exist, and among them, one
or several may actually correspond to default states, that are phases in which some sectors within
the group disappear due to a lack capital. We define a sub-collective state as a group within a
phase. Each group can thus convey to multiple sub-collective states. Collective states thus exhibit
a two-dimensional multiplicity: first, in the decomposition of agents into groups, and second, in
the infinite combinations of sub-collective states associated with a given group partition.

The collective states of the system are a collection of sub-collective states, each characterized
by three essential parameters, the agents’ returns, their capital levels, and their mutual stakes.
Finding the collective states of the system thus amounts to finding these three variables for each
group of the system that determine the phase of each group. From these variables, we will also
derive all the relevant quantities of the system.

17.2 Equilibria

The model yields two possible types of equilibria: a no-default equilibrium and a default equilib-
rium. These represent two distinct static configurations, each associated with a different resolution
mechanism. The no-default equilibria are solved under the assumption that all firms have access to
all the capital they require. In the resolution involving default, all the effects of default are taken
into account—namely, both the loss of capital by the firms and, consequently, by their investors.
This highlights the mechanism through which default propagates across the system.

17.2.1 Equilibrium without default

Average equilibrium When banks are introduced in the model, they provide an alternate, and
actually the prime source of loans in the system. However, this impact of banks crucially depends
on their relative weight on the system. An underdevelopped banking system will not substantially
impact the system. The general results of Gosselin and Lotz (2025) will apply. In the following, we
will suppose the number of banks is large enough to have a systemic impact. The following results
must weighed by the size of the banking system.

The introduction of banks in the system impose to refine the notion of uncertainty by distin-
guishing their and investors’ views of uncertainty. This distinction may concern investments or

77The specific characteristics of investors have already been discussed in Gosselin and Lotz (2025).
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information, but may also reflect the specific regulations governing banks in their loans and partic-
ipation. These factors can alter the level of uncertainty faced by banks and, in turn, exogenously
modify their stakes.

A prominant banking system may alter the distribution of disposable capital. When banks
mainly finance firms, they can crowd out investors by providing most of firms’ disposable capital
through loans. This capital will be less volatile and subject to fluctuations in investors’ decisions.
However, to be sustainable in the long run, the interest rates charged on firms must be lower than
firms’ productivity. When banks rather choose finance investors, they will further magnify investors’
influence on the system, since investors will benefit from both loans and banks’ participation.

The allocation of capital depends on how banks compare firms’ and investors’ uncertainty.
When banks and investors have a similar perception of uncertainty, we recover the same results

as Gosselin and Lotz (2025): under constant productivity and interest rates, uncertainty reduces
investment flows between investors. By increasing intra-sectoral investment, uncertainty decreases
the capital available to investors and, indirectly, to firms. This reduction in intermediation stabilizes
the collective state: capital fluctuations are dampened for firms, investors, and banks, albeit with
lower returns for both investors and banks.

When divergences in risk perception between banks and investors appear, they distort capital
allocation: an increase in banks’ uncertainty regarding firms’ returns reduces lending to firms and
shifts credit and capital flows toward investors. This shift raises investors’ disposable capital,
thereby increasing capital flows among them, while also channeling equity and loans into firms,
effectively transferring ownership of firms’ disposable capital to investors.

Equilibria per sector

Investors Investors’ sectoral equilibria depend on whether the number of banks exceeds a
critical threshold. The number of banks can be above or below this threshold.

When the number of banks is below this threshold, banks do not modify the form of the solu-
tions for investors. A double solution emerges, of high- and low-returns, although mitigated by the
impact of banks: both investors and firms have an increased access to capital, which limits unequal
concentration of disposable capital and discrepancies between high- and low-returns. Qualitatively,
sector-level solutions do not differ significantly from Gosselin and Lotz (2025): investors may adopt
either high-return or low-return profile relative to their sector, regardless of firms’ returns. Never-
theless, the difference between high- and low-return investors is dampened by the loans and shares
held by the banks in investors.

When the number of banks is above the threshold, the form of the solutions is modified. There
is only one solution for investors: banks do have an impact and provide enough capital to equalize
returns and capital levels between investors. Investors have sufficient disposable capital to invest
in all available opportunities, and they do so evenly. As a result, all investors benefit from high
levels of disposable capital, and no individual investor is able to extract above average returns.
Moreover, because investors’ disposable capital is significantly increased and must be invested,
both firms and investors benefit from this capital expansion. Since investors diversify across both
firms and other investors, and all investors have sufficient disposable capital, investors will adopt a
low-return profile: firms gain access to disposable capital, but this capital remains under investors’
control.

The effect of the number of banks is amplified by the way uncertainty is perceived by banks
and investors. First, the threshold is positively correlated with banks’ confidence in investors: as
banks lose confidence in investors, the threshold decreases, effectively restricting investors’ access
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to bank credit, thereby favoring firms and modifying the equilibria towards the unique solution.
Second the threshold is negatively correlated to the confidence of the market, that is the level of
intermediation. When this confidence increases, investors tend to exchange with each other, which
reduces the dispcrepancy between high- and low-return solutions, enhancing the impact of banks
on the market.

Thus, considering the impact of banks number potentialized by uncertainty’s perception, the
action of banks could be understood as stabilizing the allocation of capital between investors and
firms.

However, the way banks perceive uncertainty has further implications for the system. When
the number of banks is below the threshold and they favour investors over firms, the dual solution
may still be more unstable than in the absence of banks: by funding investors, banks enable them
to invest more and exert control over firms’ disposable capital, which renders the firms’ capital
more dependent on the market and its fluctuations.

When banks disproportionately favor investors over firms but remain numerous enough to re-
main above the threshold, they equalize investors’ returns, but most of the firms’ disposable capital
ends up being held by investors. The level of investors’ stakes being highly dependent on the returns
of their investments, a shock in the distribution of these returns can trigger larger shifts in capital.

Banks Banks may to some extent reduce the heterogeneity between high- and low-return in-
vestors by providing capital evenly across the system. However, nothing prevents banks themselves
to being split into high- and low returns profiles, regardless of the sector in which they operate;
while also benefiting from the capacity to extend substantial loans. This ability to grant large
loans reinforces the discrepancies between high and low returns: a few banks achieve very high re-
turns and hold significant capital, while many others display comparatively low returns and limited
capital.

The emergence of high- and low-return profiles among banks — and eventually among investors
— is a characteristic feature of the model. The average resolution, although important, is not
representative, and optimization behaviors globally induce a strong dispersion among agents of
the same type. Furthermore, the impact of banks on investors shows that reducing the difference
between high- and low-return banks would require a third type of agent, performing a form of
regulation or following rules that differ from standard optimization behaviors.

17.2.2 Equilibrium with defaults

A default state is a static configuration that includes the initially defaulting firms, as well as all
firms, banks, and investors affected by the propagation of the default. Default states are an integral
part of the model’s set of possible solutions. However, to be found, these states have to be deemed
possible in the resolution process. We must assume that one or more firms are in default, to
find the corresponding static solution under this hypothesis using a recursive resolution. Thus the
solutions under default depend both on the set of initial defaults and on the conditions governing
the propagation dynamics.

The conditions for a default state depend on the structural parameters of the system: its global
level of loans, returns, intermediation, and uncertainty. We can distinguish two set of conditions:
one, for initial defaults to propagate from the defaulting firm to its direct investors and banks, and
the second, for the propagation of default these investors and banks to other investors and banks.

The global level of loans measures the total amount of credit granted to firms, investors, and
banks by investors and banks alike. It serves as a measure of the degree of interconnection among
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agents. Accordingly, the higher this level, the more easily an initial default can propagate through-
out the system.

The role of uncertainty is more ambiguous. When confidence in the investors and banks directly
connected to initially defaulting firms is high, it reduces the likelihood of contagion from those firms
to their direct investors. However, a high average level of confidence among investors favors the
propagation of defaults to the entire system. Ultimately, low average returns for investors weaken
agents and increase the likelihood of contagion.

In this context, the role of banks is ambivalent. By providing capital to firms, banks may
directly prevent some initial defaults in firms. However, their loans may also indirectly propagate
defaults to neighboring investors and, ultimately, throughout the system. This second, indirect
effect depends on the overall level of loans within the system. A large number of banks leads to
a relatively higher proportion of loans compared to equity, thereby increasing the likelihood of
defaults emerging and spreading.

Moreover, banks are not immune to uncertainty. When banks are overly confident about the
financial health of investors, they tend to prioritize investors over firms in their investment deci-
sions. This, in turn, increases the amount of loans extended to investors, thereby facilitating the
propagation of defaults from investors back to banks.

17.3 Stability and transitions

17.3.1 Stability

Average stability When considered on average, a sub-collective state has the apparearance of
stability. Average instability may arise in particular cases, for instance when firms’ returns are much
lower than investors’ and banks’ returns78. But, on average, this situation does not occur for sub-
collective states, which, by assumption, do not interact with each others: on average, investors and
firms returns are similar, which excludes any global instability phenomenon. Yet, some instability
is present at the sectoral level, confirming that averages do not properly describe collective states.

Stability of sector equilibrium The distribution of firms’ and investors’ returns across a group
of sectors may give rise to sectoral instability that can propagate throughout the group. This
confirms that the relevant quantities to describe the collective state are not the variables’ averages
but rather their distribution across sectors, measured by the density functions, i.e., the fields.

The introduction of banks does not directly induce instability in the system. At the sectoral
level, banks do not increase fluctuations in stakes and returns79, and at the global level, they do
not significantly modify the phenomenon of propagation and amplification of instability across
sectors80.

High-return banks may drag the system toward instability. The mechanism is similar to that of
high-return investors detailed in Gosselin and Lotz (2025): fluctuations in returns and stakes within
one sector may propagate to interconnected sectors, dragging the system towards instability. When
a sector experiences significant fluctuations in returns or capital allocations, these disturbances may
be transmited to other sectors, potentially affecting the entire system.

When banks behave as lenders and provide capital to low- rather than high-return investors,
they may indirectly stabilize the system by modifying the ratio of high-to-low strategies among
investors. Indeed, high-return strategies are more sensitive to fluctuations in global returns and,

78See section 15.1.
79See section 14.1.
80See Gosselin and Lotz (2025).
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as such, are more unstable. By contrast, low-return strategies, which prioritize one’s sector while
diversifying only moderately, tends to be more stable and are indeed the norm.

When banks unduly favor investors over firms in their investment decisions, investors’ disposable
capital will increase, which will yield a proportional rise in investors’ stakes in firms. This shift in
ownership of firms’ disposable capital may lead to the sector instability 81: any deviation in firms’
returns may trigger large flows of capital in and out of the sector. Firms within this sector, or in
interconnected sectors, may experience reduced access to capital, impairing their ability to cover
operating costs.

17.3.2 Transitions

The existence of multiple and potentially unstable equilibria implies, in a dynamic context, the
possibility of transitions between collective states. These transitions can occur from a non-default
state to a default state, or more generally between different non-default states.

Transition between non-default states ( à reprendre) We showed82 that each collective
state decomposes into a set of groups. Each of these groups is in a given phase, and for each
group, multiple phases exist, each with different sensitivities to fluctuations. Once a phase becomes
unstable, it may undergo a transition to another phase, possibly leading to default. Even a stable
phase, when subjected to sufficiently large fluctuations, may be driven into another phase. At
the level of collective states, the transitions in the phases of groups constitute a transition of
the collective state itself. Moreover, if groups are sufficiently interconnected, cascades of group
transitions may occur, inducing transitions of collective states.

Bank loans facilitate access to capital and partly modify the possible phases of a group, but
they do not reduce the multiplicity of collective states and their associated transitions, as presented
in Gosselin and Lotz (2025). We showed that high level investors act as sources of large capital fluc-
tuations, which may induce phase transitions. The behavior of banks impact these mechanismsby
their behavior toward investors. Over-allocation of capital to investors exacerbates these instability
mechanisms and may ultimately trigger phase transitions. Transitions driven by endogenous fac-
tors primarily result in default states, whereas those triggered by exogenous shocks tend to produce
shifts into new phases.

Transition towards a default In the absence of banks, a mechanism leading high-return in-
vestors towards default emerged83. Because these investors are less stable than low-return investors,
they depend heavily on the overall fluctuations of the system. Negative fluctuations, coupled with
investors’ own instability, lead to losses in capital and returns, which are directly transmitted
to sector firms, thereby reducing capital and potentially triggering defaults that may propagate
throughout the system.

When banks are added to the system, the mechanism of transition toward default differs: pro-
vided that banks do not behave as high-return investors and the banking system is sufficiently large,
investors are bound to follow the low-return solution, which is in general stable. However, when
banks do not behave as low-return investors, their disposable capital is primarily (and excessively)
allocated to investors. As a result, these investors will come to control the majority of disposable
capital in their sector firms. Since investors are more sensitive to fluctuations in returns, a relative

81See Gosselin and Lotz (2025).
82See section 10.1 and Gosselin and Lotz (2025).
83See Gosselin and Lotz (2025).
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increase in average financial returns compared to those of firms may induce investors to withdraw
their capital from firms, potentially driving the firms into default.

18 Discussion

This paper illustrates the advantages of field models in economics. From a modeling perspective, it
shows how new types of agents can be added to a basic field model by the introduction of additional
fields. Moreover, any variable or parameter could be endogeneized in the same way.

The flexibility provided by field models lies in that they encompass the general, local, and
modular aspects of any given model. At the global level, the model averages describe aggregate
results, whereas at the local level, the sectoral quantities describe specific agents or sectors. These
two levels do not necessarily coincide, and their differences capture some major features of the
model. At the modular level, they provide a framework for describing a wide variety of economic
configurations: here for instance, in a given sector, an investor may represent the financial activity
of a firm, a bank may be interpreted as the financial branch of a corporation, and a firm may
encompass all the productive activities of a broader financial group. Because field models represent
a fragmented reality made up of interconnected sectors and agents organized within groups, each
agent may be conceived either as a subcomponent of a broader collective entity or as a differentiated
expression of an integrated, multidimensional agent.

The introduction of banks in our framework reveals robust collective patterns across different
specifications. Our results indicate that, unlike conventional economic wisdom, no single represen-
tative equilibrium emerges from a population of agents acting according to similar optimization
principles. There is no single equilibrium, and an equilibrium cannot be described by the average
of quantities, that is, by an aggregated representative agent. This is a characteristic feature of
field economics: for a given type of agent, the same optimization behavior can lead to multiple
possible outcomes, depending on the initial conditions of each agent. In the present context, two
types of returns emerge for investors, associated with their respective levels of capitalization in the
collective state.

The presence of banks does not, by itself, prevent the propagation of defaults. In fact, monetary
creation proves to be a double-edged mechanism. When banks channel credit toward firms rather
than investors, they mitigate the risk of initial defaults. However, and particularly so when banks
favor investors, monetary creation systematically amplifies investors’ behavior, fueling financial
intermediation at the expense of firms and potentially amplifying the spread of defaults.

Banks loans can reduce the instability inherent to investors’ capital allocation. Even if investors
underinvest in some sectors, bank loans provide firms with the level of capital needed to produce
and cover their costs. Uncertainty and expected returns determine the level of capital allocation,
but overall, some stability is achieved within the sector space: firms’ disposable capital is provided
by loans, and investors behave similarly on average.

When banks allocate more capital to investors than to firms, they indirectly alter the composi-
tion of firms’ disposable capital. Investors are bound to increase their exposure to shares or loans,
while remaining sensitive to firms’ returns. Should an external shock modify these returns - or their
expectations - large capital flows from one sector to another would follow. In this context, firms’
dependence on investors’ capital is a source of risk, as investors’ withdrawals may leave them insuf-
ficiently capitalized. In the long run, banks’ structural bias toward investors tends to shift firms’
ownership toward high-return investors, to the detriment of firms’ initial owners and low-return
investors.

However, the allocation of capital by banks is not an exogenous input to the model, but rather
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depends on the perceived risk associated with each type of agent in each sector. In this regard, it
should be noted that the situation of investors and firms is not symmetric. Indeed, unlike firms,
investors can control the perceived riskiness of their investments through their portfolios. Indeed,
investors may appear safer by diversifying their portfolios, thereby conveying a misleading appear-
ance of lower risk. For banks reluctant to bear firms’ risks directly, high-return investors would
logically appear to be the most reliable borrowers: they are better capitalized, more diversified, and
capable of extracting higher yields from their portfolios, and as such, seem less risky than low-return
investors. These characteristics are nonetheless misleading, since systemic risk is not determined
by investors’ individual return profiles, but by the collective sustainability of their exposures.

When banks are biased toward high-return investors, the challenge for these investors becomes
that of maintaining the very features that sustain banks’ confidence—extensive diversification, fa-
vorable yet often opaque valuations, and attractive returns. In such an environment, the allocation
of capital to the real economy risks becoming merely a pretext for speculative behavior. This equi-
librium is inherently unstable over the medium to long term: once the capital held by high-return
investors withdraws, the sector is left undercapitalized and structurally driven toward default. The
instability is further reinforced by circularity: because high-return investors tend to be more inter-
connected than average and to hold stakes in one another, feedback effects amplify disturbances
and can ultimately propagate throughout the entire system.

This equilibrium can only be altered by a macroprudential policy compelling banks to take
on firms’ risks directly. By definition, any high-return investor may offer apparent guarantees,
and banks, by lending to them, effectively finance risk indirectly. When extending credit, banks
base their decisions on capitalization and returns, which naturally leads them to favor high-return
investors. Yet a high-return profile is not an indicator of lower risk; it is merely a characteristic
that may be equally—or even more—risky than a low-return profile.

Overall, the impact of monetary creation on the economy therefore depends on banks’ willing-
ness to extend credit to firms and assume the associated credit risks, the regulatory environment
to which banks are subject, and their accurate evaluation of the risks borne by both firms and
investors. Besides, even when banks regulate investors, they end up endorsing their high- and low-
return investment profiles, along with their intrinsic instability. In the present framework, banks do
not fundamentally depart from investors in their optimization logic: both maximize their expected
returns. This result suggests that the system does not spontaneously self-regulate, and that certain
imbalances can only be corrected through deliberate policy.

To fundamentally stabilize the collective state, a new type of agent must exhibit optimization
behaviors that differ from those prevailing in the system, and a sufficiently large fraction of agents
must exhibit these distinct optimization patterns. When this condition is not met, the inclusion
of new agents merely reshapes the distribution of outcomes rather than changing the nature of the
equilibria.

From a financial stability perspective, this mechanism reveals the endogenous nature of sys-
temic risk. Stability cannot be achieved through the mere addition of liquidity or diversification of
balance sheets; it requires a structural heterogeneity in optimization behaviors capable of dampen-
ing the propagation of shocks. In its absence, the system remains characterized by self-reinforcing
dynamics in which profitability, capitalization, and exposure evolve together—generating phases of
apparent robustness followed by abrupt transitions to fragility. Macroprudential tools can attenu-
ate local imbalances, but they cannot suppress the systemic mechanisms that produce instability
endogenously. In this sense, financial fragility emerges as a structural property of interconnected
capital systems rather than as a failure of prudential oversight.
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19 Conclusion

This paper has extended our analysis of the stability of collective states. It shows that the presence
of banks neither resolves the multiplicity of such states nor prevents their potential instability.
Instability manifests itself through transitions between collective states, which represent structural
shifts within the system. These transitions may occur between similar states—for instance, from one
non-default collective state to another. They can also involve paradigm shifts, such as transitions
from a non-default collective state to a default one. Moreover, such transitions can unfold in
cascades, with varying speeds and intervals.

Indeed, the possibility of transitions between collective states is the hallmark of a more general
feature. In general, collective states are not fixed structures: they are subject to transitions driven
either by internal fluctuations or by exogenous shocks. However, until now, these transitions have
been derived under the simplifying assumption of independent—and therefore rigid—groups. Al-
lowing for interactions among groups may, however, alter their composition, leading to aggregation,
shrinkage, or other structural changes without necessarily resulting in default. Even the spatial
localization of groups may evolve. These transitions—between phases, but also potentially between
groups—require a specific formalism, which will be presented in the sequel of this work.
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Appendices

A1.1 Returns equations

In Gosselin and Lotz (2025), we obtained the return equations:∆(X,X ′)−
K̂ ′k̂1 (X

′, X)
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for the investors, and:
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K̄ ′k̄1 (X
′, X)

∣∣Ψ̄ (K̄ ′, X ′)∣∣2
1 + k̄ (X ′)

)
f̄ (X ′)− (1 + κ) r̄

1 + k̄2 (X
′)

(174)

−
K̂ ′k̂

B

1 (X ′, X)
∣∣∣Ψ̂(K̂ ′, X ′

)∣∣∣2
1 + k̂ (X ′) + k̂

B

1 (X ′) + κ

[
k̂
B
2

1+k̄

]
(X ′)

f̂ (X ′)− r̄

1 + k̂2 (X
′) + κ

k̂
B
2 (X′)

1+k̄(X)

=
∣∣Ψ̄ (K̄ ′, X ′)∣∣2(1 + f̄ (X ′)

k̄2 (X
′)

H

(
−1 + f̄ (X ′)

k̄2 (X
′)

))
K̂ ′k̂

B

2 (X ′, X)

1 + k̄ (X)

+
∣∣∣Ψ̂(K̂ ′, X ′

)∣∣∣2
 1 + f̂ (X ′)

k̂2 (X
′) + κ

[
k̂
B
2

1+k̄

]
(X ′)

H

− 1 + f̂ (X ′)

k̂2 (X
′) + κ

[
k̂
B
2

1+k̄

]
(X ′)




×
K̂ ′κ

k̂
B
2 (X

′,X)
1+k̄(X)(

1 + k̂ (X ′) + k̂
B

1 (X ′) + κ

[
k̂
B
2

1+k̄

]
(X ′)

)

+ |Ψ(K ′, X ′)|2

 1 + f ′
1 (X

′)

k2 (X
′) + κ

[
kB2
1+k̄

]
(X ′)

H

− 1 + f ′
1 (K

′, X ′)

k2 (X
′) + κ

[
k
(B)
2
1+k̄

]
(X ′)




×
K ′κ

k
(B)
2 (X′,X)
1+k̄(X)(

1 + k (X ′) + k
(B)
1 (X ′) + κ

[
k
(B)
2
1+k̄

]
(X ′)

) +
K ′k

(B)
1 (X ′, X)(

1 + k (X ′) + k
(B)
1 (X ′) + κ

k
(B)
2 (X′)
1+k̄

) (f1 (K̄,X,Ψ, Ψ̂
)
− r̄
)

for the banks.

A1.2 Average field and total capital per sector

A1.2.1 Investors

The return equation involve the average capital per sector and disposable capital. The amount of
capital for investors in sector X1 is:

K̂ [X1] = K̂X
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In these formula, we used the modified returns:

ḡ
(
K̂,X

)
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∣∣Ψ̄ (K̄,X
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defined in part 1, and the brackets denote the average quantities. The field definition of the matrices
M̄ , M̂ and N are:
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A1.2.2 Banks

The amount of capital for banks in sector X1 is given by:
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along with its associated field:
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Appendix 2 Alternate formulation for return equation

A2.1 Investors return equation

We write investors’return equation in a modified form:

0 =

∫ (
1− ŜE

(
X ′, K̂ ′, X

)) f̂ (X ′)− r̄
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After averaging over K̂ ′, equation (181) writes:
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We show in Appendix 13. that:
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′,X))K̄X |Ψ̄(X)|2
K̂X′ |Ψ̂(X′)|2

dX

)
1−

(∫ ŜE(X′,X)K̂X |Ψ̂(X)|2
K̂X′ |Ψ̂(X′)|2

dX +
∫ ŜB

E
(X′,X)K̄X |Ψ̄(X)|2
K̂X′ |Ψ̂(X′)|2

dX

)
So that the investors equation, rewrites in the new variables:

0 =

∫ (
δ (X −X ′)− ŜE (X ′, X)

)
(185)

×
1−

(∫ Ŝ(X′,X)K̂X |Ψ̂(X)|2
K̂X′ |Ψ̂(X′)|2

dX +
∫ (ŜB

E (X
′,X)+ŜB

L (X
′,X))K̄X |Ψ̄(X)|2

K̂X′ |Ψ̂(X′)|2
dX

)
1−

(∫ ŜE(X′,X)K̂X |Ψ̂(X)|2
K̂X′ |Ψ̂(X′)|2

dX +
∫ ŜB

E
(X′,X)K̄X |Ψ̄(X)|2
K̂X′ |Ψ̂(X′)|2

dX

) (f (X ′)− r̄) dX ′

−
∫

SE (X ′, X)
(
f̂1 (X)− r̄

)
−
∫

1 + f (X ′)

k̂2 (X
′)

H

(
−1 + f (X ′)

k̂2 (X
′)

)
ŜL (X ′, X) dX ′ −

∫
1 + f ′

1 (X
′)

k2 (X
′)

H

(
−1 + f ′

1 (X
′)

k2 (X
′)

)
SL (X ′, X) dX ′

The rates satisfy the following constraint:∫ (
ŜE (X ′, X) + ŜL (X ′, X)

)
dX ′ +

∫
(SE (X ′, X) + SL (X ′, X)) dX ′ = 1

A2.2 Banks returns equation

We can express the return equations for banks in terms of shares by defining:

S̄η

(
X ′, K̄ ′, X

)
=

K̄ ′k̄η (X
′, X)

∣∣Ψ̄ (K̄ ′, X ′)∣∣2
1 + k̄ (X ′)

S̄η (X
′, X) =

∫
K̄ ′k̄η (X

′, X)
∣∣Ψ̄ (K̄ ′, X ′)∣∣2

1 + k̄ (X ′)
dK̄ ′ =

K̄X′ k̄η (X
′, X)

∣∣Ψ̄ (X ′)
∣∣2

1 + k̄ (X ′)
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ŜB
E

(
X ′, K̂ ′, X

)
=

K̂ ′k̂
B

1 (X ′, X)
∣∣∣Ψ̂(K̂ ′, X ′

)∣∣∣2
1 + k̂ (X ′) + k̂

B

1 (X ′) + κ

[
k̂
B
2

1+k̄

]
(X ′)

ŜB
E (X ′, X) =

K̂X′ k̂
B

1 (X ′, X)
∣∣∣Ψ̂ (X ′)

∣∣∣2
1 + k̂ (X ′) + k̂

B

1 (X ′) + κ

[
k̂
B
2

1+k̄

]
(X ′)

ŜB
L

(
X ′, K̂ ′, X

)
=

K̂ ′ κk̂
B
2 (X

′,X)
1+k̄(X)

∣∣∣Ψ̂(K̂ ′, X ′
)∣∣∣2

1 + k̂ (X ′) + k̂
B

1 (X ′) + κ

[
k̂
B
2

1+k̄

]
(X ′)

ŜB
L (X ′, X) =

K̂X′
κk̂

B
2 (X

′,X)
1+k̄(X)

∣∣∣Ψ̂ (X ′)
∣∣∣2

1 + k̂ (X ′) + k̂
B

1 (X ′) + κ
k̂
B
2 (X′)
1+k̄[

kB2
1 + k̄

]
(X ′) =

∫
kB2 (X ′, X)

1 + k̄ (X)
K̄
∣∣Ψ̄ (K̄,X

)∣∣2 dK̄dX

SB
E (X ′,K ′, X) =

K ′k
(B)
1 (X ′, X) |Ψ(K ′, X ′)|2

1 + k (X ′) + k
(B)
1 (X ′) + κ

[
k
(B)
2
1+k̄

]
(X ′)

(186)

SB
L (X ′,K ′, X) =

κk
(B)
2 (X′,X)
1+k̄(X)

K ′ |Ψ(K ′, X ′)|2

1 + k (X ′) + k
(B)
1 (X ′) + κ

[
k
(B)
2
1+k̄

]
(X ′)

SB
E (X ′, X) =

KX′k
(B)
1 (X ′, X) |Ψ(K ′, X ′)|2

1 + k (X ′) + k
(B)
1 (X ′) + κ

[
k
(B)
2
1+k̄

]
(X ′)

|Ψ(X ′)|2

SB
L (X ′, X) =

κk
(B)
2 (X′,X)
1+k̄(X)

KX′ |Ψ(X ′)|2

1 + k (X ′) + k
(B)
1 (X ′) + κ

[
k
(B)
2
1+k̄

]
(X ′)

and the banks return equation writes with this parametrization:

0 =
(
1− S̄E (X ′, X)

) f̄ (X ′)− (1 + κ) r̄

1 + k̄2 (X
′)

− ŜB
E (X ′, X)

 f̂ (X ′)− r̄

1 + k̂2 (X
′) + κ

k̂
B
2 (X′)

1+k̄(X)

 (187)

+

(
1 + f̄ (X ′)

)
H
(
−
(
1 + f̄ (X ′)

))
k̄2 (X

′)
S̄L (X ′, X) +

(
1 + f̂ (X ′)

)
H
(
−
(
1 + f̂ (X ′)

))
k̂2 (X

′) + κ

[
k̂
B
2

1+k̄

]
(X ′)

ŜB
L (X ′, X)

+
(1 + f ′

1 (X
′))H (1 + f ′

1 (K
′, X ′))

k2 (X
′) + κ

[
k
(B)
2
1+k̄

]
(X ′)

SB
E (X ′, X)− SB

E (X ′, X)

 (
f ′
1

(
K̄,X

)
− r̄
)

1 + k2 (X
′) + κ

k
(B)
2 (X′)
1+k̄

+∆Fτ

(
R̄ (K,X)

)
with constraint:∫ (

ŜE (X ′, X) + ŜL (X ′, X)
)
dX ′ +

∫
(SE (X ′, X) + SL (X ′, X)) dX ′ = 1
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∫
S̄ (X ′, X)

K̄X

∣∣Ψ̄ (X)
∣∣2

K̄X′
∣∣Ψ̄ (X ′)

∣∣2 dX =
k̄ (X ′)

1 + k̄ (X ′)

S̄ (X ′, X) = S̄E (X ′, X) + S̄L (X ′, X)

We can replace all coefficients in (187) as function of the new parametrization. Writing:

1

1 + k̄ (X ′)
= 1−

∫
S̄ (X ′, X)

K̄X

∣∣Ψ̄ (X)
∣∣2

K̄X′
∣∣Ψ̄ (X ′)

∣∣2 dX
we find:

k̄ (X ′) =

∫
S̄ (X ′, X)

K̄X |Ψ̄(X)|2
K̄X′ |Ψ̄(X′)|2

dX

1−
∫
S̄ (X ′, X)

K̄X |Ψ̄(X)|2
K̄X′ |Ψ̄(X′)|2

dX

k̄η (X
′) =

∫
S̄η (X

′, X)
K̄X |Ψ̄(X)|2
K̄X′ |Ψ̄(X′)|2

dX

1−
∫
S̄ (X ′, X)

K̄X |Ψ̄(X)|2
K̄X′ |Ψ̄(X′)|2

dX

1 + k̄2 (X
′) =

1−
∫
S̄E (X ′, X)

K̄X |Ψ̄(X)|2
K̄X′ |Ψ̄(X′)|2

dX

1−
∫
S̄ (X ′, X)

K̄X |Ψ̄(X)|2
K̄X′ |Ψ̄(X′)|2

dX

Ultimately, using:

Ŝη (X
′, X) =

K̂X′ k̂η (X
′, X)

∣∣∣Ψ̂ (X ′)
∣∣∣2

1 + k̂ (X ′) + k̂
B

1 (X ′) + κ

[
k̂
B
2

1+k̄

]
(X ′)

Sη (X
′, X) =

kη (X
′, X)KX′ |Ψ(X ′)|2

1 + k (X ′) + k
(B)
1 (X ′) + κ

[
kB2
1+k̄

]
(X ′)

and the following relations:

∫
Ŝ (X ′, X)

K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2 dX =

k̂ (X ′)

1 + k̂ (X ′) + k̂
B

1 (X ′) + κ

[
k̂
B
2

1+k̄

]
(X ′)

∫
ŜB
E (X ′, X)

K̄X

∣∣Ψ̄ (X)
∣∣2

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2 dX =

k̂
B

1 (X ′)

1 + k̂ (X ′) + k̂
B

1 (X ′) + κ

[
k̂
B
2

1+k̄

]
(X ′)

∫
ŜB
L (X ′, X)

K̄X

∣∣Ψ̄ (X)
∣∣2

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2 =

κ

[
k̂
B
2

1+k̄

]
(X ′)

1 + k̂ (X ′) + k̂
B

1 (X ′) + κ

[
k̂
B
2

1+k̄

]
(X ′)

and defining the quantity

[
k̂
B
2

1+k̄

]
(X ′):

[
k̂
B

2

1 + k̄

]
(X ′) =

∫
k̂
B

2 (X ′, X)

1 + k̄ (X)
K̄
∣∣Ψ̄ (K̄,X

)∣∣2 dK̄dX
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leads to:

∫ Ŝ (X ′, X) K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2 dX +

∫ (
ŜB
E (X ′, X) + ŜB

L (X ′, X)
)
K̄X

∣∣Ψ̄ (X)
∣∣2

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2 dX

=

k̂ (X ′) + k̂
B

1 (X ′) + κ

[
k̂
B
2

1+k̄

]
(X ′)

1 + k̂ (X ′) + k̂
B

1 (X ′) + κ

[
k̂
B
2

1+k̄

]
(X ′)

This allows to rewrite the parameters in terms of rates. First, for the investors we have:

1

1 + k̂ (X ′) + k̂
B

1 (X ′) + κ

[
k̂
B
2

1+k̄

]
(X ′)

= 1−

∫ Ŝ (X ′, X) K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2 dX +

∫ (
ŜB
E (X ′, X) + ŜB

L (X ′, X)
)
K̄X

∣∣Ψ̄ (X)
∣∣2

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2 dX


and:

k̂ (X ′) =

∫
Ŝ (X ′, X)

K̂X |Ψ̂(X)|2
K̂X′ |Ψ̂(X′)|2

dX

1−
(∫ Ŝ(X′,X)K̂X |Ψ̂(X)|2

K̂X′ |Ψ̂(X′)|2
dX +

∫ (ŜB
E
(X′,X)+ŜB

L
(X′,X))K̄X |Ψ̄(X)|2

K̂X′ |Ψ̂(X′)|2
dX

)

k̂
B

1 (X ′) =

∫
ŜB
E (X ′, X)

K̄X |Ψ̄(X)|2
K̂X′ |Ψ̂(X′)|2

dX

1−
(∫ Ŝ(X′,X)K̂X |Ψ̂(X)|2

K̂X′ |Ψ̂(X′)|2
dX +

∫ (ŜB
E
(X′,X)+ŜB

L
(X′,X))K̄X |Ψ̄(X)|2

K̂X′ |Ψ̂(X′)|2
dX

)

κ

[
k̂
B

2

1 + k̄

]
(X ′) =

∫
ŜB
L (X ′, X)

K̄X |Ψ̄(X)|2
K̂X′ |Ψ̂(X′)|2

dX

1−
(∫ Ŝ(X′,X)K̂X |Ψ̂(X)|2

K̂X′ |Ψ̂(X′)|2
dX +

∫ (ŜB
E
(X′,X)+ŜB

L
(X′,X))K̄X |Ψ̄(X)|2

K̂X′ |Ψ̂(X′)|2
dX

)
Then for the firms, using:∫

S (X ′, X)
KX |Ψ(X)|2

KX′ |Ψ(X ′)|2
dX =

k̄ (X ′)

1 + k (X ′) + k
(B)
1 (X ′) + κ

[
kB2
1+k̄

]
(X ′)[

kB2
1 + k̄

]
(X ′) =

∫
kB2 (X ′, X)

1 + k̄ (X)
K̄
∣∣Ψ̄ (K̄,X

)∣∣2 dK̄dX
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and (186), we find:

k (X ′) =

∫ S(X′,X)K̂X |Ψ̂(X)|2
KX′ |Ψ(X′)|2

dX

1−
(∫ S(X′,X)K̂X |Ψ̂(X)|2

KX′ |Ψ(X′)|2
dX +

∫ (SB
E
(X′,X)+SB

L
(X′,X))K̄X |Ψ̄(X)|2

KX′ |Ψ(X′)|2
dX

)

k
(B)
1 (X ′) =

∫
SB
E (X ′, X)

K̄X |Ψ̄(X)|2
KX′ |Ψ(X′)|2

dX

1−
(∫ S(X′,X)K̂X |Ψ̂(X)|2

KX′ |Ψ(X′)|2
dX +

∫ (SB
E
(X′,X)+SB

L
(X′,X))K̄X |Ψ̄(X)|2

KX′ |Ψ(X′)|2
dX

)

κ

[
kB2

1 + k̄

]
(X ′) =

∫
SB
L (X ′, X)

K̄X |Ψ̄(X)|2
KX′ |Ψ(X′)|2

dX

1−
(∫ S(X′,X)K̂X |Ψ̂(X)|2

KX′ |Ψ(X′)|2
dX +

∫ (SB
E
(X′,X)+SB

L
(X′,X))K̄X |Ψ̄(X)|2

KX′ |Ψ(X′)|2
dX

)
These formula allow to write (187) in terms of shares only:

0 =
(
1− S̄E (X ′, X)

) (
f̄ (X ′)− (1 + κ) r̄

) 1−
∫
S̄ (X ′, X)

K̄X |Ψ̄(X)|2
K̄X′ |Ψ̄(X′)|2

dX

1−
∫
S̄E (X ′, X)

K̄X |Ψ̄(X)|2
K̄X′ |Ψ̄(X′)|2

dX

(188)

−ŜB
E (X ′, X)

(
f̂ (X ′)− r̄

)

×
1−

(∫ Ŝ(X′,X)K̂X |Ψ̂(X)|2
K̂X′ |Ψ̂(X′)|2

dX +
∫ (ŜB

E (X
′,X)+ŜB

L (X
′,X))K̄X |Ψ̄(X)|2

K̂X′ |Ψ̂(X′)|2
dX

)
1−

(∫ ŜE(X′,X)K̂X |Ψ̂(X)|2
K̂X′ |Ψ̂(X′)|2

dX +
∫ ŜB

E
(X′,X)K̄X |Ψ̄(X)|2
K̂X′ |Ψ̂(X′)|2

dX

)

+
(
1 + f̄ (X ′)

)
H
(
−
(
1 + f̄ (X ′)

))
S̄L (X ′, X)

(
1−

∫
S̄ (X ′, X)

K̄X |Ψ̄(X)|2
K̄X′ |Ψ̄(X′)|2

dX

)
∫
S̄L (X ′, X)

K̄X |Ψ̄(X)|2
K̄X′ |Ψ̄(X′)|2

dX

+
(
1 + f̂ (X ′)

)
H
(
−
(
1 + f̂ (X ′)

))
ŜB
L (X ′, X)

×
1−

(∫ S(X′,X)K̂X |Ψ̂(X)|2
KX′ |Ψ(X′)|2

dX +
∫ (SB

E (X
′,X)+SB

L (X
′,X))K̄X |Ψ̄(X)|2

KX′ |Ψ(X′)|2
dX

)
∫ SL(X′,X)K̂X |Ψ̂(X)|2

KX′ |Ψ(X′)|2
dX +

∫
SB
L (X ′, X)

K̄X |Ψ̄(X)|2
KX′ |Ψ(X′)|2

dX

+(1 + f ′
1 (X

′))H (− (1 + f ′
1 (K

′, X ′)))SB
L (X ′, X)

×
1−

(∫ Ŝ(X′,X)K̂X |Ψ̂(X)|2
K̂X′ |Ψ̂(X′)|2

dX +
∫ (ŜB

E (X
′,X)+ŜB

L (X
′,X))K̄X |Ψ̄(X)|2

K̂X′ |Ψ̂(X′)|2
dX

)
∫
ŜL (X ′, X)

K̂X |Ψ̂(X)|2
K̂X′ |Ψ̂(X′)|2

dX +
∫
ŜB
L (X ′, X)

K̄X |Ψ̄(X)|2
K̂X′ |Ψ̂(X′)|2

dX

(189)

−SB
E (X ′, X)

(
f ′
1 (X

′)− r̄ +∆Fτ

(
R̄ (K,X)

))
×
1−

(∫ S(X′,X)K̂X |Ψ̂(X)|2
KX′ |Ψ(X′)|2

dX +
∫ (SB

E (X
′,X)+SB

L (X
′,X))K̄X |Ψ̄(X)|2

KX′ |Ψ(X′)|2
dX

)
1−

∫ SE(X′,X)K̂X |Ψ̂(X)|2
KX′ |Ψ(X′)|2

dX −
∫
SB
E (X ′, X)

K̄X |Ψ̄(X)|2
KX′ |Ψ(X′)|2

dX

with the constraints on shares:∫ (
ŜE (X ′, X) + ŜL (X ′, X)

)
dX ′ +

∫
(SE (X ′, X) + SL (X ′, X)) dX ′ = 1
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∫ (
S̄E (X ′, X) + S̄L (X ′, X)

)
dX ′ +

∫
ŜB
E (X ′, X) dX ′ +

∫
SB
E (X ′, X) dX ′ = 1

∫
ŜB
L (X ′, X) dX ′ +

∫
SB
L (X ′, X) dX ′ =

κ

1 + k̄ (X)

= κ

(
1−

∫
S̄
(
X, Ȳ

) K̄Ȳ

∣∣Ψ̄ (Ȳ )∣∣2
K̄X

∣∣Ψ̄ (X)
∣∣2 dȲ

)
→ κ

(
1− S̄ (X)

)
Note ultimatly that the various matrices defined in the first part and arising in the return equation
can be rewritten in terms of shares:

M̄
((
K̄,X

)
,
(
K̄ ′, X ′)) =

k̄ (X,X ′) K̄

1 +
∫
k̄ (X,X ′) K̄ ′

0

∣∣Ψ̄ (K̄ ′
0, X

′
)∣∣2

= S̄
((
K̄,X

)
,
(
K̄ ′, X ′))

M̂
((

K̂ ′, X ′
)
,
(
K̂,X

))
=

k̂ (X,X ′) K̂

1 +
∫
k̂ (X,X ′)

∣∣∣Ψ̂(K̂ ′, X ′
)∣∣∣2 + ∫ k̂B1 (X,X ′) K̄ ′

0

∣∣Ψ̄ (K̄ ′
0, X

′
)∣∣2 + ∫ k̂B2 (X,X ′)

K̄′
0|Ψ̄(K̄′

0,X
′)|2

1+
∫
k̄(X′,X′′)K̄′′

0 |Ψ̄(K̄′′
0 ,X′′)|2

= Ŝ
((

K̂ ′, X ′
)
,
(
K̂,X

))
and ultimately:

N̄ →

(
k̂B1 (X,X ′) + κ

k̂B2 (X,X′)
1+
∫
k̄(X′,X′′)K̄′′

0 |Ψ̄(K̄′′
0 ,X′′)|2

− κ
∫ k̂B2 (X,X′′)K̄′′

0 k̄(X′′,X′)(
1+
∫
k̄(X′′,Ȳ )K̄Y

0 |Ψ̄(K̄Y
0 ,Ȳ )|2

)2
)
K̂

1 +
∫
k̂ (X,X ′)

∣∣∣Ψ̂(K̂ ′, X ′
)∣∣∣2 + ∫ k̂B1 (X,X ′) K̄ ′

0

∣∣Ψ̄ (K̄ ′
0, X

′
)∣∣2 + κ

∫
k̂B2 (X,X ′)

K̄′
0|Ψ̄(K̄′

0,X
′)|2

1+
∫
k̄(X′,X′′)K̄′′

0 |Ψ̄(K̄′′
0 ,X′′)|2

= ŜB
E

((
K̂,X

)
,
(
K̄ ′, X ′))+ ŜB

L

((
K̂,X

)
,
(
K̄ ′, X ′))

A2.3 Return equations in terms of partial averages of shares

We will also need to define the total shares invested in one sector. They are defined by summing
all shares invested in this sector:

Ŝη (X
′) =

∫
Ŝη (X

′, X)
K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2 dX

Ŝ (X ′) = ŜE (X ′) + ŜL (X ′)

ŜB
η (X ′) =

∫
ŜB
η (X ′, X) K̄X

∣∣Ψ̄ (X)
∣∣2

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2 dX

ŜB (X ′) = ŜB
E (X ′) + ŜB

L (X ′)
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S̄η (X
′) =

∫
S̄η (X

′, X)
K̄X

∣∣Ψ̄ (X)
∣∣2

K̄X′
∣∣Ψ̄ (X ′)

∣∣2 dX
S̄ (X ′) = S̄E (X ′) + S̄L (X ′)

Sη (X
′) =

∫ Sη (X
′, X) K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX′ |Ψ(X ′)|2
dX

S (X ′) = SE (X ′) + SL (X ′)

SB
η (X ′) =

∫
SB
η (X ′, X) K̄X

∣∣Ψ̄ (X)
∣∣2

KX′ |Ψ(X ′)|2
dX

SB (X ′) = SB
E (X ′) + SB

L (X ′)

These formula allow to write (185) and (187) in the following form:

0 =

∫ (
∆(X,X ′)− ŜE (X ′, X)

) 1− Ŝ (X ′)

1− ŜE (X ′)
(f (X ′)− r̄) dX ′

−
∫

SE (X ′, X)
1−

(
S (X ′) +

(
SB
E (X ′) + SB

L (X ′)
))

1− SE (X ′)− SB
E (X ′)

(
(f ′

1 (X
′)− r̄) + ∆Fτ

(
R̄ (K,X)

))
dX ′

−
∫ 1−

(
Ŝ (X ′) + ŜB

E (X ′) + ŜB
L (X ′)

)
ŜL (X ′)

(1 + f (X ′))H (− (1 + f (X ′))) ŜL (X ′, X) dX ′

−
∫

1−
(
S (X ′) + SB

E (X ′) + SB
L (X ′)

)
SL (X ′)

(1 + f ′
1 (X

′))H (− (1 + f ′
1 (X

′)))SL (X ′, X) dX ′

for investors, and:

0 =
(
1− S̄E (X ′, X)

) (
f̄ (X ′)− (1 + κ) r̄

) 1− S̄ (X ′)

1− S̄E (X ′)
(190)

−ŜB
E (X ′, X)

(
f̂ (X ′)− r̄

) 1−
(
Ŝ (X ′) + ŜB

E (X ′) + ŜB
L (X ′)

)
1−

(
ŜE (X ′) + ŜB

E (X ′)
)

−
(
1 + f̄ (X ′)

)
H
(
−
(
1 + f̄ (X ′)

))
S̄L (X ′, X)

(
1− S̄ (X ′)

)
S̄L (X ′)

−
(
1 + f̂ (X ′)

)
H
(
−
(
1 + f̂ (X ′)

))
ŜB
L (X ′, X)

1−
(
S (X ′) +

(
SB
E (X ′) + SB

L (X ′)
))

SL (X ′) + SB
L (X ′)

− (1 + f ′
1 (X

′))H (− (1 + f ′
1 (X

′)))SB
L (X ′, X)

1−
(
Ŝ (X ′, X) +

(
ŜB
E (X ′) + ŜB

L (X ′)
))

ŜL (X ′) + ŜB
L (X ′)

−SB
E (X ′, X)

{
1−

(
S (X ′) +

(
SB
E (X ′) + SB

L (X ′)
))

1− SE (X ′)− SB
E (X ′)

(
(f ′

1 (X
′)− r̄) + ∆Fτ

(
R̄ (K,X)

))}
for banks.

In the sequel:

1−
(
S (X ′) +

(
SB
E (X ′) + SB

L (X ′)
))

1− SE (X ′)− SB
E (X ′)

(
(f ′

1 (X
′)− r̄) + ∆Fτ

(
R̄ (K,X)

))
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computes the firms returns. It will be given by:

(f1 (X
′)− r̄) + ∆Fτ

(
R̄ (K,X)

)
for constant return to scales, and by:

f1

(
X ′, K̂ [X ′] , K̄ [X ′]

)
≃ f1 (X)((

1 + k (X) K̂ [X]
)
+
(
kB1 (X) + κ

[
kB2 (X)

1+k̄

])
K̄ [X]

)r − C0

=
(
1−

(
S (X ′) +

(
SB
E (X ′) + SB

L (X ′)
)))r

(f1 (X
′)− r̄)

+∆Fτ

(
R̄ (K,X)

)
− C0 −

(
1−

(
S (X ′) +

(
SB
E (X ′) + SB

L (X ′)
)))

C

for decreasing retrn.
In the sequel, as in part 1, we will perform the computations for constant returns to scale and

then include corrections due to decreasing rtrns.

Appendix 3 Field translation

For investors, the field action has been derived in part I. It is:

−σ2
K̂

∑
η

∫
Γ†
(
Ŝ(T ), X ′, X

)
∇2

Ŝ
(T )
η

Γ
(
Ŝ(T ), X ′, X

)
d
(
Ŝ(T ), X ′, X

)
−
∫

β
∣∣∣Γ(Ŝ(T ), X ′, X

)∣∣∣2 d(Ŝ(T ), X ′, X
)

+
∑
η

∫ 
(
Ŝ
(T )
η

)2
2ŵη (X ′, X)

− V̂ηŜ
(T )
η

∣∣∣Γ(Ŝ(T ), X ′, X
)∣∣∣2 d(Ŝ(T ), X ′, X

)

+

∫
λ (X)

(∑
η

∫
Ŝ(T )
η

∣∣∣Γ(Ŝ(T ), X ′, X
)∣∣∣2 dX ′dŜ(T ) − 1

)∣∣∣Γ(Ŝ(T ), X ′, X
)∣∣∣2 d(Ŝ(T ), X ′, X

)
(191)

where:
Γ
(
Ŝ(T ), X ′, X

)
≡ Γ

(
SE , ŜE , SL, ŜL, X

′, X
)

Considerng banks, we start with the full objective function for the system of bnks:

∫
dt
∑
i

∑
j

S̄B
Eij f̄j +

∑
j

S̄B
Lij r̄j −

1

2

∑
j

(
S̄ηij

)2
w̄ηi (Xj)

(192)

+
∑
j

ŜB
Eij f̂j −

1

2

∑
j

(
ŜB
E,ij

)2
ŵ1i (Xj)

+
∑
k

SB
Eikfk − 1

2

∑
k

(
SB
Eik

)2
wηik (Xk)


and for loans:

∫
dt
∑
i

∑
j

ŜB
Lij r̂j −

1

2

∑
j

(
ŜB
Lij

)2
ŵηLi

(Xj)
+
∑
k

SB
Likr̄k − 1

2

∑
k

(
SB
Lik

)2
wηik (Xk)

 (193)

Starting with banks shares flds:

Γ̄
(
S̄(T ), X ′, X ′, X

)
= Γ̄

(
S̄E , SE , ŜE , S̄L, SL, ŜL, X

′, X ′, X
)
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The functions (192) and (193) are translated by the action functionals:

∑
η

∫ ( (
S̄T
η

)2
2w̄T

η (X ′, X ′, X)
− V̄ηS̄

T
η

)∣∣∣Γ̄(S̄(T ), X ′, X ′, X
)∣∣∣2 d(S̄(T ), X ′, X ′, X

)
(194)

where:
V̄1 (X

′, X ′, X) = f̄ (X ′) , V̄2 (X
′, X ′, X) = r̄ (X ′)

V̄3 (X
′, X ′, X) = f̂ (X ′) , V̄4 (X

′, X ′, X) = r̂ (X ′)

V̄5 (X
′, X ′, X) = f (X) , V̄6 (X

′, X ′, X) = r (X)

and:
w̄T

E (X ′, X ′, X) = w̄E (X ′, X) , w̄T
2 (X ′, X ′, X) = w̄L (X ′, X)

ŵT
3 (X ′, X ′, X) = ŵE (X ′, X) , w̄T

4 (X ′, X ′, X) = ŵL (X ′, X)

ŵT
5 (X ′, X ′, X) = wE (X,X) , w̄T

6 (X ′, X ′, X) = wL (X,X)

As in part I, we add to the functional (194) a term accounting for inertia and a contribution
characteristic of the time scale considered for the collective states:

−σ2
K̂

∑
η

∫
Γ̄†
(
S̄(T ), X ′, X ′, X

)
∇2

S̄
(T )
η

Γ̄
(
S̄(T ), X ′, X ′, X

)
d
(
S̄(T ), X ′, X ′, X

)
−
∫

β
∣∣∣Γ̄(S̄(T ), X ′, X ′, X

)∣∣∣2 d(S̄(T ), X ′, X ′, X
)

Translating the constraints:
S̄Eij + S̄Lij + ŜB

Eij + SB
Eik = 1

and:

ŜB
Lij + SB

Lik = κ

1−
∑
j

S̄B
Lij


leads to the two following contributions:∫

λ (X)
∣∣∣Γ̄(S̄(T ), X ′, X ′, X

)∣∣∣2 d(S̄(T ), X ′, X ′, X
)

×
(∫ ∣∣∣Γ̄(S̄(T ), X ′, X ′, X

)∣∣∣2 (S̄Ed
(
S̄E , X

′, X ′)+ S̄Ld
(
S̄L, X

′, X ′)+ ŜB
E d
(
ŜB
E , X ′, X ′

)
+ SB

E d
(
SB
E , X ′, X ′))− 1

)
+

∫
λ′ (X)

∣∣∣Γ̄(S̄(T ), X ′, X ′, X
)∣∣∣2 d(S̄(T ), X ′, X ′, X

)
×
(∫ ∣∣∣Γ̄(S̄(T ), X ′, X ′, X

)∣∣∣2 (ŜB
L d
(
ŜB
E , X ′, X ′

)
+ SB

L d
(
SB
E , X ′, X ′))− κ

(
1− S̄B

L

)
d
(
SB
L , X ′, X ′))

+

∫
λ (X)

(∑
η

∫
S̄η (X

′, X) dX ′ +

∫
ŜB
E (X ′, X) dX ′ + SB

E (X,X)− 1

)∣∣∣Γ̄(S̄(T ), X ′, X ′, X
)∣∣∣2

+

∫
λ′ (X)

(∫
ŜB
L (X ′, X) dX ′ + SB

L (X,X)− κ
(
1− S̄B

η (X)
)) ∣∣∣Γ̄(S̄(T ), X ′, X ′, X

)∣∣∣2
we define the various averages in the states defined by the fields:

S̄B
η (X ′, X) =

∫
S̄η

∣∣Γ̄∣∣2 d(S̄E , SE , ŜE , S̄L, SL, ŜL, X
′
)

SB
η (X,X) =

∫
SB
η

∣∣Γ̄∣∣2 d(S̄E , SE , ŜE , S̄L, SL, ŜL, X
′, X ′

)
ŜB
η (X ′, X) =

∫
ŜB
η

∣∣Γ̄∣∣2 d(S̄E , SE , ŜE , S̄L, SL, ŜL, X
′
)
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We also define:

S̄(T ) (X ′, X) |Γ (X ′, X)|2 =

∫
S̄(T )

∣∣Γ (S̄,X ′, X
)∣∣2

S̄B
η (X) =

∫
S̄B
η (X ′, X) dX ′

ŜB
η (X) =

∫
ŜB
η (X ′, X) dX ′

and the constraints on allocation in this context writes:

2∑
η=1

∫
S̄B
η (X ′, X) dX ′ +

∫
ŜB
E (X ′, X) dX ′ + SB

E (X,X) = 1

∫
ŜB
L (X ′, X) dX ′ + SB

L (X,X) = κ
(
1− S̄B

L (X)
)

As a consequence, the contraint rewrites in terms of fields:

∫
λ (X)

(
2∑

η=1

∫
S̄B
η (X ′, X) dX ′ +

∫
ŜB
E (X ′, X) dX ′ + SB

E (X,X)− 1

)∣∣∣Γ̄(S̄(T ), X ′, X ′, X
)∣∣∣2

+

∫
λ′ (X)

(∫
ŜB
L (X ′, X) dX ′ + SB

L (X,X)− κ
(
1− S̄B

η (X)
)) ∣∣∣Γ̄(S̄(T ), X ′, X ′, X

)∣∣∣2
The action functional for shares is thus defined by:

S
(
Γ̄
)

= −σ2
K̂

∑
η

∫
Γ̄†
(
S̄(T ), X ′, X ′, X

)
∇2

S̄
(T )
η

Γ̄
(
S̄(T ), X ′, X ′, X

)
d
(
S̄(T ), X ′, X ′, X

)
(195)

+

∫ ∑
η


(
S̄
(T )
η

)2
2ŵη (X ′, X ′, X)

− V̄ηS̄
(T )
η

− β

∣∣∣Γ̄(S̄(T ), X ′, X ′, X
)∣∣∣2 d(S̄(T ), X ′, X ′, X

)

+

∫
λ (X)

(
2∑

η=1

∫
S̄B
η (X ′, X) dX ′ +

∫
ŜB
E (X ′, X) dX ′ + SB

E (X,X)− 1

)∣∣∣Γ̄(S̄(T ), X ′, X ′, X
)∣∣∣2

+

∫
λ′ (X)

(∫
ŜB
L (X ′, X) dX ′ + SB

L (X,X)− κ
(
1− S̄B

η (X)
)) ∣∣∣Γ̄(S̄(T ), X ′, X ′, X

)∣∣∣2

S̄(T ) =
[
S̄E , SE , ŜE , S̄L, SL, ŜL

]
The minimization equations for (191) has been presented Gosselin and Lotz (2025). The mini-

mization equations for (195) are similar. They are obtained by using the derivatives with respect

to Γ
(
Ŝ(T ), X ′, X

)
, λ (X) and λ′ (X). These two derivatives implement the constraints. We find:

−σ2
K̂

∑
η

∇2

S̄
(T )
η

Γ̄
(
S̄(T ), X ′, X ′, X

)

+

∑
η


(
S̄
(T )
η

)2
2w̄η (X ′, X ′, X)

− V̄ (T )
η S̄T

η + λη (X) S̄T
η

− β

 Γ̄
(
S̄(T ), X ′, X ′, X

)
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with:

λη (X) = λ (X) for η = 1, 2, 3, 5

λη (X) = λ′ (X) for η = 5, 6

and where we rescaled:

λ (X)
∥∥∥Γ̄(S̄(T ), X ′, X ′, X

)∥∥∥2
X

→ λ (X)

λ′ (X)
∥∥∥Γ̄(S̄(T ), X ′, X ′, X

)∥∥∥2
X

→ λ′ (X)

with: ∥∥∥Γ̄(S̄(T ), X ′, X ′, X
)∥∥∥2

X
=

∫ ∣∣∣Γ̄(S̄(T ), X ′, X ′, X
)∣∣∣2 d (X ′, X ′) dS̄(T )

As in Gosselin and Lotz (2025), we can adjust β, so that the solution to the minimization equations
have the form:

Γ0,X′,X′,X

(
S̄(T )

)
Γ (X ′, X ′, X)

where:

Γ0,X′,X′,X

(
S̄(T )

)
= N exp

−
∑
η

(
S̄
(T )
η − S̄

(T )
η (X ′, X ′, X)

)2
2σ2

K̂


and the average S̄

(T )
η is given by:

S̄
(T )
η (X ′, X ′, X) = w̄η (X

′, X ′, X)
(
V̄η (X

′, X ′, X) + λη (X)
)

(196)

The average Ŝ(T ) s also the average:

S̄
(T )
η (X ′, X ′, X) =

∫
S̄
(T )
η

∣∣Γ0,X′,X′,X
(
S̄(T )

)∣∣2 dS̄(T )∫ ∣∣Γ0,X′,X′,X
(
S̄(T )

)∣∣2 dS̄(T )
(197)

=

∫
S̄
(T )
η

∣∣Γ (S̄(T ), X ′, X ′, X
)∣∣2 dS̄(T )∫ ∣∣Γ (S̄(T ), X ′, X ′, X

)∣∣2 dS̄(T )

Multiplying by Γ (X ′, X ′, X), we integrate with respect to X ′, X ′:∫
S̄(T )
η

∣∣∣Γ̄(S̄(T ), X ′, X ′, X
)∣∣∣2 d (X ′, X ′) dS̄(T )

=

∫
w̄η (X

′, X ′, X) V̄η

(
S̄(T ), X ′, X ′, X

) ∣∣∣Γ̄(S̄(T ), X ′, X ′, X
)∣∣∣2 d (X ′, X ′) dS̄(T )

+λη (X)

∫
w̄η (X

′, X ′, X)
∣∣Γ̄ (X ′, X ′, X)

∣∣2 d (X ′, X ′) dS̄(T )

Then the partial summation over η and the constraints yield:

1 =
∑

η∈{1,2,3,5,}

∫
w̄η (X

′, X ′, X) V̄η (X
′, X ′, X)

∣∣∣Γ̄(S̄(T ), X ′, X ′, X
)∣∣∣2 d (X ′, X ′) dS̄(T )

+λ (X)
∑

η∈{1,2,3,5,}

∫
w̄η (X

′, X ′, X)
∣∣∣Γ̄(S̄(T ), X ′, X ′, X

)∣∣∣2 d (X ′, X ′) dS̄(T )
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κ
(
1− S̄B

L (X)
)

=
∑

η∈{4,6}

∫
w̄η (X

′, X ′, X) V̄η (X
′, X ′, X)

∣∣∣Γ̄(S̄(T ), X ′, X ′, X
)∣∣∣2 d (X ′, X ′) dS̄(T )

+λ′ (X)
∑

η∈{4,6}

∫
w̄η (X

′, X ′, X)
∣∣∣Γ̄(S̄(T ), X ′, X ′, X

)∣∣∣2 d (X ′, X ′) dS̄(T )

Using the normalization over Ŝ(T ), we find the Lagrange multipliers:

λ (X) =

1−
∑

η∈{1,2,3,5,}

∫
w̄η (X

′, X ′, X) V̄η (X
′, X ′, X)

∣∣Γ̄ (X ′, X ′, X)
∣∣2 d (X ′, X ′)∑

η∈{1,2,3,5,}

∫
w̄η (X ′, X ′, X) V̄η (X ′, X ′, X)

∣∣Γ̄ (X ′, X ′, X)
∣∣2 d (X ′, X ′)

λ′ (X) =
κ
(
1− S̄B

L (X)
)
−
∑

η∈{4,6}
∫
w̄η (X

′, X ′, X) V̄η (X
′, X ′, X)

∣∣Γ̄ (X ′, X ′, X)
∣∣2 d (X ′, X ′) dS̄(T )∑

η∈{4,6}
∫
w̄η (X ′, X ′, X)

∣∣Γ̄ (X ′, X ′, X)
∣∣2 d (X ′, X ′) dS̄(T )

In the sequel we consider that the distribution |Γ (X ′, X)|2 varies slowly, so that, using the explicit
form for V̂η (X

′, X) leads to the expanded form of λ (X) and λ′ (X):

λ (X) =
1−

∫
w̄E (X ′, X) f̄ (X ′)−

∫
w̄L (X ′, X) r̄ (X ′)−

∫
ŵB

E (X ′, X) f̂ (X ′)− wB
E (X,X) f (X)

w̄E (X) + w̄E (X) + ŵB
E (X) + wB

E (X)
(198)

and:

λ′ (X) =
κ
(
1− S̄B

L (X)
)
−
∫
ŵL (X ′, X) r̂ (X ′)− wL (X,X) r̄

ŵL (X) + wL (X)
(199)

In the sequel, we will replace:

S̄
(T )
η (X ′, X ′, X) → S̄(T )

η (X ′, X ′, X)

Ultimately, remark that, as for investors, the same saddle point can be obtained by considering the
equivalent potential:

V (Γ)

→
∫ ŜE f̂ (X ′) + ŜLr̂ (X

′)− 1

2

(
Ŝη

)2 ∣∣Γ (S̄(T ), X ′, X
)∣∣2

ŵη (X ′, X)

+SEf (X) + SLr̄ (X)− 1

2

(Sη)
2 ∣∣Γ (S̄(T ), X ′, X

)∣∣2
wη (X)

)∣∣∣Γ(S̄(T ), X ′, X
)∣∣∣2

+

∫ (
S̄E f̂ (X ′) + S̄Lr̂ (X

′)− 1

2

(
S̄η

)2 ∣∣Γ̄ (S̄(T ), X ′, X ′, X
)∣∣2

ŵη (X ′, X)

+ŜB
E f̂ (X ′) + ŜB

L r̂ (X ′)− 1

2

(
ŜB
η

)2 ∣∣Γ (S̄(T ), X ′, X
)∣∣2

ŵB
η (X ′, X)

+SB
E f (X) + SB

L r̄ (X)− 1

2

(
SB
η

)2 ∣∣Γ (S̄(T ), X ′, X
)∣∣2

wB
η (X)

)∣∣∣Γ̄(S̄(T ), X ′, X ′, X
)∣∣∣2
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Appendix 4 Saddle point

A4.1 Formula for shares between two sectors

For investors’ field, the saddle point equations are the same as in the first part. For banks, they
write:

S̄E (X ′, X) = w̄E (X ′, X)
(
f̄ (X ′) + λ (X)

)
S̄L (X ′, X) = w̄L (X ′, X) (r̄ (X ′) + λ (X))

ŜB
E (X ′, X) = ŵB

E (X ′, X)
(
f̂ (X ′) + λ (X)

)
ŜB
L (X ′, X) = ŵB

L (X ′, X) (r̂ (X ′) + λ′ (X))

SB
E (X,X) = wB

E (X) (f (X) + λ (X))

SB
L (X,X) = wB

L (X) (r (X) + λ′ (X))

and the multiplers satisfy:

λ (X)

=
1−

∫
w̄E (X ′, X) f̂ (X ′)−

∫
w̄L (X ′, X) r̂ (X ′)−

∫
ŵB

E (X ′, X) f̂ (X ′)− wB
E (X,X) f (X)

w̄E (X) + w̄L (X) + ŵB
E (X) + wB

E (X)

and:

λ′ (X)

=
κ
(
1− S̄ (X)

)
−
∫
ŵB

L (X ′, X) r̂ (X ′)− wB
L (X,X) r̄

ŵB
L (X) + wB

L (X)

we define the average coefficients:

w̄η (X) =

∫
w̄η (X

′, X)

and:

ŵB
η (X) =

∫
ŵB

η (X ′, X)

so that S̄E (X ′, X) and S̄L (X ′, X) are given by:

S̄E (X ′, X)

= S̄E (X ′, X) +
w̄E (X ′, X)

w̄E (X) + w̄L (X) + ŵB
E (X) + wB

E (X)

×
{
w̄E (X)

(
f̄ (X ′)−

〈
f̄ (X ′)

〉
w̄E

)
+ w̄L (X)

(
f̄ (X ′)− ⟨r̄ (X ′)⟩w̄L

)
+ŵB

E (X)

(
f̄ (X ′)−

〈
f̂ (X ′)

〉
ŵE

)
+ wB

E (X)
(
f̄ (X ′)− f (X)

)}
S̄L (X ′, X)

= S̄L (X ′, X) +
w̄L (X ′, X)

w̄E (X) + w̄L (X) + ŵB
E (X) + wB

E (X)

×
{
w̄E (X)

(
r̄ (X ′)−

〈
f̄ (X ′)

〉
w̄E

)
+ w̄L (X)

(
r̄ (X ′)− ⟨r̄ (X ′)⟩w̄L

)
+ŵB

E (X)

(
r̄ (X ′)−

〈
f̂ (X ′)

〉
ŵB
E

)
+ wB

E (X) (r̄ (X ′)− f (X))

}
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Defining the weighted averages of a function by:

⟨F (X ′)⟩w̄η
=

∫
F (X ′) w̄η (X

′, X)

w̄η (X)

⟨F (X ′)⟩ŵη
=

∫
F (X ′) ŵB

η (X ′, X)

ŵB
η (X)

for any functions F (X ′), F (X ′) and:

S̄η (X
′, X) =

w̄η (X
′, X)

w̄E (X) + w̄L (X) + ŵB
E (X) + wB

E (X)

the shares ŜB
E (X ′, X) and ŜB

L (X ′, X) are given by:

ŜB
E (X ′, X)

= Ŝ
B

E (X ′, X) +
ŵB

E (X ′, X)

w̄E (X) + w̄L (X) + ŵB
E (X) + wB

E (X)

×
{
w̄E (X)

(
f̂ (X ′)−

〈
f̄ (X ′)

〉
w̄E

)
+ w̄L (X)

(
f̂ (X ′)− ⟨r̄ (X ′)⟩w̄L

)
+ŵB

E (X)

(
f̂ (X ′)−

〈
f̂ (X ′)

〉
ŵE

)
+ wB

E (X)
(
f̂ (X ′)− f (X)

)}
and:

ŜB
L (X ′, X)

κ
(
1− S̄ (X)

) = Ŝ
B

L (X ′, X)

+
ŵB

L (X ′, X)

ŵB
L (X) + wB

L (X)

[
ŵB

L (X)
(
r̂ (X ′)− ⟨r̂ (X ′)⟩ŵE

)
+ wB

L (X) (r̂ (X ′)− ⟨r (X ′)⟩)
]

≃ Ŝ
B

L (X ′, X) +
ŵB

L (X ′, X)

ŵB
L (X) + wB

L (X)
wB

L (X) (r̂ (X ′)− ⟨r (X ′)⟩)

where:

ŜE (X ′, X) =
ŵB

E (X ′, X)

w̄E (X) + w̄L (X) + ŵB
E (X) + wB

E (X)

Ŝ
B

L (X ′, X) =
ŵB

L (X ′, X)

ŵB
L (X) + wB

L (X)

The invested shares in firms are given by:

SB
E (X,X)

= SB
E (X,X) +

wB
E (X)

w̄E (X) + w̄L (X) + ŵB
E (X) + wB

E (X)

×
{
w̄E (X)

(
f (X)−

〈
f̄ (X ′)

〉
w̄E

)
+ w̄L (X)

(
f (X)− ⟨r̄ (X ′)⟩w̄L

)
+ŵB

E (X)

(
f (X)−

〈
f̂ (X ′)

〉
ŵE

)}
SB
L (X,X)

κ
(
1− S̄ (X)

)
= SB

L (X,X) +
wB

L (X)

ŵB
L (X) + wB

L (X)

(
ŵB

L (X)
(
r (X)− ⟨r̂ (X ′)⟩ŵL

)
+ wB

L (X) (r (X)− ⟨r (X)⟩)
)

≃ SB
L (X,X) +

wB
L (X)

ŵB
L (X) + wB

L (X)
ŵB

L (X)
(
r (X)− ⟨r̂ (X ′)⟩ŵL

)
102



with:

SB
E (X,X) =

wB
E (X,X)

w̄E (X) + w̄L (X) + ŵB
E (X) + wB

E (X)

SB
L (X,X) =

wB
L (X,X)

ŵB
L (X) + wB

L (X)

The coefficients ŵα, wα are endogeneous since they depend on the uncertainty on returns de-
pending themselves on the Ŝη Sη. Solving will be done by detailling this uncertainties. Before doing
so, we simplify slightly by imposing several assumptions.

First, we normalize:
w̄E (X) + w̄L (X) + ŵB

E (X) + wB
E (X) = 1

ŵB
L (X) + wB

L (X) = 1

and choose for the sake of simplicity:

w̄E (X ′, X) = w̄L (X ′, X) =
1

2
w̄ (X ′, X)

which describes that the perceived uncertainty for participations and loans are equal. This implies
that:

S̄E (X ′, X) = S̄L (X ′, X) =
S̄ (X ′, X)

2
=

1

2
w̄ (X ′, X)

Then defining:

S̄η (X
′) =

∫
S̄η (X

′, X)
K̄X

∣∣Ψ̄ (X)
∣∣2

K̄X′
∣∣Ψ̄ (X ′)

∣∣2 dX
≃

∫
S̄η (X

′, X) dX

〈
K̄
〉 ∥∥Ψ̄∥∥2

K̄X′
∣∣Ψ̄ (X ′)

∣∣2
w̄ (X ′) =

∫
w̄ (X ′, X) dX

ŵ (X ′) =

∫
ŵ (X ′, X) dX

ŵ =

∫
ŵ (X) dX

the shares rewrite as given in the text.

A4.2 Half average shares

For the resulution, we need to define half averaged shares:

S̄η (X
′) =

∫
S̄η (X

′, X)
K̄X

∣∣Ψ̄ (X)
∣∣2

K̄X′
∣∣Ψ̄ (X ′)

∣∣2 dX
They satisfy the following formula:

S̄E (X ′)

=
w̄ (X ′)

2

(
1 +

{
⟨w̄ (X)⟩

(
f̄ (X ′)−

〈
f̄ (X ′)

〉
w̄E

+ ⟨r̄ (X ′)⟩w̄L

2

)

+
〈
ŵB

E (X)
〉(

f̄ (X ′)−
〈
f̂ (X ′)

〉
ŵE

)
+
〈
wB

E (X)
〉 (

f̄ (X ′)− ⟨f (X)⟩
)}) 〈

K̄
〉 ∥∥Ψ̄∥∥2

K̄X′
∣∣Ψ̄ (X ′)

∣∣2
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S̄L (X ′)

=
w̄ (X ′)

2

(
1 +

{
⟨w̄ (X)⟩

(
r̄ (X ′)−

〈
f̄ (X ′)

〉
w̄E

+ ⟨r̄ (X ′)⟩w̄L

2

)

+
〈
ŵB

E (X)
〉(

r̄ (X ′)−
〈
f̂ (X ′)

〉
ŵB
E

)
+
〈
wB

E (X)
〉
(r̄ (X ′)− ⟨f (X)⟩)

}) 〈
K̄
〉 ∥∥Ψ̄∥∥2

K̄X′
∣∣Ψ̄ (X ′)

∣∣2
S̄ (X ′) = S̄E (X ′) + S̄L (X ′)

= w̄ (X ′)

[
1 +

{
⟨w̄ (X)⟩

(
f̄ (X ′) + r̄ (X ′)

2
−

〈
f̄ (X ′)

〉
w̄E

+ ⟨r̄ (X ′)⟩w̄L

2

)

+
〈
ŵB

E (X)
〉( f̄ (X ′) + r̄ (X ′)

2
−
〈
f̂ (X ′)

〉
ŵE

)
+
〈
wB

E (X)
〉( f̄ (X ′) + r̄ (X ′)

2
− ⟨f (X)⟩

)}] 〈
K̄
〉 ∥∥Ψ̄∥∥2

K̄X′
∣∣Ψ̄ (X ′)

∣∣2
with the partial averages:

w̄η (X) =

∫
w̄η (X

′, X) , w̄ (X ′) =

∫
w̄ (X ′, X) dX

ŵB
η (X) =

∫
ŵB

η (X ′, X) , ŵ (X ′) =

∫
ŵ (X ′, X) dX

and the full average:

ŵ =

∫
ŵ (X) dX

We will need also the coeficients Ŝη (X
′):

ŜB
η (X ′) =

∫
ŜB
η (X ′, X)

K̄X

∣∣Ψ̄ (X)
∣∣2

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2 dX

ŜB
E (X ′)

= ŵB
E (X ′)

[
1 + ⟨w̄ (X)⟩

(
f̂ (X ′)−

〈
f̄ (X ′)

〉
w̄E

+ ⟨r̄ (X ′)⟩w̄L

2

)

+
〈
ŵB

E (X)
〉(

f̂ (X ′)−
〈
f̂ (X ′)

〉
ŵE

)
+
〈
wB

E (X)
〉 (

f̂ (X ′)− ⟨f (X)⟩
)] 〈

K̄
〉 ∥∥Ψ̄∥∥2

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2

ŜB
L (X ′)

κ
(
1−

〈
S̄ (X)

〉) ŵB
L (X)

(
r (X)− ⟨r̂ (X ′)⟩ŵL

)
wB

L (X) (r̂ (X ′)− ⟨r (X ′)⟩)

= ŵB
L (X ′)

{
1 +

〈
wB

L (X)
〉
(r̂ (X ′)− ⟨r (X ′)⟩)

} 〈
K̄
〉 ∥∥Ψ̄∥∥2

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2

and the coefficient SB
η (X):

SB
η (X) = SB

η (X,X)
K̄X

∣∣Ψ̄ (X)
∣∣2

KX |Ψ(X)|2

SB (X) =
(
SB
E (X,X) + SB

L (X,X)
) K̄X

∣∣Ψ̄ (X)
∣∣2

KX |Ψ(X)|2
= SB (X,X)

K̄X

∣∣Ψ̄ (X)
∣∣2

KX |Ψ(X)|2
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SB
L (X)

κ
(
1−

〈
S̄ (X)

〉)
= wB

L (X ′)
{
1 + ŵB

L (X)
(
r (X)− ⟨r̂ (X ′)⟩ŵL

)} 〈
K̄
〉 ∥∥Ψ̄∥∥2

KX |Ψ(X)|2

Appendix 5 Uncertainty and coefficents

Once the equations for the shares have been found, we can complete the system by deriving formulas
for uncertainty. For investors, formula are similar to part 1. For banks, the derivation is the
following.

A5.1 Form of uncertainty

The principle is the same as for investors. The form of uncertainty is derived by considering
the return equations (190) without default. We consider participations only and use the return
equation:

0 =
(
δ (X −X ′)− S̄E (X ′, X)

) 1− S̄ (X ′)

1− S̄E (X ′)

(
f̄ (X ′)− (1 + κ) r̄ (X ′)

)
(200)

−ŜB
E (X ′, X)

1−
(
Ŝ (X ′) + ŜB

E (X ′) + ŜB
L (X ′)

)
1−

(
ŜE (X ′) + ŜB

E (X ′)
) (

f̂ (X ′)− r̄
)

−SB
E (X,X)

{
1−

(
S (X ′) +

(
SB
E (X ′) + SB

L (X ′)
))

1− SE (X ′)− SB
E (X ′)

(
(f ′

1 (X
′)− r̄) + ∆Fτ

(
R̄ (K,X)

))}

Expanding this equation in series leads to:

f̄ (X ′)− (1 + κ) r̄ (X ′)

=
1− S̄E (X ′)

1− S̄ (X ′)
ŜB
E (X ′, X ′)

1−
(
Ŝ (X ′) + ŜB

E (X ′) + ŜB
L (X ′)

)
1−

(
ŜE (X ′) + ŜB

E (X ′)
) (

f̂ (X ′)− r̄
)

+
1− S̄E (X ′)

1− S̄ (X ′)
SB
E (X ′, X ′)

{
1−

(
S (X ′) +

(
SB
E (X ′) + SB

L (X ′)
))

1− SE (X ′)− SB
E (X ′)

(
(f ′

1 (X
′)− r̄) + ∆Fτ

(
R̄ (K,X ′)

))}

+
1− S̄E (X ′)

1− S̄ (X ′)

∑
S̄m
E

(
(X ′)

′
, X ′

)
×

ŜB
E

(
(X ′)

′
, (X ′)

′
) 1−

(
Ŝ
(
(X ′)

′)
+ ŜB

E

(
(X ′)

′)
+ ŜB

L

(
(X ′)

′))
1−

(
ŜE

(
(X ′)

′)
+ ŜB

E

(
(X ′)

′)) (
f̂
(
(X ′)

′
)
− r̄
)

+SB
E

(
(X ′)

′
){1−

(
S
(
(X ′)

′)
+
(
SB
E

(
(X ′)

′)
+ SB

L

(
(X ′)

′)))
1− SE

(
(X ′)

′)− SB
E

(
(X ′)

′) ((
f ′
1

(
(X ′)

′
)
− r̄
)
+∆Fτ

(
R̄
(
K, (X ′)

′
)))}]

This series shows that due to the diffusion, investing in one other investors leads to a chain of far
investments, which increases the uncertainty, from the point of view of the investr located at X:
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Un
(
X, f̂ (X ′)

)
= Un

[
1− S̄E (X ′)

1− S̄ (X ′)

∑
S̄m
E

(
(X ′)

′
, X ′

)
×

ŜB
E

(
(X ′)

′
, (X ′)

′
) 1−

(
Ŝ
(
(X ′)

′)
+ ŜB

E

(
(X ′)

′)
+ ŜB

L

(
(X ′)

′))
1−

(
ŜE

(
(X ′)

′)
+ ŜB

E

(
(X ′)

′)) (
f̂
(
(X ′)

′
)
− r̄
)

+SB
E

(
(X ′)

′
){1−

(
S
(
(X ′)

′)
+
(
SB
E

(
(X ′)

′)
+ SB

L

(
(X ′)

′))) ((
f ′
1

(
(X ′)

′)− r̄
)
+∆Fτ

(
R̄
(
K, (X ′)

′)))
1− SE

(
(X ′)

′)− SB
E

(
(X ′)

′)
}]]

We consider as before that the uncertainty of the two terms is additive in first approximation and
that it is multiplicative for each term:

Un

S̄m
E

(
(X ′)

′
, X ′

)ŜB
E

(
(X ′)

′
, (X ′)

′
) 1−

(
Ŝ
(
(X ′)

′)
+ ŜB

E

(
(X ′)

′)
+ ŜB

L

(
(X ′)

′))
1−

(
Ŝ1

(
(X ′)

′)
+ ŜB

1

(
(X ′)

′)) (
f̂
(
(X ′)

′
)
− r̄
)

→ ζ̄2

(
1

w̄
(0)
1

(
(X ′)

′
, X ′

m−1

)
...w̄

(0)
1 (X ′

1, X
′)

)
S̄2m
E

(
(X ′)

′
, X ′

)
V ar

(
f̂
(
(X ′)

′
)
− r̄
)

ζ̄2 is defined by:

〈
1− S̄E (X ′)

1− S̄ (X ′)

〉2 〈
ŜB
E

(
(X ′)

′
, (X ′)

′
)〉2〈1−

(
Ŝ
(
(X ′)

′)
+ ŜB

E

(
(X ′)

′)
+ ŜB

L

(
(X ′)

′))
1−

(
ŜE

(
(X ′)

′)
+ ŜB

E

(
(X ′)

′))
〉2

and is approximated by averages as before:

ζ̄2

→
〈
ŜB
E

(
(X ′)

′
, (X ′)

′
)〉2〈1−

(
Ŝ
(
(X ′)

′)
+ ŜB

E

(
(X ′)

′)
+ ŜB

L

(
(X ′)

′))
1−

(
ŜE

(
(X ′)

′)
+ ŜB

E

(
(X ′)

′))
〉2

that are considered as constant to focus rather on the diffusion of uncertainty rather than on local
uncertainties.

Similarly:

Un
(
S̄m
E (X ′, X)SB

E

(
(X ′)

′
)

×

{
1−

(
S
(
(X ′)

′)
+
(
SB
E

(
(X ′)

′)
+ SB

L

(
(X ′)

′))) ((
f ′
1

(
(X ′)

′)− r̄
)
+∆Fτ

(
R̄
(
K, (X ′)

′)))
1− SE

(
(X ′)

′)− SB
E

(
(X ′)

′)
})

→ ξ̄2

(
1

w̄
(0)
1

(
(X ′)

′
, X ′

m−1

)
...w̄

(0)
1 (X ′

1, X
′)

)
S̄2m
E (X ′, X)

ξ̄2 being the average variance:

〈
SB
E

(
(X ′)

′
)〉2〈1−

(
S
(
(X ′)

′)
+
(
SB
E

(
(X ′)

′)
+ SB

L

(
(X ′)

′)))
1− SE

(
(X ′)

′)− SB
E

(
(X ′)

′)
〉2

×V ar
((

f ′
1

(
(X ′)

′
)
− r̄
)
+∆Fτ

(
R̄
(
K, (X ′)

′
)))
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We also assume that for paths that are disconnected the uncertainty is additive, so that in first
approximation:

Un
(
X, f̂ (X ′)

)
→

∑(
ζ̄2V ar

(
f̂
(
(X ′)

′
)
− r̄
)
+ ξ̄2

)( 1

w̄
(0)
1

(
(X ′)

′
, X ′

m−1

)
...w̄

(0)
1 (X ′

1, X
′)

)
S̄2m
E (X ′, X)

As before, this implies that connections are organized mainly in limited zone of independent el-
ements: if one element of some connected group connects to an other group, it increases the
uncertainty of the all groups. As a consequence, it leads to an organization in several regions, or
groups, with limited connections between different groups. Due to inertia in stakes dynamics, there
are many possibilities of organized connexions between investors, each of them presenting some
persistence through time.

A5.2 Precise form of uncertainty and computation of ŵ

The uncertainty can be evaluated more precisely. We consider that ζ2 is the uncertainty for:

SE (X ′)
(1− S (X ′)) (f ′

1 (X
′)− r̄)

1− SE (X ′)

so that for choosing to take share in f̂ (X ′) we sum over diconnected paths:

f̄ (X ′)− (1 + κ) r̄ (X ′) (201)

=
1− S̄E (X ′)

1− S̄ (X ′)
ŜB
E (X ′, X ′)

1−
(
Ŝ (X ′) + ŜB

E (X ′) + ŜB
L (X ′)

)
1−

(
ŜE (X ′) + ŜB

E (X ′)
) (

f̂ (X ′)− r̄
)

+
1− S̄E (X ′)

1− S̄ (X ′)
SB
E (X ′, X ′)

{
1−

(
S (X ′) +

(
SB
E (X ′) + SB

L (X ′)
))

1− SE (X ′)− SB
E (X ′)

(
(f ′

1 (X
′)− r̄) + ∆Fτ

(
R̄ (K,X ′)

))}

+
1− S̄E (X ′)

1− S̄ (X ′)

∑
S̄m
E

(
(X ′)

′
, X ′

)
×

ŜB
E

(
(X ′)

′
, (X ′)

′
) 1−

(
Ŝ
(
(X ′)

′)
+ ŜB

E

(
(X ′)

′)
+ ŜB

L

(
(X ′)

′))
1−

(
ŜE

(
(X ′)

′)
+ ŜB

E

(
(X ′)

′)) (
f̂
(
(X ′)

′
)
− r̄
)

+SB
E

(
(X ′)

′
){1−

(
S
(
(X ′)

′)
+
(
SB
E

(
(X ′)

′)
+ SB

L

(
(X ′)

′)))
1− SE

(
(X ′)

′)− SB
E

(
(X ′)

′) ((
f ′
1

(
(X ′)

′
)
− r̄
)
+∆Fτ

(
R̄
(
K, (X ′)

′
)))}]

and we assume as before that the uncertainty is multiplicative along paths and additive for both
component. Now we take into account the uncertainty associated to:

f̂ (X ′)− r̄
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so that we compute Un
(
X, f̄ (X ′)

)
:

Un

[
1− S̄E (X ′)

1− S̄ (X ′)

∑
S̄m
E

(
(X ′)

′
, X ′

)
(202)

×

ŜB
E

(
(X ′)

′
, (X ′)

′
) 1−

(
Ŝ
(
(X ′)

′)
+ ŜB

E

(
(X ′)

′)
+ ŜB

L

(
(X ′)

′))
1−

(
ŜE

(
(X ′)

′)
+ ŜB

E

(
(X ′)

′)) (
f̂
(
(X ′)

′
)
− r̄
)

=

[
ζ̄2

ŵ
(0)B
1

(
(X ′)

′
, X ′

) +∑ ζ̄2

ŵ
(0)B
1

(
(X ′)

′
, (X ′)

′)
(

1

w̄
(0)
1

(
(X ′)

′
, X ′

m−1

)
...w̄

(0)
1 (X ′

1, X
′)

)

×S̄2
E

(
(X ′)

′
, X ′

m−1

)
...S̄2

E (X ′
1, X

′)
]
×
(〈

f̂
(
(X ′)

′
)
− r̄
〉2

+ Un
(
f̂
(
(X ′)

′
)
− r̄
))

+

[
1− S̄E (X ′)

1− S̄ (X ′)

∑
S̄m
E

(
(X ′)

′
, X ′

)
ŜB
E (X ′, X ′) ŜB

E

(
(X ′)

′
, (X ′)

′
)

×
1−

(
Ŝ
(
(X ′)

′)
+ ŜB

E

(
(X ′)

′)
+ ŜB

L

(
(X ′)

′))
1−

(
ŜE

(
(X ′)

′)
+ ŜB

E

(
(X ′)

′))
2

Un
(
f̂
(
(X ′)

′
)
− r̄
)

where ζ̄2 stands for:

ζ̄2 =

〈
1− S̄E (X ′)

1− S̄ (X ′)

〉2 〈
ŜB
E

(
(X ′)

′
, (X ′)

)〉2
×

〈
1−

(
Ŝ
(
(X ′)

′)
+ ŜB

E

(
(X ′)

′)
+ ŜB

L

(
(X ′)

′))
1−

(
ŜE

(
(X ′)

′)
+ ŜB

E

(
(X ′)

′))
〉2

Given the increasing character of uncertainty, we consider that:〈
f̂ (X ′)− r̄

〉2
<< Un

(
f̂ (X ′)− r̄

)
and the last term is negligible compared to the composd uncertainty. As a consequence, the
uncertainty (202) writes:

1

w̄
(0)
1 (X ′, X)

[
ζ̄2

ŵ
(0)B
1

(
(X ′)

′
, X ′

) +∑ ζ̄2

ŵ
(0)B
1

(
(X ′)

′
, (X ′)

′)
(

1

w̄
(0)
1

(
(X ′)

′
, X ′

m−1

)
...w̄

(0)
1 (X ′

1, X
′)

)
×S̄2

E

(
(X ′)

′
, X ′

m−1

)
...S̄2

1 (X
′
1, X

′)
]
× Un

(
f̂ (X ′)− r̄

)
(203)

=
1

w̄
(0)
1 (X ′, X)

[
ζ̄2

ŵ
(0)B
1

(
(X ′)

′
, X ′

) +∑ ζ̄2

ŵ
(0)B
1

(
(X ′)

′
, (X ′)

′)
(

1

w̄
(0)
1

(
(X ′)

′
, X ′

m−1

)
...w̄

(0)
1 (X ′

1, X
′)

)

×S̄2
E

(
(X ′)

′
, X ′

m−1

)
...S̄2

E (X ′
1, X

′)
]
× 1

ŵ
(0)
1

(
(X ′)

′
, (X ′)

′)
ζ2 + ζ2

(
γ
〈
ŜE

(
X1, (X

′)
′)〉

X1

)2

1−
(
γ
〈
ŜE

(
X ′, (X ′)

′)〉)2


=
1

w̄
(0)
1 (X ′, X)

 ζ̄2

ŵ
(0)B
1

(
(X ′)

′
, X ′

) + ζ̄2〈
ŵ

(0)B
1

(
(X ′)

′
, X ′

)〉
(X′)′

(
γ̄
〈
S̄E (X ′

1, X
′)
〉
X′

1

)2
1−

(
γ̄
〈
S̄2
E (X ′

1, X
′)
〉)2


×

ζ2 + ζ2

(
γ
〈
ŜE

(
X1, (X

′)
′)〉

X1

)2

1−
(
γ
〈
ŜE

(
X ′, (X ′)

′)〉)2

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with:

ζ2 = Un

(
1− ŜE (X ′)

1− Ŝ (X ′)
SE (X ′)

(1− S (X ′)) (f ′
1 (X

′)− r̄)

1− SE (X ′)

)

=

(
1− ŜE (X ′)

1− Ŝ (X ′)
SE (X ′)

(1− S (X ′))

1− SE (X ′)

)2

V ar (f ′
1 (X

′)− r̄)

→

〈
1− ŜE (X ′)

1− Ŝ (X ′)
SE

(
(X ′)

′
)〉2〈(

1− S
(
(X ′)

′))
1− SE

(
(X ′)

′)
〉2

V ar
(
f ′
1

(
(X ′)

′
)
− r̄
)

→

〈
1− ŜE (X ′)

1− Ŝ (X ′)
SE

(
(X ′)

′
)〉2

V ar
((

f1

(
(X ′)

′
)
− r̄
)
+∆Fτ

(
R̄
(
K, (X ′)

′
)))

and:

Un
(
f̂ (X ′)− r̄

)
= V ar

(
f̂
(
(X ′)

′
)
− r̄
)

= ζ2 + ζ2

(
γ
〈
ŜE

(
X1, (X

′)
′)〉

X1

)2

1−
(
γ
〈
ŜE

(
X ′, (X ′)

′)〉)2
Formula (203) has to be summed over (X ′)

′ leading to:

ζ̄2ζ2

1 +

(
γ̄⟨S̄E(X′

1,X
′)⟩X′

1

)2

1−(γ̄⟨S̄2
E(X

′
1,X

′)⟩)2

(1 + (
γ
〈
ŜE

(
X1,(X′)

′)〉)2
1−(γ⟨ŜE(X′,(X′)′)⟩)2

)

w̄
(0)
1 (X ′, X)

〈
ŵ

(0)B
1

(
(X ′)

′
, X ′

)〉
(X′)′

The second uncertainty comes from the last contribution of (201):

Un

{
1− S̄E (X ′)

1− S̄ (X ′)

∑
S̄m
E

(
(X ′)

′
, X ′

)
SB
E

(
(X ′)

′
, (X ′)

′
)

×

{
1−

(
S
(
(X ′)

′)
+
(
SB
E

(
(X ′)

′)
+ SB

L

(
(X ′)

′)))
1− SE

(
(X ′)

′)− SB
E

(
(X ′)

′) ((
f ′
1

(
(X ′)

′
)
− r̄
)
+∆Fτ

(
R̄
(
K, (X ′)

′
)))}}

=
ξ2

w̄
(0)
E (X ′, X)

+
∑ ξ2

w̄
(0)
E (X ′, X)

(
1

w̄
(0)
E

(
(X ′)

′
, X ′

m−1

)
...w̄

(0)
E (X ′

1, X
′)

)
S̄2
E

(
(X ′)

′
, X ′

m−1

)
...S̄2

E (X ′
1, X

′)

≃ 1

w̄
(0)
E (X ′, X)

(
ξ2 +

〈
S̄E (X1, X

′)
〉2
X1

∑
ξ2
(
γ̄2
)m 〈

S̄2
E

(
(X ′)

′
, X ′

)〉m−1
)

≃ ξ2

w̄
(0)
E (X ′, X)

1 +

(
γ̄
〈
S̄E (X1, X

′)
〉2
X1

)2
1−

(
γ̄
〈
S̄2
E

(
(X ′)

′
, X ′

)〉)2


where
〈
S̄E (X1, X

′)
〉2
X1

is the average taken over X1 and γ̄ represents the average distance-dependent
uncertainty

γ̄2 ≃

(
1

w̄
(0)
1

(
(X ′)

′
, X ′

m−1

)
...w̄

(0)
1 (X ′

1, X
′)

) 1
m
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and ξ2 is the variance:〈
1− S̄E (X ′)

1− S̄ (X ′)

〉2 〈
SB
E

(
(X ′)

′
, (X ′)

′
)〉2

〈
1−

(
S
(
(X ′)

′)
+
(
SB
E

(
(X ′)

′)
+ SB

L

(
(X ′)

′)))
1− SE

(
(X ′)

′)− SB
E

(
(X ′)

′)
〉2

V ar
((

f ′
1

(
(X ′)

′
)
− r̄
)
+∆Fτ

(
R̄
(
K, (X ′)

′
)))

=

〈
1− S̄E (X ′)

1− S̄ (X ′)

〉2 〈
SB
E

(
(X ′)

′
, (X ′)

′
)〉2

V ar
((

f1

(
(X ′)

′
)
− r̄
)
+∆Fτ

(
R̄
(
K, (X ′)

′
)))

The uncertainty Un
(
X, f̄ (X ′)

)
is thus:

Un
(
X, f̄ (X ′)

)
(204)

=
1

w̄
(0)
1 (X ′, X)


ζ̄2ζ2

(
1 +

(
γ
〈
ŜE

(
X1,(X′)

′)〉)2
1−(γ⟨ŜE(X′,(X′)′)⟩)2

)
〈
ŵ

(0)B
1

(
(X ′)

′
, X ′

)〉
(X′)′

+ ξ2


1 +

(
γ̄
〈
S̄E (X1, X

′)
〉
X1

)2
1−

(
γ̄
〈
S̄E

(
(X ′)

′
, X ′

)〉)2


while the uncertainty Un
(
X, f̂ (X ′)

)
becomes:

Un
(
X, f̂ (X ′)

)
=

ζ2

ŵ
(0)B
1 (X ′, X)

1 +

(
γ
〈
ŜE (X1, X

′)
〉
X1

)2

1−
(
γ
〈
ŜE

(
X ′, (X ′)

′)〉)2
 (205)

and:
Un (X, f ′ (X)) → ζ2 (206)

To simplify the expressions, we also consider the same uncertainty for S̄E and S̄L. as in Gosselin
and Lotz (2025), so that:

ŵ (X ′, X)

2
→ 2ζ2

2

ζ2 + ζ2

ŵ
(0)
1 (X′,X)

1 +

(
γ⟨ŜE(X1,X′)⟩

X1

)2

1−(γ⟨ŜE(X′,X)⟩)2



=

(
1−

(
γ
〈
ŜE (X)

〉)2)
ŵ

(0)
1 (X ′, X)

1 + ŵ
(0)
1 (X ′, X)

(
1−

(
γ
〈
ŜE (X)

〉)2)
+

(
γ
〈
ŜE (X1, X ′)

〉
X1

)2

−
(
γ
〈
ŜE (X)

〉)2
We also include the uncertainty due to loans by replacing:

γ
〈
ŜE (X1, X

′)
〉
X1

→ γ
〈
Ŝ (X1, X

′)
〉
X1

γ̄
〈
S̄E (X1, X

′)
〉
X1

→ γ̄
〈
S̄ (X1, X

′)
〉
X1

and if we rescale γ̄ → γ̄
2 :

γ
〈
ŜE (X1, X

′)
〉
X1

→ γ

〈
Ŝ (X1, X

′)
〉
X1

2
≃ γ

〈
ŜE (X1, X

′)
〉
X1
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and:

γ̄
〈
S̄E (X1, X

′)
〉
X1

→ γ̄

〈
S̄ (X1, X

′)
〉
X1

2

The others coefficients are computed by using both formula along wth the fact that under our
assumptions:

Un
(
X, f̄ (X ′)

)
+ Un (X, r̄ (X ′)) = 2Un

(
X, f̄ (X ′)

)
The coefficient (w̄ (X ′, X))

−1 measures this uncertainty:

(w̄ (X ′, X))
−1

(207)

→ 1 +
1

2ζ2w̄
(0)
1 (X ′, X)


ζ̄2ζ2

(
1 +

(
γ
〈
ŜE

(
X1,(X′)

′)〉)2
1−(γ⟨ŜE(X′,(X′)′)⟩)2

)
〈
ŵ

(0)B
1

(
(X ′)

′
, X ′

)〉
(X′)′

+ ξ2



×



1 +

γ̄
⟨S̄(XE,X′)⟩

X1
2

2

1−
(
γ̄
⟨S̄(X1,X

′)⟩X1
2

)2

1 +

(
γ⟨ŜE(X1,X′)⟩

X1

)2

1−(γ⟨ŜE(X′,(X′)′)⟩)2



w
(0)B
1 (X ′, X) +

ζ2

ξ2

1 +

(
γ
〈
ŜE (X1, X

′)
〉
X1

)2

1−
(
γ
〈
ŜE

(
X ′, (X ′)

′)〉)2



(
ŵB

E (X ′, X)
)−1

(208)

→ 1 +

2ζ2w̄
(0)
E (X′,X)

w
(0)B
E

(X′,X)


1+

(
γ⟨ŜE(X1,X

′)⟩
X1

)2
1−(γ⟨ŜE(X′,(X′)′)⟩)2

1+

(
γ̄
⟨S̄(X1,X

′)⟩X1
2

)2

1−
(
γ̄
⟨S̄(X1,X

′)⟩X1
2

)2




ζ̄2ζ2

1+
(γ⟨ŜE(X1,(X

′)′)⟩)2
1−(γ⟨ŜE(X′,(X′)′)⟩)2


〈
ŵ
(0)B
E ((X′)′,X′)

〉
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ŵ

(0)B
E

(
(X ′)

′
, X ′)〉

(X′)′

ξ2w
(0)B
E (X ′, X)

1 +

(
γ
〈
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Appendix 6 Averages

A6.1 Capital averages

A6.1.1 Maximal capital

The average return equations for shares depend on average capital ratios. We recall the formula
needed for the derivations expressd in terms of the shares variables. We use the quantities:

f̄
(
K̄1, X1

)
=
(
1− M̄

)
ḡ
(
K̂ ′, X ′

)

⟨ḡ⟩ =
(
1−

〈
M̄ (X ′, X)

〉)−1 〈
f̄
〉

=
1

1−
〈
S̄ (X ′, X)

〉 〈f̄〉
f̂
(
K̂1, X1

)
=
(
1− M̂

)
ĝ
(
K̂ ′, X ′

)
+ N̄ ḡ

(
K̂ ′, X ′

)
The average maximal capital per sector for banks and investors are given in first approximation
by:

〈
K̄0

〉2 ≃ 2
σ2
K̂

⟨ḡ⟩2

∥∥Ψ̄0

∥∥2
µ̂

−


〈
K̂
〉2

⟨ĝ⟩

σ2
K̂

〈ĝBef
〉 〈K̄0

〉〈
K̂
〉


and: 〈
K̂0

〉2
≃ 2

σ2
K̂

⟨ĝ⟩2


∥∥∥Ψ̂0

∥∥∥2
µ̂

−


〈
K̂
〉2

⟨ĝ⟩

σ2
K̂

+
1

2

〈ĝef〉
〈
K̂0

〉
〈
K̂
〉
 (209)

⟨K0⟩2 ≃ 2
σ2
K̂

⟨f1⟩2
|Ψ0 (X)|2

ϵ

where:

〈
ĝef
〉
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(
κ
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〈
k̂
〉)

+
〈
k̂B1

〉〈
k̂2

〉)(
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B
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+
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⟨ĝ⟩+

(
1− M̂

)−1

N̄ ⟨ḡ⟩
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A6.1.2 Average disposable capital for investors

The average disposable incomes are given by:

〈
K̂
〉∥∥∥Ψ̂∥∥∥2 = µ̂V

〈
K̂0

〉4
2σ2
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1
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〉

3
〈
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=
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〈
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≃
9σ2
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2µ̂ ⟨ĝ⟩2
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∥∥∥Ψ̂0
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〈
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A6.1.3 Average disposable capital for banks

The disposable capital for banks
〈
K̄
〉 ∥∥Ψ̄∥∥2 is given by:

〈
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)∥∥Ψ̄0

∥∥− 3
8
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⟨ĝ⟩ −

√(
1− ⟨ĝef ⟩
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Combining (210) and (211) leads to the ratio:
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K̂
〉∥∥∥Ψ̂∥∥∥2 ≃

 ⟨f̂⟩+ ⟨ŜB
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with solution:〈
K̄
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and this allows to rewrites:
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At the lowest order:〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̂
〉∥∥∥Ψ̂∥∥∥2 (213)

≃
2
(
1− S̄

)2 ∥∥Ψ̄0

∥∥4 〈f̂〉2(
1− Ŝ
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and: 〈
K̂
〉∥∥∥Ψ̂∥∥∥2 =
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A6.1.4 Average disposable capital for firms

The formula for firms capital is:
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12
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As a consequence, we replace:
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⟨K⟩ ∥Ψ∥2 ≃ ϵK0
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using in first approximation that:
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A6.2 Average capital ratio

A6.2.1 Equations for capital ratio〈
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These equations do not solve for capital ratios. Actually, the quantities in the right hand side
depend themselves on the capital ratios:
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⟨ḡ⟩2µ̂

(∥∥Ψ̄0

∥∥)4
ϵ
√
σ2
K̂

|Ψ0(X)|2
ϵ

3
12X

3

×σ2
K̂

(
1−

(
⟨SE (X)⟩+

〈
SB
E (X)

〉)
1− (⟨S (X)⟩+ ⟨SB (X)⟩)

(f1 (X)− r (X)) + r (X)

)2
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and:

⟨S (X ′, X ′)⟩

〈
K̂
〉∥∥∥Ψ̂∥∥∥2

⟨K⟩ ∥Ψ∥2
+
〈
SB (X ′, X ′)

〉 〈K̄〉 ∥∥Ψ̄∥∥2
⟨K⟩ ∥Ψ∥2

≃
⟨S (X ′, X ′)⟩

9σ2
K̂

2µ̂⟨ĝ⟩2V
∥∥∥Ψ̂0

∥∥∥4 + 〈SB (X ′, X ′)
〉
18

σ2
K̂

V

⟨ḡ⟩2µ̂

(∥∥Ψ̄0

∥∥)4
ϵ
√
σ2
K̂

|Ψ0(X)|2
ϵ

3
12X

3

×σ2
K̂

(
1−

(
⟨SE (X)⟩+

〈
SB
E (X)

〉)
1− (S (X) + SB (X))

(f1 (X)− r (X)) + r (X)

)2

Z =

1−
(
⟨SE (X ′, X ′)⟩ ⟨K̂⟩∥Ψ̂∥2

⟨K⟩∥Ψ∥2 +
〈
SB
E (X ′, X ′)

〉 ⟨K̄⟩∥Ψ̄∥2
⟨K⟩∥Ψ∥2

)
1−

(
⟨S (X ′, X ′)⟩ ⟨K̂⟩∥Ψ̂∥2

⟨K⟩∥Ψ∥2 + ⟨SB (X ′, X ′)⟩ ⟨K̄⟩∥Ψ̄∥2

⟨K⟩∥Ψ∥2

)

=

1−
⟨SE(X′,X′)⟩

9σ2
K̂

2µ̂⟨ĝ⟩2
V ∥Ψ̂0∥4+⟨SB

E (X
′,X′)⟩18

σ2
K̂

V

⟨ḡ⟩2µ̂ (∥Ψ̄0∥)4

ϵ

√
σ2
K̂

|Ψ0(X)|2
ϵ

3
12X

3

σ2
K̂

(
1−(SE(X)+SB

E (X))
1−(S(X)+SB(X))

(f1 (X)− r (X)) + r (X)

)2

1−
⟨S(X′,X′)⟩

9σ2
K̂

2µ̂⟨ĝ⟩2
V ∥Ψ̂0∥4+⟨SB(X′,X′)⟩18

σ2
K̂

V

⟨ḡ⟩2µ̂ (∥Ψ̄0∥)4

ϵ

√
σ2
K̂

|Ψ0(X)|2
ϵ

3
12X

3

σ2
K̂

(
1−(SE(X)+SB

E
(X))

1−(S(X)+SB(X))
(f1 (X)− r (X)) + r (X)

)2

and this is an equation for Z:

Z =

1−
⟨SE(X′,X′)⟩

9σ2
K̂

2µ̂⟨ĝ⟩2
V ∥Ψ̂0∥4+⟨SB

E (X
′,X′)⟩18

σ2
K̂

V

⟨ḡ⟩2µ̂ (∥Ψ̄0∥)4

ϵ

√
σ2
K̂

|Ψ0(X)|2
ϵ

3
12X

3

σ2
K̂
(Z (f1 (X)− r (X)) + r (X))

2

1−
⟨S(X′,X′)⟩

9σ2
K̂

2µ̂⟨ĝ⟩2
V ∥Ψ̂0∥4+⟨SB(X′,X′)⟩18

σ2
K̂

V

⟨ḡ⟩2µ̂ (∥Ψ̄0∥)4

ϵ

√
σ2
K̂

|Ψ0(X)|2
ϵ

3
12X

3

σ2
K̂
(Z (f1 (X)− r (X)) + r (X))

2

(216)

=
1−A (Z (f1 (X)− r (X)) + r (X))

2

1−B (Z (f1 (X)− r (X)) + r (X))
2

where:

A =
⟨SE (X ′, X ′)⟩

9σ2
K̂

2µ̂⟨ĝ⟩2V
∥∥∥Ψ̂0

∥∥∥4 + 〈SB
E (X ′, X ′)

〉
18

σ2
K̂

V

⟨ḡ⟩2µ̂

(∥∥Ψ̄0

∥∥)4
ϵ
√
σ2
K̂

|Ψ0(X)|2
ϵ

3
12X

3

σ2
K̂

B =
⟨S (X ′, X ′)⟩

9σ2
K̂

2µ̂⟨ĝ⟩2V
∥∥∥Ψ̂0

∥∥∥4 + 〈SB (X ′, X ′)
〉
18

σ2
K̂

V

⟨ḡ⟩2µ̂

(∥∥Ψ̄0

∥∥)4
ϵ
√
σ2
K̂

|Ψ0(X)|2
ϵ

3
12X

3

σ2
K̂
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Written in terms of
〈
f̂
〉
and

〈
f̄
〉
this becomes:

A =

⟨SE (X ′, X ′)⟩
9σ2

K̂
(1−⟨Ŝ⟩)2V ∥Ψ̂0∥4

2µ̂

(
⟨f̂⟩+ ⟨ŜB⟩+⟨ŜB

L ⟩
1−⟨S̄⟩ ⟨f̄⟩

)2 +
〈
SB
E (X ′, X ′)

〉
18

σ2
K̂

V (1−S̄)
2
(∥Ψ̄0∥)4

⟨f̄⟩2µ̂

ϵ
√
σ2
K̂

|Ψ0(X)|2
ϵ

3
12X

3

σ2
K̂

B =

⟨S (X ′, X ′)⟩
9σ2

K̂
(1−⟨Ŝ⟩)2V ∥Ψ̂0∥4

2µ̂

(
⟨f̂⟩+ ⟨ŜB⟩+⟨ŜB

L ⟩
1−⟨S̄⟩ ⟨f̄⟩

)2 +
〈
SB (X ′, X ′)

〉
18

σ2
K̂

V (1−S̄)
2
(∥Ψ̄0∥)4

⟨f̄⟩2µ̂

ϵ
√
σ2
K̂

|Ψ0(X)|2
ϵ

3
12X

3

σ2
K̂

We set:

f = (f1 (X)− r (X))

r = r (X)

and the equation for Z is:

Z3 −
(
Af2 − 2Bfr

)
Bf2

Z2 −
(
−Br2 + 2Afr + 1

)
Bf2

Z −
(
Ar2 − 1

)
Bf2

= 0

Written in a standard form, this equation writes:

0 =

(
Z +

(
Af2 − 2Bfr

)
3Bf2

)3

−
(
Af2 − 2Bfr

)
Bf2

(
Z +

(
Af2 − 2Bfr

)
3Bf2

)2

−
(
−Br2 + 2Afr + 1

)
Bf2

(
Z +

(
Af2 − 2Bfr

)
3Bf2

)
−
(
Ar2 − 1

)
Bf2

There is one solution:

Z ≃

√√√√1

3

(
4 ⟨r (X)⟩2

3 (⟨f1 (X)⟩ − ⟨r (X)⟩)2
+

1 + 2A (⟨f1 (X)⟩ − ⟨r (X)⟩) ⟨r (X)⟩ −B ⟨r (X)⟩2

B (⟨f1 (X)⟩ − ⟨r (X)⟩)2

)
(217)

× cosh

1

3
ar cosh

−
(

16⟨r(X)⟩3

27(⟨f1(X)⟩−⟨r(X)⟩)3 + A⟨r(X)⟩2−1

B(⟨f1(X)⟩−⟨r(X)⟩)2 − 2r(1+2A(⟨f1(X)⟩−⟨r(X)⟩)⟨r(X)⟩−B⟨r(X)⟩2)
3B(⟨f1(X)⟩−⟨r(X)⟩)3

)
(

1
3

(
4⟨r(X)⟩2

3(⟨f1(X)⟩−⟨r(X)⟩)2 + 1+2A(⟨f1(X)⟩−⟨r(X)⟩)⟨r(X)⟩−B⟨r(X)⟩2

B(⟨f1(X)⟩−⟨r(X)⟩)2

)) 3
2




− 2 ⟨r (X)⟩
3 (⟨f1 (X)⟩ − ⟨r (X)⟩)

For r = ⟨SE (X,X)⟩ << 1 and s = ⟨S (X,X)⟩ << 1

Z ≃

√
1

3

(
4r2

3f2
+

−Br2 + 2Afr + 1

Bf2

)
× cosh

1

3
ar cosh

−
(

16r3

27f3 + Ar2−1
Bf2 − 2r(−Br2+2Afr+1)

3Bf3

)
(

1
3

(
4r2

3f2 + −Br2+2Afr+1
Bf2

)) 3
2


− 2r

3f
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A6.2.2 Expressions of capital ratios in functions of returns

Inserting the expression for Z in the expressions of capital ratios leads to:〈
K̂
〉∥∥∥Ψ̂∥∥∥2

⟨K⟩ ∥Ψ∥2
≃

18σ2
K̂

µ̂⟨ĝ⟩2V
∥∥∥Ψ̂0

∥∥∥4
ϵ
√
σ2
K̂

|Ψ0(X)|2
ϵ X3

σ2
K̂
(Z (f1 (X)− r (X)) + r (X))

2 (218)

≃

18σ2
K̂

µ̂

(1−Ŝ)
2(

⟨f̂⟩+ ⟨ŜB⟩+⟨ŜB
L ⟩(1−⟨S̄⟩)

1−S̄ ⟨f̄⟩
)2V

∥∥∥Ψ̂0

∥∥∥4
ϵ
√
σ2
K̂

|Ψ0(X)|2
ϵ X3

σ2
K̂
(Z (f1 (X)− r (X)) + r (X))

2

〈
K̄
〉 ∥∥Ψ̄∥∥2

⟨K⟩ ∥Ψ∥2
≃

18
σ2
K̂

V

⟨ḡ⟩2µ̂

(∥∥Ψ̄0

∥∥)4
ϵ
√
σ2
K̂

|Ψ0(X)|2
ϵ X3

σ2
K̂
(Z (f1 (X)− r (X)) + r (X))

2 (219)

≃
18

σ2
K̂

V (1−S̄)
2

⟨f̄⟩2µ̂
(∥∥Ψ̄0

∥∥)4
ϵ
√
σ2
K̂

|Ψ0(X)|2
ϵ X3

σ2
K̂
(Z (f1 (X)− r (X)) + r (X))

2

A6.2.3 Corrections for decreasing returns

For decrasing returns, the expression of firms capital is given by:

KX |Ψ(X)|2 ≃ (1− S (X))
2ϵ

3σ2
K̂

 f1 (X)

C0 +
SL(X)

1−SE(X) r̄

 2
r

Here:

S (X) = ⟨S (X,X)⟩

〈
K̂
〉∥∥∥Ψ̂∥∥∥2

⟨K⟩ ∥Ψ∥2
+
〈
SB (X,X)

〉 〈K̄〉 ∥∥Ψ̄∥∥2
⟨K⟩ ∥Ψ∥2

and:
SL (X)

1− SE (X)
→ k2 (X) + kB2 (X)(

1 + k2 (X) + kB2 (X)
)

We replace:
SL (X)

1− SE (X)
r̄ → r̄

We proceed as in the first part. In first approximation:

⟨K⟩ ∥Ψ∥2 ≃

1−
⟨S (X,X)⟩

〈
K̂
〉∥∥∥Ψ̂∥∥∥2 + 〈SB (X,X)

〉 〈
K̄
〉 ∥∥Ψ̄∥∥2

2ϵ
3σ2

K̂

(
⟨f1⟩
C0+r̄

) 2
r


( 2ϵ

3σ2
K̂

) r
2

f1 (X)

C0 +
SL(X)

1−SE(X) r̄

 2
r

and given (220) (221):

〈
K̂
〉∥∥∥Ψ̂∥∥∥2 =

9σ2
K̂

∥∥∥Ψ̂0

∥∥∥4 (1− Ŝ
)2(

1 +
∥Ψ̄0∥2

∥Ψ̂0∥2
〈
ŜB
L

〉)
2µ̂
〈
f̂
〉2 (220)

119



〈
K̄
〉 ∥∥Ψ̄∥∥2 = 9

σ2
K̂
V
∥∥Ψ̄0

∥∥4 (1− S̄
)2

2µ̂
〈
f̄
〉2 (221)

the capital ratios becomes:〈
K̂
〉∥∥∥Ψ̂∥∥∥2

⟨K⟩ ∥Ψ∥2
≃

〈
K̂
〉∥∥∥Ψ̂∥∥∥21− ⟨S(X,X)⟩⟨K̂⟩∥Ψ̂∥2+⟨SB(X,X)⟩⟨K̄⟩∥Ψ̄∥2

2ϵ
3σ2

K̂

( ⟨f1(X)⟩
C0+r̄

) 2
r


( 2ϵ

3σ2
K̂

) r
2 ⟨f1(X)⟩

C0+

〈
SL(X)

1−SE(X)

〉
r̄

 2
r

(222)

and: 〈
K̄
〉 ∥∥Ψ̄∥∥2

⟨K⟩ ∥Ψ∥2
≃

〈
K̄
〉 ∥∥Ψ̄∥∥21− ⟨S(X,X)⟩⟨K̂⟩∥Ψ̂∥2+⟨SB(X,X)⟩⟨K̄⟩∥Ψ̄∥2

2ϵ
3σ2

K̂

( ⟨f1(X)⟩
C0+r̄

) 2
r


( 2ϵ

3σ2
K̂

) r
2 ⟨f1(X)⟩

C0+

〈
SL(X)

1−SE(X)

〉
r̄

 2
r

(223)

A6.3 Coefficients averages ⟨w̄ (X ′, X)⟩,
〈
ŵB

1 (X ′, X)
〉
,
〈
ŵB

1 (X ′, X)
〉
as functions of

shares

Averages of coefficients (207), (208) can be computed. We find:

⟨w̄ (X ′, X)⟩ (224)

→ 1

1 +

 ζ̄2ζ2〈
ŵ
(0)B
1 ((X′)′,X′)

〉+ξ2
(
1−(γ⟨ŜE⟩)2

)
2ζ2
〈
w̄
(0)
1 (X′,X)

〉(
1−
(
γ̄
⟨S̄⟩
2

)2
) (〈

w
(0)B
1 (X ′, X)

〉
+ ζ2

ξ2
1

1−(γ⟨ŜE⟩)2
)

→ 1

1 +

 ζ̄2〈
ŵ
(0)B
1 ((X′)′,X′)

〉+ ξ2

ζ2

(
1−(γ⟨ŜE⟩)2

)
2
〈
w̄
(0)
1 (X′,X)

〉(
1−
(
γ̄
⟨S̄⟩
2

)2
) (〈

w
(0)B
1 (X ′, X)

〉
+ ζ2

ξ2
1

1−(γ⟨ŜE⟩)2
)

〈
ŵB

1 (X ′, X)
〉

(225)

→ 1

1 +

〈
ŵ
(0)B
1 ((X′)′,X′)

〉 2ζ2
〈
w̄
(0)
1 (X′,X)

〉
〈
w
(0)B
1 (X′,X)

〉
 1−

(
γ̄
⟨S̄⟩
2

)2
1−(γ⟨ŜE⟩)2


ζ̄2ζ2

 1

1−(γ⟨ŜE⟩)2
+ξ2

〈
ŵ
(0)B
1 ((X′)′,X′)

〉 +
ζ2
〈
ŵ
(0)B
1 ((X′)′,X′)

〉
(X′)′

ξ2w
(0)B
1 (X′,X)

1

1−(γ⟨ŜE⟩)2

→ 1

1 +

〈
ŵ
(0)B
1 ((X′)′,X′)

〉 2

〈
w̄
(0)
1 (X′,X)

〉
〈
w
(0)B
1 (X′,X)

〉(1−
(
γ̄
⟨S̄⟩
2

)2
)

(
ζ̄2+ ξ2

ζ2

〈
ŵ
(0)B
1 ((X′)′,X′)

〉((
1−(γ⟨ŜE⟩)2

))) +

〈
ŵ
(0)B
1 ((X′)′,X′)

〉
(X′)′

ξ2

ζ2
w
(0)B
1 (X′,X)

(
1−(γ⟨ŜE⟩)2

)
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The coefficient
〈
ŵB

1 (X ′, X)
〉
also wrtes:

〈
ŵB

E (X ′, X)
〉

→ 1 +

〈
ŵ

(0)B
1

(
(X ′)

′
, X ′)〉

(X′)

2ζ2w̄
(0)
1 (X′,X)

w
(0)B
1 (X′,X)


1+

(
γ⟨ŜE(X1,X

′)⟩
X1

)2
1−(γ⟨ŜE(X′,(X′)′)⟩)2

1+

(
γ̄
⟨S̄(X1,X

′)⟩X1
2

)2

1−
(
γ̄
⟨S̄(X1,X

′)⟩X1
2

)2


(
ζ̄2ζ2

(
1 +

(γ⟨ŜE(X1,(X′)′)⟩)2
1−(γ⟨ŜE(X′,(X′)′)⟩)2

)
+ ξ2

〈
ŵ

(0)B
1

(
(X ′)

′
, X ′

)〉
(X′)′

)

+

ζ2
〈
ŵ

(0)B
1

(
(X ′)

′
, X ′)〉

(X′)′

ξ2w
(0)B
1 (X ′, X)

1 +

(
γ
〈
ŜE (X1, X

′)
〉
X1

)2

1−
(
γ
〈
ŜE

(
X ′, (X ′)

′)〉)2


which is also in first approximation:〈
ŵB

E (X ′, X)
〉

(226)

≃ 1 +

2

(
1−

(
γ̄

〈
S̄
(
(X′)

′
,X′
)

2

〉)2
)

ζ̄2 + ξ2

ζ2

(
1−

(
γ
〈
ŜE

(
X ′, (X ′)

′)〉)2) +
ζ2

ξ2

 1

1−
(
γ
〈
ŜE

(
X ′, (X ′)

′)〉)2


where the variances ζ2 and ζ2 and ξ̄2are given by:

ζ2

→

〈
1− ŜE (X ′)

1− Ŝ (X ′)
SE

(
(X ′)

′
)〉2

V ar
(
f1

(
(X ′)

′
)
− r̄
)

and:

ξ̄2

→
〈
1− S̄E (X ′)

1− S̄ (X ′)

〉2 〈
SB
E

(
(X ′)

′
, (X ′)

′
)〉2

V ar
(
f1

(
(X ′)

′
)
− r̄
)

ζ̄2

→
〈
1− S̄E (X ′)

1− S̄ (X ′)

〉2 〈
ŜB
E

(
(X ′)

′
, (X ′)

′
)〉2〈1−

(
Ŝ
(
(X ′)

′)
+ ŜB

E

(
(X ′)

′)
+ ŜB

L

(
(X ′)

′))
1−

(
Ŝ1

(
(X ′)

′)
+ ŜB

E

(
(X ′)

′))
〉2

Their ratios arising in (224), (225) are:

ξ2

ζ2
(227)

→

〈
SB
E

〉2 〈 1−S̄E
1−S̄

〉2
〈

1−ŜE

1−Ŝ
SE

〉2 =

〈
SB
E

〉2 〈 1−S̄E
1−S̄

〉2
〈

1−ŜE

1−Ŝ
SE

〉2
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and ζ̄2 writes also:

ζ̄2 →
〈
ŜB
E

〉2〈1− S̄E (X ′)

1− S̄ (X ′)

〉2

(228)

As before
〈
S̄E

〉
<< γ̄

〈
S̄E

〉
, and

〈
ŜE

〉
<< γ

〈
ŜE

〉
and we approximate:

〈
1−S̄E
1−S̄

〉2
〈

1−ŜE

1−Ŝ

〉2 ≃ c

so that:
ξ2

ζ2
≃ c

〈
SB
E

〉2
⟨SE⟩2

The constant c is chosen so that for γ = 0, ξ2

ζ2
→ 1, c

⟨ŜB
E ⟩

2

⟨SE⟩2 = 1, and this implies that c = 1. We will

thus replace:

ξ2

ζ2
→
〈
SB
E

〉2
⟨SE⟩2

=

[〈
SB
E

〉
⟨SE⟩

]2
Moreover:

ζ̄2 →
〈
1− S̄E

1− S̄

〉2 〈
ŜB
E

〉2
The coefficients corresponding to participations are given by:

⟨w̄ (X ′, X)⟩

→ 1

1 +


〈

1−S̄E
1−S̄

〉2
⟨ŜB

E ⟩
2〈

ŵ
(0)B
1 ((X′)′,X′)

〉+

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−(γ⟨ŜE⟩)2

)
2
〈
w̄
(0)
1 (X′,X)

〉(
1−
(
γ̄
⟨S̄⟩
2

)2
)

〈w(0)B
1 (X ′, X)

〉
+ 1[

⟨SB
E ⟩

⟨SE⟩

]2 1

1−(γ⟨ŜE⟩)2



→
2
〈
w̄

(0)
1 (X ′, X)

〉(
1−

(
γ̄
⟨S̄⟩
2

)2
)

2
〈
w̄

(0)
1 (X ′, X)

〉(
1−

(
γ̄
⟨S̄⟩
2

)2
)

+D

with:

D =


〈

1−S̄E
1−S̄

〉2 〈
ŜB
E

〉2
〈
ŵ

(0)B
1

(
(X ′)

′
, X ′

)〉 +

[〈
SB
E

〉
⟨SE⟩

]2(
1−

(
γ
〈
ŜE

〉)2)〈w(0)B
1 (X ′, X)

〉
+

1[
⟨SB

E ⟩
⟨SE⟩

]2(
1−

(
γ
〈
ŜE

〉)2)


122



〈
ŵB

E (X ′, X)
〉

(229)

→ 1

1 +

〈
ŵ
(0)B
1 ((X′)′,X′)

〉 2

〈
w̄
(0)
1 (X′,X)

〉
〈
w
(0)B
1 (X′,X)

〉(1−
(
γ̄
⟨S̄⟩
2

)2
)

〈 1−S̄E
1−S̄

〉2

⟨ŜB
E ⟩

2
+

[
⟨SB

E ⟩
⟨SE⟩

]2〈
ŵ
(0)B
1 ((X′)′,X′)

〉((
1−(γ⟨ŜE⟩)2

)) +

〈
ŵ
(0)B
1 ((X′)′,X′)

〉
[
⟨SB

E ⟩
⟨SE⟩

]2
w
(0)B
1 (X′,X)

(
1−(γ⟨ŜE⟩)2

)

→

[
⟨SB

E ⟩
⟨SE⟩

]2 〈
w

(0)B
1

〉(
1−

(
γ
〈
ŜE

〉)2)
+
〈
ŜB
E

〉2
〈
ŵ

(0)B
1

(
(X ′)

′
, X ′

)〉 2
〈
w̄
(0)
1 (X′,X)

〉
〈
w
(0)B
1 (X′,X)

〉
(
1−

(
γ̄
⟨S̄⟩
2

)2
)

+D′

where:

D′ =
〈
ŵ

(0)B
1

(
(X ′)

′
, X ′

)〉
+

〈
1−S̄E
1−S̄

〉2 〈
ŜB
E

〉2 〈
ŵ

(0)B
1

(
(X ′)

′
, X ′)〉[

⟨SB
E ⟩

⟨SE⟩

]2
w

(0)B
1 (X ′, X)

(
1−

(
γ
〈
ŜE

〉)2) +

[〈
SB
E

〉
⟨SE⟩

]2 〈
ŵ

(0)B
1

(
(X ′)

′
, X ′

)〉((
1−

(
γ
〈
ŜE

〉)2))
+
〈
ŜB
E

〉2

That is, in first approximtion:

⟨w̄ (X ′, X)⟩ (230)

→
2

(
1−

(
γ̄
⟨S̄⟩
2

)2
)

1 +

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−

(
γ
〈
ŜE

〉)2)
+ 2

(
1−

(
γ̄
⟨S̄⟩
2

)2
)

+

〈
1−S̄E
1−S̄

〉2

⟨ŜB
E ⟩

2

[
⟨SB

E ⟩
⟨SE⟩

]2 1

1−(γ⟨ŜE⟩)2
+
〈

1−S̄E
1−S̄

〉2 〈
ŜB
E

〉2

〈
ŵB

E (X ′, X)
〉
→

〈
1−S̄E
1−S̄

〉2 〈
ŜB
E

〉2
+

[
⟨SB

E ⟩
⟨SE⟩

]2((
1−

(
γ
〈
ŜE

〉)2))

1 + 2

(
1−

(
γ̄
⟨S̄⟩
2

)2
)

+

[
⟨SB

E ⟩
⟨SE⟩

]2((
1−

(
γ
〈
ŜE

〉)2))
+

〈
1−S̄E
1−S̄

〉2

⟨ŜB
E ⟩

2

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−(γ⟨ŜE⟩)2

) +
〈

1−S̄E
1−S̄

〉2 〈
ŜB
E

〉2
(231)

Moreover:〈
wB

E (X,X)
〉

(232)

= 1− ⟨w̄ (X ′, X)⟩ −
〈
ŵB

E (X ′, X)
〉

→

1 +

〈
1−S̄E
1−S̄

〉2

⟨ŜB
E ⟩

2

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−(γ⟨ŜE⟩)2

)

1 + 2

(
1−

(
γ̄
⟨S̄⟩
2

)2
)

+

[
⟨SB

E ⟩
⟨SE⟩

]2((
1−

(
γ
〈
ŜE

〉)2))
+

〈
1−S̄E
1−S̄

〉2

⟨ŜB
E ⟩

2

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−(γ⟨ŜE⟩)2

) +
〈

1−S̄E
1−S̄

〉2 〈
ŜB
E

〉2
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For coefficients related to loans, we assume that the uncertainties to compute are:

Un
(
X, f̂ (X ′)

)
=

ζ2

w
(0)B
1 (X ′, X)

1 +

(
γ
〈
ŜE (X1, X

′)
〉
X1

)2

1−
(
γ
〈
ŜE

(
X ′, (X ′)

′)〉)2
 (233)

and that the uncertainty of firms’ returns are:

Un (X, f ′ (X)) → ξ2 (234)

Ultimately, as in part one, we consider that uncertainty for loans is identical that uncertainty for
participations. As consequence:

〈
ŵB

2 (X ′, X)
〉
=

1−
(
γ
〈
ŜE (X ′, X)

〉)2
2−

(
γ
〈
ŜE (X ′, X)

〉)2 = ⟨ŵ2 (X
′, X)⟩ = ⟨ŵE (X ′, X)⟩ (235)

and: 〈
wB

2 (X)
〉
=

1

2−
(
γ
〈
ŜE (X ′, X)

〉)2 = ⟨w2 (X
′, X)⟩ = ⟨wE (X ′, X)⟩ (236)

which in turn leads to the shares of loans:

ŜB
L (X ′)

κ
(
1−

〈
S̄ (X)

〉)
= ŵB

2 (X ′)
{
1 + wB

2 (X) (r̂ (X ′)− ⟨r (X ′)⟩)
} 〈

K̄
〉 ∥∥Ψ̄∥∥2

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2

SB
L (X,X)

κ
(
1− S̄ (X)

) = wB
2 (X)

[
1 + ŵB

2 (X)
(
r (X)− ⟨r̂ (X ′)⟩ŵ2

)]
(237)

A6.4. Averaged shares

Average capital ratios and coefficients w have been found as function of return and shares. We can
thus derive average shares equations.

A6.4.1 Investors average shares

As in part I:

⟨SE (X)⟩ = ⟨SE (X,X)⟩

〈
K̂
〉∥∥∥Ψ̂∥∥∥2

⟨K⟩ ∥Ψ∥2
= ⟨SE⟩

〈
K̂
〉∥∥∥Ψ̂∥∥∥2

⟨K⟩ ∥Ψ∥2

⟨S (X)⟩ = ⟨S (X,X)⟩

〈
K̂
〉∥∥∥Ψ̂∥∥∥2

⟨K⟩ ∥Ψ∥2
= ⟨S⟩

〈
K̂
〉∥∥∥Ψ̂∥∥∥2

⟨K⟩ ∥Ψ∥2

where the average shares are given by:

⟨SE⟩ = ⟨SE (X,X)⟩

=
w (X)

2

1 +

⟨ŵ (X)⟩

⟨f (X)⟩ −

〈
f̂ (X ′)

〉
ŵE

+ ⟨r̂ (X ′)⟩ŵ2

2

+
w (X)

2
(f (X)− r̄ (X))



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⟨S (X,X)⟩ = w (X)

1 +

ŵ (X)

 ⟨f (X)⟩+ ⟨r̄ (X)⟩
2

−

〈
f̂ (X ′)

〉
ŵE

+ ⟨r̂ (X ′)⟩ŵ2

2





A6.4.2 Average coeffcients

The average coeffcients are:

⟨ŵ⟩ → ζ2

ζ2 + ζ2 1

1−(γ⟨ŜE(X)⟩)2
=

1−
(
γ
〈
ŜE (X)

〉)2
2−

(
γ
〈
ŜE (X)

〉)2
⟨w⟩ → 1

2−
(
γ
〈
ŜE (X)

〉)2
19.0.1 A6.4.3 Bank average shares: formula for participtions

Averaging the shares formula leads to:

〈
S̄E

〉
=

⟨w̄ (X ′)⟩
2

(
1 +

{
⟨w̄ (X)⟩

(〈
f̄ (X ′)

〉
− ⟨r̄ (X ′)⟩
2

)
(238)

+
〈
ŵB

E (X)
〉(〈

f̄ (X ′)
〉
−
〈
f̂ (X ′)

〉
ŵE

)
+
〈
wB

E (X)
〉 (〈

f̄ (X ′)
〉
− ⟨f (X)⟩

)})
where:

⟨w̄ (X)⟩ ≃
2

(
1−

(
γ̄
⟨S̄⟩
2

)2
)

1 +

([
⟨SB

E ⟩
⟨SE⟩

]2
+ 2

)(
1−

(
γ
〈
ŜE

〉)2)
+

〈
1−S̄E
1−S̄

〉2

⟨ŜB
E ⟩

2

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−(γ⟨ŜE⟩)2

) +
〈

1−S̄E
1−S̄

〉2 〈
ŜB
E

〉2

〈
S̄
〉
= ⟨w̄ (X ′)⟩

[
1 +

〈
ŵB

E (X)
〉(〈f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

−
〈
f̂ (X ′)

〉
ŵE

)
+
〈
wB

E (X)
〉(〈f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

− ⟨f (X)⟩

)]
(239)

The shares
〈
S̄
〉
and

〈
S̄E

〉
satisfy the relation:

〈
S̄
〉
= 2

〈
S̄E

〉
− ⟨w̄ (X ′)⟩

(〈
f̄ (X ′)

〉
− ⟨r̄ (X ′)⟩
2

)
(240)

The shares of participations invested in investrs and firms are given by:〈
ŜB
E

〉
=

〈
ŜB
E (X ′, X)

〉
(241)

=
〈
ŵB

E (X ′)
〉 [

1 + ⟨w̄ (X)⟩

(〈
f̂ (X ′)

〉
−

〈
f̄ (X ′)

〉
w̄E

+ ⟨r̄ (X ′)⟩w̄2

2

)
+
〈
wB

E (X)
〉 (〈

f̂ (X ′)
〉
− ⟨f (X)⟩

)]
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and:〈
SB
E

〉
=

〈
SB
E (X,X)

〉
(242)

=
〈
wB

E (X)
〉{

1 + ⟨w̄ (X)⟩

(
⟨f (X)⟩ −

〈
f̄ (X ′)

〉
w̄E

+ ⟨r̄ (X ′)⟩w̄2

2

)
+
〈
ŵB

E (X)
〉(

⟨f (X)⟩ −
〈
f̂ (X ′)

〉
ŵE

)}

with
〈
ŵB

E (X ′)
〉
and

〈
wB

E (X)
〉
given by (229) and (232). Ultimately, we have:

〈
ŜB
E (X ′)

〉
=
〈
ŜB
E

〉 〈K̄〉 ∥∥Ψ̄∥∥2〈
K̂
〉∥∥∥Ψ̂∥∥∥2

〈
SB
E (X)

〉
=

〈
SB
E (X,X)

〉 〈K̄〉 ∥∥Ψ̄∥∥2
⟨K⟩ ∥Ψ∥2

=
〈
SB
E

〉 〈K̄〉 ∥∥Ψ̄∥∥2
⟨K⟩ ∥Ψ∥2

19.0.2 A6.4.4 Bank average shares: formula for loans

Usng (235) and (236), the coefficients associatd to loans are:

〈
ŵB

2 (X ′, X)
〉
=

1−
(
γ
〈
ŜE (X ′, X)

〉)2
2−

(
γ
〈
ŜE (X ′, X)

〉)2 = ⟨ŵ2 (X
′, X)⟩ = ⟨ŵE (X ′, X)⟩ (243)

and: 〈
wB

2 (X)
〉
=

1

2−
(
γ
〈
ŜE (X ′, X)

〉)2 = ⟨w2 (X
′, X)⟩ = ⟨wE (X ′, X)⟩ (244)

so that the shares for loans are:〈
ŜB
L (X ′, X)

〉
κ
(
1−

〈
S̄ (X)

〉) =
1−

(
γ
〈
ŜE (X ′, X)

〉)2
2−

(
γ
〈
ŜE (X ′, X)

〉)2
1 +

(⟨r̂ (X ′)⟩ − ⟨r (X ′)⟩)

2−
(
γ
〈
ŜE (X ′, X)

〉)2
 (245)

〈
SB
L (X,X)

〉
κ
(
1−

〈
S̄ (X)

〉) =
1

2−
(
γ
〈
ŜE (X ′, X)

〉)2
1 + 1−

(
γ
〈
ŜE (X ′, X)

〉)2
2−

(
γ
〈
ŜE (X ′, X)

〉)2 (⟨r (X)⟩ − ⟨r̂ (X ′)⟩ŵ2

) (246)

A6.5 Equations for
〈
ŜE (X)

〉
,
〈
SB
E

〉
,
〈
ŜB
E

〉
Equations (230), (231), (232) and the constraint along with the constrnt:〈

ŜB
E

〉
+
〈
SB
E

〉
+ 2

〈
S̄E

〉
= 1
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yields a system of equations:

〈
wB

E (X,X)
〉

⟨w̄ (X ′, X)⟩
=

1 +

〈
1−S̄E
1−S̄

〉2

⟨ŜB
E ⟩

2

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−(γ⟨ŜE⟩)2

)

2

(
1−

(
γ̄
⟨S̄⟩
2

)2
)

〈
ŵB

E (X ′, X)
〉

⟨w̄ (X ′, X)⟩
=

〈
1−S̄E
1−S̄

〉2 〈
ŜB
E

〉2
+

[
⟨SB

1 ⟩
⟨SE⟩

]2((
1−

(
γ
〈
ŜE

〉)2))
2

(
1−

(
γ̄
⟨S̄⟩
2

)2
)

〈
ŜB
E

〉
+
〈
SB
E

〉
+ 2

〈
S̄E

〉
= 1

The coefficients are themselves expressed in terms of shares by using (238), (240), (241):

〈
S̄E

〉
=

⟨w̄ (X ′)⟩
2

(
1 +

{
⟨w̄ (X)⟩

(〈
f̄ (X ′)

〉
− ⟨r̄ (X ′)⟩
2

)
(247)

+
〈
ŵB

E (X)
〉(〈

f̄ (X ′)
〉
−
〈
f̂ (X ′)

〉
ŵE

)
+
〈
wB

E (X)
〉 (〈

f̄ (X ′)
〉
− ⟨f (X)⟩

)})
〈
ŜB
E

〉
=

〈
ŜB
E (X ′, X)

〉
(248)

=
〈
ŵB

E (X ′)
〉 [

1 + ⟨w̄ (X)⟩

(〈
f̂ (X ′)

〉
−

〈
f̄ (X ′)

〉
w̄E

+ ⟨r̄ (X ′)⟩w̄2

2

)
+
〈
wB

E (X)
〉 (〈

f̂ (X ′)
〉
− ⟨f (X)⟩

)]
and:〈
SB
E

〉
=

〈
SB
E (X,X)

〉
(249)

=
〈
wB

E (X)
〉{

1 + ⟨w̄ (X)⟩

(
⟨f (X)⟩ −

〈
f̄ (X ′)

〉
w̄E

+ ⟨r̄ (X ′)⟩w̄2

2

)
+
〈
ŵB

E (X)
〉(

⟨f (X)⟩ −
〈
f̂ (X ′)

〉
ŵE

)}

These equations allow to express
〈
S̄E

〉 〈
ŜE

〉
,
〈
SB
E

〉
,
〈
ŜB
E

〉
as implicit functions of

〈
f̄ (X ′)

〉
−⟨r̄ (X ′)⟩,〈

f̂ (X ′)
〉
− ⟨r̄ (X ′)⟩, ⟨f (X)⟩ − ⟨r̄ (X ′)⟩:

〈
S̄E

〉 (〈
f̄ (X ′)

〉
,
〈
f̂ (X ′)

〉
, ⟨f (X)⟩ , ⟨r̄ (X ′)⟩

)
(250)〈

ŜE

〉(〈
f̄ (X ′)

〉
,
〈
f̂ (X ′)

〉
, ⟨f (X)⟩ , ⟨r̄ (X ′)⟩

)
〈
SB
E

〉 (〈
f̄ (X ′)

〉
,
〈
f̂ (X ′)

〉
, ⟨f (X)⟩ , ⟨r̄ (X ′)⟩

)
〈
ŜB
E

〉(〈
f̄ (X ′)

〉
,
〈
f̂ (X ′)

〉
, ⟨f (X)⟩ , ⟨r̄ (X ′)⟩

)
We present in this section approximate solutions at the zeroth and first order in these variables.

Alternatively, we will express below
〈
f̄ (X ′)

〉
−⟨r̄ (X ′)⟩ and

〈
f̂ (X ′)

〉
−⟨r̄ (X ′)⟩ as functions of the

shares
〈
S̄E

〉
and

〈
ŜE (X)

〉
and the retrn equations will be expressd in these variables.
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A6.5.1 Lowest order formula

A6.5.1.1 Computation of
〈
wB

E (X)
〉
and

〈
SB
E

〉
At the lowest order, given (239), (242), (241)

we have: 〈
S̄
〉
= w̄ (X ′)〈

S̄
〉

2
=
〈
S̄E

〉
〈
SB
E

〉
=
〈
wB

E (X)
〉

〈
ŜB
E

〉
=
〈
ŵB

E (X ′)
〉

so that the ratios of stakes are given by:

〈
SB
E

〉〈
S̄E

〉 =

1 +

(
1−S̄E
1−S̄

)2

⟨ŜB
E ⟩

2

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−(γ⟨ŜE⟩)2

)
(
1−

(
γ̄
〈
S̄E

〉)2) (251)

(
1− S̄E

1− S̄

)2 〈
ŜB
E

〉2
+

[〈
SB
E

〉
⟨SE⟩

]2(
1−

(
γ
〈
ŜE

〉)2)
=
(
1−

(
γ̄
〈
S̄E

〉)2) 〈ŜB
E

〉
〈
S̄E

〉 (252)

This is solved by replacing (252) in (251) which becomes:

〈
SB
E

〉〈
S̄E

〉 =

1 +

(
1−S̄E
1−S̄

)2

⟨ŜB
E ⟩

2

(
1−(γ̄⟨S̄E⟩)2

) ⟨ŜB
E ⟩

⟨S̄E⟩ −
(

1−S̄E
1−S̄

)2

⟨ŜB
E ⟩

2(
1−

(
γ̄
〈
S̄E

〉)2) =

1 + 1(
1−(γ̄⟨S̄E⟩)2

)
1(

1−S̄E
1−S̄

)2
S̄E⟨ŜB

E ⟩
−1(

1−
(
γ̄
〈
S̄E

〉)2)
Rewriting this equation as:

〈
SB
E

〉〈
S̄E

〉 (1− (γ̄ 〈S̄E

〉)2)
= 1 +

(
1−S̄E
1−S̄

)2
S̄E

〈
ŜB
E

〉
(
1−

(
γ̄
〈
S̄E

〉)2)− ( 1−S̄E
1−S̄

)2
S̄E

〈
ŜB
E

〉
yields the following relation:

〈
SB
E

〉((
1−

(
γ̄
〈
S̄E

〉)2)− (1− S̄E

1− S̄

)2

S̄E

〈
ŜB
E

〉)
=
〈
S̄E

〉
Then, using that: 〈

ŜB
E

〉
= 1− 2

〈
S̄E

〉
−
〈
SB
E

〉
this becomes an equation for

〈
SB
E

〉
as a function of

〈
S̄E

〉
:

0 =
〈
SB
E

〉((
1−

(
γ̄
〈
S̄E

〉)2)− (1− S̄E

1− S̄

)2 〈
S̄E

〉 (
1− 2S̄E −

〈
SB
E

〉))
− S̄E (253)
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with solution:〈
SB
E

〉
=

〈
wB

1 (X)
〉
0

(254)

=

√(
1−

(
γ̄
〈
S̄E

〉)2 − ( 1−S̄E
1−2S̄E

)2 (〈
S̄E

〉
− 2

〈
S̄E

〉2))2

+ 4
(

1−S̄E
1−2S̄E

〈
S̄E

〉)2
2
(

1−S̄E
1−2S̄E

)2 〈
S̄E

〉
−

(
1−

(
γ̄
〈
S̄E

〉)2 − ( 1−S̄E
1−2S̄E

)2 (〈
S̄E

〉
− 2

〈
S̄E

〉2))
2
(

1−S̄E
1−2S̄E

)2 〈
S̄E

〉

=
1

2


√√√√√√
 1−

(
γ̄
〈
S̄E

〉)2(
1−S̄E
1−2S̄E

)2 〈
S̄E

〉 − (1− 2
〈
S̄E

〉)
2

+
4(

1−S̄E
1−2S̄E

)2 −

 1−
(
γ̄
〈
S̄E

〉)2(
1−S̄E
1−2S̄E

)2 〈
S̄E

〉 − (1− 2
〈
S̄E

〉)


A6.5.1.2 Computation of
〈
ŵB

E (X ′)
〉
and

〈
ŜB
E

〉
Average

〈
ŜB
E

〉
is computed at the lowest order

using:〈
ŜB
E

〉
=

〈
ŵB

1 (X ′)
〉
0

(255)

= 1− 2S̄E −
〈
SB
E

〉
=

1

2


 1−

(
γ̄
〈
S̄E

〉)2(
1−S̄E
1−2S̄E

)2 〈
S̄E

〉 + (1− 2
〈
S̄E

〉)−

√√√√√√
 1−

(
γ̄
〈
S̄E

〉)2(
1−S̄E
1−2S̄E

)2 〈
S̄E

〉 − (1− 2
〈
S̄E

〉)
2

+
4(

1−S̄E
1−2S̄E

)2


A6.5.1.2 Equation for S̄E We use both equation for
〈
SB
E

〉
and

〈
ŜB
E

〉
to find the zeroth order

equation for S̄E:

〈
SB
E

〉〈
S̄E

〉 =

1 +

(
1−S̄E
1−S̄

)2

⟨ŜB
E ⟩

2

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−(γ⟨ŜE⟩)2

)
(
1−

(
γ̄
〈
S̄E

〉)2)
writes: 〈

SB
E

〉〈
S̄E

〉 (1− (γ̄ 〈S̄E

〉)2)
=

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−

(
γ
〈
ŜE

〉)2)
+
(

1−S̄E
1−S̄

)2 〈
ŜB
E

〉2
[
⟨SB

E ⟩
⟨SE⟩

]2(
1−

(
γ
〈
ŜE

〉)2)
Compared to:

(
1− S̄E

1− S̄

)2 〈
ŜB
E

〉2
+

[〈
SB
E

〉
⟨SE⟩

]2(
1−

(
γ
〈
ŜE

〉)2)
=
(
1−

(
γ̄
〈
S̄E

〉)2) 〈ŜB
E

〉
〈
S̄E

〉
We find the ratio

⟨ŜB
E ⟩

⟨SB
E ⟩

: 〈
ŜB
E

〉
〈
SB
E

〉 =

[〈
SB
E

〉
⟨SE⟩

]2(
1−

(
γ
〈
ŜE

〉)2)
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〈
ŜB
E

〉
=

[〈
SB
E

〉
⟨SE⟩

]2(
1−

(
γ
〈
ŜE

〉)2)〈
SB
E

〉
and the equation for S̄E is given b th constraint:

1− 2S̄E =
〈
ŜB
E

〉
+
〈
SB
E

〉
=

[〈SB
E

〉
⟨SE⟩

]2(
1−

(
γ
〈
ŜE

〉)2)
+ 1

〈SB
E

〉

A6.5.1.3 Approximate solution for S̄E We use that at the zeroth order:(
1−

(
γ
〈
ŜE

〉)2)
=

2z

(1− 2z)

and:
⟨SE⟩ =

1− 2z

2

we write the equation for S̄E written x:

2 (1− 2x) =


√√√√F 2 +

4(
1−x
1−2x

)2 − F


2

2z

(1− 2z)
3 + 1


√√√√F 2 +

4(
1−x
1−2x

)2 − F


with:

F =

 1− (γ̄x)
2(

1−x
1−2x

)2
x
− (1− 2x)


We look for solutions with relatively small values of z. At lowest order:

2 (1− 2x) =

√√√√F 2 +
4(

1−S̄E
1−2S̄E

)2 − F


and the equation can be rewritten by including the correction:

2 (1− 2x) =

(
2 (1− 2x)

2z

(1− 2z)
3 + 1

)√√√√F 2 +
4(

1−S̄E
1−2S̄E

)2 − F


tht becomes: (

2 (1− 2x)

2 (1− 2x) 2z
(1−2z)3

+ 1
+ F

)2

= F 2 +
4(

1−S̄E
1−2S̄E

)2
or:  1− (γ̄x)

2(
1−x
1−2x

)2
x
− (1− 2x)

 1− 2x

2 (1− 2x) 2z
(1−2z)3

+ 1
+

(
1− 2x

2 (1− 2x) 2z
(1−2z)3

+ 1

)2

=
1(

1−x
1−2x

)2
and this allows to obtain 1− (γ̄x)

2 as a function of x: 1− (γ̄x)
2(

1−x
1−2x

)2
x
− (1− 2x)

 =

 1(
1−x
1−2x

)2 −

(
1− 2x

2 (1− 2x) 2z
(1−2z)3

+ 1

)2
 2 (1− 2x) 2z

(1−2z)3
+ 1

1− 2x
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with solution:

1− (γ̄x)
2
=


 1(

1−x
1−2x

)2 −

(
1− 2x

2 (1− 2x) 2z
(1−2z)3

+ 1

)2
 2 (1− 2x) 2z

(1−2z)3
+ 1

1− 2x
+ (1− 2x)

( 1− x

1− 2x

)2

x

Recall that z0 =
〈
Ŝ1

〉
0
is solution of:

2
(
2− (γz)

2
)

1− (γz)
2 z − 1 = 0 (256)

and we can write:

γ =
1

z

√
1− 4z

1− 2z

As a consequence, the equation for x becoms:

0 = 1− 1

z2
1− 4z

1− 2z
x2−


 1(

1−x
1−2x

)2 −

(
1− 2x

2 (1− 2x) 2z
(1−2z)3

+ 1

)2
 2 (1− 2x) 2z

(1−2z)3
+ 1

1− 2x
+ (1− 2x)

( 1− x

1− 2x

)2

x

and at lowest order we find:
x ≃ z

and:

1− (γ̄x)
2
=


 1(

1−x
1−2x

)2 −

(
1− 2x

2 (1− 2x) 2z
(1−2z)3

+ 1

)2
 2 (1− 2x) 2z

(1−2z)3
+ 1

1− 2x
+ (1− 2x)

( 1− x

1− 2x

)2

x

a first order expansion yields:
1− (γ̄x)

2 ≃ x

0 = 1− 1

z2
1− 4z

1− 2z
x2−


 1(

1−x
1−2x

)2 −

(
1− 2x

2 (1− 2x) 2z
(1−2z)3

+ 1

)2
 2 (1− 2x) 2z

(1−2z)3
+ 1

1− 2x
+ (1− 2x)

( 1− x

1− 2x

)2

x

A6.5.1.3 Full solution for 1− (γ̄x)
2 and general equation for S̄E We first define:

Y =

√√√√F 2 +
4(

1−S̄E
1−2S̄E

)2 − F

and write the equation for x as:

2 (1− 2x) =

(
Y 2 2z

(1− 2z)
3 + 1

)
Y

Y 3 +
(1− 2z)

3

2z
Y − (1− 2z)

3

z
(1− 2x) = 0
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The solution is given by:

Y =

 (1− 2z)
3

2z
(1− 2x) +

√√√√( (1−2z)3(1−2x)
z

)2
4

+

(
(1−2z)3

2z

)3
27


1
3

+

 (1− 2z)
3

2z
(1− 2x)−

√√√√( (1−2z)3(1−2x)
z

)2
4

+

(
(1−2z)3

2z

)3
27


1
3

which allows to obtain an equation for 1− (γ̄x)
2 by writing:√√√√F 2 +
4(

1−S̄E
1−2S̄E

)2 = F + Y

taking the square yields:
4(

1−S̄E
1−2S̄E

)2 = Y 2 + 2FY

with solution for F :

F =
1(

Y
2

) (
1−x
1−2x

)2 −
(
Y

2

)

Replacing F with its expression allows to derive 1− (γ̄x)
2:

1− (γ̄x)
2(

1−x
1−2x

)2
x
− (1− 2x) =

1(
Y
2

) (
1−x
1−2x

)2 −
(
Y

2

)

with solution:

1− (γ̄x)
2
=

((
(1− 2x)−

(
Y

2

))(
1− x

1− 2x

)2

+
1(
Y
2

))x

As before replcing

(γ̄x)
2
=

1

z2
1− 4z

1− 2z
x2

yields the equation for x:

1− 1

z2
1− 4z

1− 2z
x2 =

((
(1− 2x)−

(
Y

2

))(
1− x

1− 2x

)2

+
1(
Y
2

))x

At the lowest order:
Y ≃ 2 (1− x)

for z << 1, and the solution is:
x = z
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A6.5.1.4 Interpolation formula Given that for x = 1
4 , there is no uncertainty and we have:

S̄E = S̄B =
〈
SB
E

〉
=
〈
ŜB
E

〉
=

1

4

we can interpolate the solution by adding a quadratic correction to
〈
ŜB
E

〉
and

〈
SB
E

〉
:

S̄ = 2x〈
ŜB
E

〉
= 4x− 12x2〈

SB
E

〉
= 1− 6x+ 12x2

A6.5.2 First order formula

A6.5.2.1 First order formula for
〈
SB
E

〉
and

〈
ŜB
E

〉
Given (238) (239), (240), (242), (241) we

can compute
〈
SB
E

〉
and

〈
ŜB
E

〉
to the first ordr. To do so we use

⟨S̄⟩
2 at this order:〈

S̄
〉

2
=

⟨w̄ (X ′)⟩
2

+ ∆

〈
S̄
〉

2
(257)〈

ŜB
E

〉
=
〈
ŵB

E (X ′)
〉
+∆

〈
ŜB
E

〉
(258)

and: 〈
SB
E

〉
=
〈
wB

E (X)
〉
+∆

〈
SB
E

〉
(259)

with:

∆

〈
S̄
〉

2
=

⟨w̄ (X ′)⟩0
2

(〈
ŵB

E (X)
〉
0

(〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

−
〈
f̂ (X ′)

〉
ŵE

)
+
〈
wB

E (X)
〉
0

(〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

− ⟨f (X)⟩

))

∆
〈
ŜB
E

〉
=

〈
ŵB

E (X ′)
〉
0

[
⟨w̄ (X)⟩0

(〈
f̂ (X ′)

〉
−

〈
f̄ (X ′)

〉
w̄E

+ ⟨r̄ (X ′)⟩w̄2

2

)
+
〈
wB

E (X)
〉
0

(〈
f̂ (X ′)

〉
− ⟨f (X)⟩

)]
∆
〈
SB
E

〉
=

〈
wB

E (X)
〉
0

{
⟨w̄ (X)⟩0

(
⟨f (X)⟩ −

〈
f̄ (X ′)

〉
w̄E

+ ⟨r̄ (X ′)⟩w̄2

2

)
+
〈
ŵB

E (X)
〉
0

(
⟨f (X)⟩ −

〈
f̂ (X ′)

〉
ŵE

)}

and we have the fllwng frm fr the equations (242), (241):

〈
SB
E

〉
−∆

〈
SB
E

〉
⟨S̄⟩
2 −∆

⟨S̄⟩
2

=

1 +

(
1−S̄E
1−S̄

)2

⟨ŜB
E ⟩

2

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−(γ⟨ŜE⟩)2

)
(
1−

(
γ̄
⟨S̄⟩
2

)2
)

〈
ŜB
E

〉
−∆

〈
ŜB
E

〉
⟨S̄⟩
2 −∆

⟨S̄⟩
2

=

(
1−S̄E
1−S̄

)2 〈
ŜB
E

〉2
+

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−

(
γ
〈
ŜE

〉)2)
(
1−

(
γ̄
⟨S̄⟩
2

)2
)
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These two equations factr as:

〈
SB
E

〉
⟨S̄⟩
2

1− ∆⟨SB
E ⟩

⟨SB
E ⟩

1− ∆⟨S̄⟩
⟨S̄⟩

=

1 +

(
1−S̄E
1−S̄

)2

⟨ŜB
E ⟩

2

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−(γ⟨ŜE⟩)2

)
(
1−

(
γ̄
⟨S̄⟩
2

)2
)

〈
ŜB
E

〉
⟨S̄⟩
2

1− ∆⟨ŜB
E ⟩

⟨ŜB
E ⟩

1− ∆⟨S̄⟩
⟨S̄⟩

 =

(
1−S̄E
1−S̄

)2 〈
ŜB
E

〉2
+

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−

(
γ
〈
ŜE

〉)2)
(
1−

(
γ̄
⟨S̄⟩
2

)2
)

We use that:

∆
〈
SB
E

〉〈
SB
E

〉
= ⟨w̄ (X)⟩0

(
⟨f (X)⟩ −

〈
f̄ (X ′)

〉
w̄E

+ ⟨r̄ (X ′)⟩w̄2

2

)
+
〈
ŵB

E (X)
〉
0

(
⟨f (X)⟩ −

〈
f̂ (X ′)

〉
ŵE

)
to compute the corrections as:

∆
〈
S̄
〉〈

S̄
〉 −

∆
〈
SB
E

〉〈
SB
E

〉 =
〈
ŵB

E (X)
〉
0

(〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

−
〈
f̂ (X ′)

〉
ŵE

)

+
〈
wB

E (X)
〉
0

(〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

− ⟨f (X)⟩

)

−⟨w̄ (X)⟩0

(
⟨f (X)⟩ −

〈
f̄ (X ′)

〉
w̄E

+ ⟨r̄ (X ′)⟩w̄2

2

)
−
〈
ŵB

E (X)
〉
0

(
⟨f (X)⟩ −

〈
f̂ (X ′)

〉
ŵE

)

=
〈
ŵB

E (X)
〉
0

(〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

− ⟨f (X)⟩

)
+
〈
wB

E (X)
〉
0

(〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

− ⟨f (X)⟩

)

−⟨w̄ (X)⟩0

(
⟨f (X)⟩ −

〈
f̄ (X ′)

〉
w̄E

+ ⟨r̄ (X ′)⟩w̄2

2

)

=

(〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

− ⟨f (X)⟩

)

and similrly:

∆
〈
S̄
〉〈

S̄
〉 −

∆
〈
ŜB
E

〉
〈
ŜB
E

〉 =

〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

−
〈
f̂ (X ′)

〉
As a consequence, (242), (241) rewrite:

〈
SB
E

〉
⟨S̄⟩
2

(
1 +

〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

− ⟨f (X)⟩

)
=

1 +

(
1−S̄E
1−S̄

)2

⟨ŜB
E ⟩

2

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−(γ⟨ŜE⟩)2

)
(
1−

(
γ̄
⟨S̄⟩
2

)2
)
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and: 〈
ŜB
E

〉
⟨S̄⟩
2

(
1 +

〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

−
〈
f̂ (X ′)

〉)
=

(
1−S̄E
1−S̄

)2 〈
ŜB
E

〉2
+

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−

(
γ
〈
ŜE

〉)2)
(
1−

(
γ̄
⟨S̄⟩
2

)2
)

or, equivalently:

〈
SB
E

〉
⟨S̄⟩
2

=

1 +

(
1−S̄E
1−S̄

)2

⟨ŜB
E ⟩

2

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−(γ⟨ŜE⟩)2

)
(
1−

(
γ̄
⟨S̄⟩
2

)2
)(

1 +
⟨f̄(X′)⟩+⟨r̄(X′)⟩

2 − ⟨f (X)⟩
)

〈
ŜB
E

〉
⟨S̄⟩
2

=

(
1−S̄E
1−S̄

)2 〈
ŜB
E

〉2
+

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−

(
γ
〈
ŜE

〉)2)
(
1−

(
γ̄
⟨S̄⟩
2

)2
)(

1 +
⟨f̄(X′)⟩+⟨r̄(X′)⟩

2 −
〈
f̂ (X ′)

〉)

=

(
1−S̄E
1−S̄

)2 1+
⟨f̄(X′)⟩+⟨r̄(X′)⟩

2 −⟨f(X)⟩

1+
⟨f̄(X′)⟩+⟨r̄(X′)⟩

2 −⟨f̂(X′)⟩

〈
ŜB
E

〉2
+

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−

(
γ
〈
ŜE

〉)2) 1+
⟨f̄(X′)⟩+⟨r̄(X′)⟩

2 −⟨f(X)⟩(
1+

⟨f̄(X′)⟩+⟨r̄(X′)⟩
2 −⟨f̂(X′)⟩

)
(
1−

(
γ̄
⟨S̄⟩
2

)2
)(

1 +
⟨f̄(X′)⟩+⟨r̄(X′)⟩

2 − ⟨f (X)⟩
)

=

(
1−S̄E
1−S̄

)2 (
1 +

〈
f̂ (X ′)

〉
− ⟨f (X)⟩

)〈
ŜB
E

〉2
+

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−

(
γ
〈
ŜE

〉)2)(
1 +

〈
f̂ (X ′)

〉
− ⟨f (X)⟩

)
(
1−

(
γ̄
⟨S̄⟩
2

)2
)(

1 +
⟨f̄(X′)⟩+⟨r̄(X′)⟩

2 − ⟨f (X)⟩
)

This allows to obtain directly the solution as corrections to the zeroth order cas by subtituting:(
1 +

〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

− ⟨f (X)⟩

)
→
(
1−

(
γ̄
〈
S̄E

〉)2)(
1 +

〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

− ⟨f (X)⟩

)
(
1− S̄E

1− S̄

)2

→
(
1− S̄E

1− S̄

)2 (
1 +

〈
f̂ (X ′)

〉
− ⟨f (X)⟩

)
(
1−

(
γ
〈
ŜE

〉)2)
→
(
1−

(
γ
〈
ŜE

〉)2)(
1 +

〈
f̂ (X ′)

〉
− ⟨f (X)⟩

)
and the solutions are directly:

〈
SB
E

〉
⟨S̄⟩
2

=
1

2



(
1−

(
γ̄
〈
S̄E

〉)2)(
1 +

⟨f̄(X′)⟩+⟨r̄(X′)⟩
2 − ⟨f (X)⟩

)
(
1 +

〈
f̂ (X ′)

〉
− ⟨f (X)⟩

)(
1−S̄E
1−2S̄E

)2 〈
S̄E

〉 −
(
1− 2

〈
S̄E

〉)
2

(260)

+
4(

1 +
〈
f̂ (X ′)

〉
− ⟨f (X)⟩

)(
1−S̄E
1−2S̄E

)2


−1

2


(
1−

(
γ̄
〈
S̄E

〉)2)(
1 +

⟨f̄(X′)⟩+⟨r̄(X′)⟩
2 − ⟨f (X)⟩

)
(
1 +

〈
f̂ (X ′)

〉
− ⟨f (X)⟩

)(
1−S̄E
1−2S̄E

)2 〈
S̄E

〉 −

(
1− 2

〈
S̄
〉

2

)
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〈
ŜB
E

〉
⟨S̄⟩
2

(261)

=
1

2


(
1−

(
γ̄
〈
S̄E

〉)2)(
1 +

⟨f̄(X′)⟩+⟨r̄(X′)⟩
2 −

〈
f̂ (X ′)

〉)
(

1−S̄E
1−2S̄E

)2 〈
S̄E

〉 +

(
1− 2

〈
S̄
〉

2

)

−

√√√√√
 1−

(
γ̄
⟨S̄⟩
2

)2(
1+

⟨f̄(X′)⟩+⟨r̄(X′)⟩
2 −⟨f̂(X′)⟩

)
(

1−S̄E
1−2S̄E

)2 ⟨S̄⟩
2

−
(
1− 2

⟨S̄⟩
2

)2

+ 4

(1+⟨f̂(X′)⟩−⟨f(X)⟩)
(

1−S̄E
1−2S̄E

)2

2

A6.5.2.2 First order corrections A first order expansion of (260), (261) yields the first order
correction for

〈
SB
E

〉
:〈

SB
E

〉
−
〈
SB
E

〉
0

⟨S̄⟩
2

=

 1−(γ̄⟨S̄E⟩)2(
1−S̄E
1−2S̄E

)2

⟨S̄E⟩
−
(
1− 2

〈
S̄E

〉) 1−(γ̄⟨S̄E⟩)2(
1−S̄E
1−2S̄E

)2

⟨S̄E⟩

(
⟨f̄(X′)⟩+⟨r̄(X′)⟩

2 −
〈
f̂ (X ′)

〉)
− 2(

1−S̄E
1−2S̄E

)2

(〈
f̂ (X ′)

〉
− ⟨f (X)⟩

)

2

√√√√√
 1−(γ̄⟨S̄E⟩)2(

1−S̄E
1−2S̄E

)2

⟨S̄E⟩
−
(
1− 2

〈
S̄E

〉)2

+ 4(
1−S̄E
1−2S̄E

)2

−1

2

1−
(
γ̄
〈
S̄E

〉)2(
1−S̄E
1−2S̄E

)2 〈
S̄E

〉
(〈

f̄ (X ′)
〉
+ ⟨r̄ (X ′)⟩
2

−
〈
f̂ (X ′)

〉)

that is:〈
SB
E

〉
−
〈
SB
E

〉
0

⟨S̄⟩
2

(262)

=
1−

(
γ̄
〈
S̄E

〉)2(
1−S̄E
1−2S̄E

)2 〈
S̄E

〉
 1−(γ̄⟨S̄E⟩)2(

1−S̄E
1−2S̄E

)2

⟨S̄E⟩
−
(
1− 2

〈
S̄E

〉)−

√√√√√
 1−(γ̄⟨S̄E⟩)2(

1−S̄E
1−2S̄E

)2

⟨S̄E⟩
−
(
1− 2

〈
S̄E

〉)2

+ 4(
1−S̄E
1−2S̄E

)2

2

√√√√√
 1−(γ̄⟨S̄E⟩)2(

1−S̄E
1−2S̄E

)2

⟨S̄E⟩
−
(
1− 2

〈
S̄E

〉)2

+ 4(
1−S̄E
1−2S̄E

)2

×

(〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

−
〈
f̂ (X ′)

〉)

−

2(
1−S̄E
1−2S̄E

)2

(〈
f̂ (X ′)

〉
− ⟨f (X)⟩

)

2

√√√√√
 1−(γ̄⟨S̄E⟩)2(

1−S̄E
1−2S̄E

)2

⟨S̄E⟩
−
(
1− 2

〈
S̄E

〉)2

+ 4(
1−S̄E
1−2S̄E

)2
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and this also expressed as:〈
SB
E

〉
−
〈
SB
E

〉
0

⟨S̄⟩
2

(263)

= −
1−

(
γ̄
⟨S̄⟩
2

)2

(
1−S̄E
1−2S̄E

)2 ⟨S̄⟩
2

〈
SB
E

〉 (〈
f̄ (X ′)

〉
−
〈
f̂ (X ′)

〉)
+

2⟨S̄E⟩
1−(γ̄⟨S̄E⟩)2

(〈
f̂ (X ′)

〉
− ⟨f (X)⟩

)
2

〈SB
E

〉
−
〈
ŜB
E

〉
+

1−(γ̄⟨S̄E⟩)2(
1−S̄E
1−2S̄E

)2

⟨S̄E⟩



→ −

〈
SB
E

〉 (〈
f̄ (X ′)

〉
−
〈
f̂ (X ′)

〉)
+

2⟨S̄E⟩
1−(γ̄⟨S̄E⟩)2

(〈
f̂ (X ′)

〉
− ⟨f (X)⟩

)
2

1 +
(〈

SB
E

〉
−
〈
ŜB
E

〉) (
1−S̄E
1−2S̄E

)2

1−(γ̄⟨S̄E⟩)2


Moreover: 〈

ŜB
E

〉
−
〈
ŜB
E

〉
0

⟨S̄⟩
2

= −
〈
SB
E

〉
−
〈
SB
E

〉
0

⟨S̄⟩
2

A6.5.2.3 Computation of ⟨w̄(X)⟩
2 and

⟨S̄⟩
2 We can compute ⟨w̄(X)⟩

2 :

1
⟨w̄(X)⟩

2

= 2 +

〈
ŵB

E (X ′)
〉

⟨w̄(X)⟩
2

+

〈
wB

E (X)
〉

⟨w̄(X)⟩
2

2 +

1 +

(
1−S̄E
1−S̄

)2

⟨ŜB
E ⟩

2

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−(γ⟨ŜE⟩)2

)
(
1−

(
γ̄
⟨S̄⟩
2

)2
) +

(
1−S̄E
1−S̄

)2 〈
ŜB
E

〉2
+

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−

(
γ
〈
ŜE

〉)2)
(
1−

(
γ̄
⟨S̄⟩
2

)2
)


→

2 +

〈
SB
E

〉
−∆

〈
SB
E

〉
⟨S̄⟩
2 −∆

⟨S̄⟩
2

+

〈
ŜB
E

〉
−∆

〈
ŜB
E

〉
⟨S̄⟩
2 −∆

⟨S̄⟩
2


=

2 +

〈
SB
E

〉
⟨S̄⟩
2

(
1 +

〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

− ⟨f (X)⟩

)
+

〈
ŜB
E

〉
⟨S̄⟩
2

(
1 +

〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

−
〈
f̂ (X ′)

〉)
= 2 +

〈
SB
E

〉
0
+ δ

〈
SB
E

〉
⟨S̄⟩
2

(
1 +

〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

− ⟨f (X)⟩

)

+

〈
ŜB
E

〉
0
− δ

〈
SB
E

〉
⟨S̄⟩
2

(
1 +

〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

−
〈
f̂ (X ′)

〉)

=

2 +

〈
SB
E

〉
0

⟨S̄⟩
2

(
1 +

〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

− ⟨f (X)⟩

)
+

〈
ŜB
E

〉
0

⟨S̄⟩
2

(
1 +

〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

−
〈
f̂ (X ′)

〉)
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Thus, we obtain for ⟨w̄(X)⟩
2 :

⟨w̄ (X)⟩
2

(264)

→ 1(
2 +

⟨SB
E ⟩0
⟨S̄⟩
2

+
⟨ŜB

E ⟩0
⟨S̄⟩
2

+
⟨SB

E ⟩0
⟨S̄⟩
2

(
⟨f̄(X′)⟩+⟨r̄(X′)⟩

2 − ⟨f (X)⟩
)
+

⟨ŜB
E ⟩0
⟨S̄⟩
2

(
⟨f̄(X′)⟩+⟨r̄(X′)⟩

2 −
〈
f̂ (X ′)

〉))
=

⟨w̄ (X)⟩0
2

11 +

⟨SB
E ⟩0
⟨S̄⟩
2

(
⟨f̄(X′)⟩+⟨r̄(X′)⟩

2 −⟨f(X)⟩
)
+
⟨ŜB

E ⟩0
⟨S̄⟩
2

(
⟨f̄(X′)⟩+⟨r̄(X′)⟩

2 −⟨f̂(X′)⟩
)

2+
⟨SB

E ⟩0
⟨S̄⟩
2

+
⟨ŜB

E ⟩0
⟨S̄⟩
2


=

⟨w̄ (X)⟩0
2

×

1− ⟨w̄ (X)⟩
2

〈SB
E

〉
0

⟨S̄⟩
2

(〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

− ⟨f (X)⟩

)
+

〈
ŜB
E

〉
0

⟨S̄⟩
2

(〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

−
〈
f̂ (X ′)

〉)
=

⟨w̄ (X)⟩0
2

(
1−

(〈
wB

E (X)
〉
0

(〈
f̄ (X ′)

〉
− ⟨f (X)⟩

)
+
〈
ŵB

E (X)
〉
0

(〈
f̄ (X ′)

〉
−
〈
f̂ (X ′)

〉)))
As a consequence:〈
S̄
〉

2
=

⟨w̄ (X)⟩0
2

+
⟨w̄ (X ′)⟩0

2
(265)

×

{〈
ŵB

E (X)
〉
0

(〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

−
〈
f̂ (X ′)

〉
ŵE

)
+
〈
wB

E (X)
〉
0

(〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

− ⟨f (X)⟩

)}

−
⟨w̄ (X)⟩0

2

(〈
wB

E (X)
〉
0

(〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

− ⟨f (X)⟩

)
+
〈
ŵB

E (X)
〉
0

(〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

−
〈
f̂ (X ′)

〉))

=
⟨w̄ (X)⟩0

2

A6.5.2.4 Computation of
〈
S̄E

〉
to the first order Given (265) we can derive directly

〈
S̄E

〉
:

〈
S̄E

〉
=

⟨w̄ (X ′)⟩0
2

(
1 +

{
⟨w̄ (X)⟩0

(〈
f̄ (X ′)

〉
− ⟨r̄ (X ′)⟩
2

)
(266)

+
〈
ŵB

E (X)
〉
0

(〈
f̄ (X ′)

〉
−
〈
f̂ (X ′)

〉
ŵE

)
+
〈
wB

E (X)
〉
0

(〈
f̄ (X ′)

〉
− ⟨f (X)⟩

)})
The shares

〈
S̄
〉
and

〈
S̄E

〉
satisfy the relation:

〈
S̄
〉
= 2

〈
S̄E

〉
− ⟨w̄ (X ′)⟩0

(〈
f̄ (X ′)

〉
− ⟨r̄ (X ′)⟩
2

)
(267)

A6.5.2.5 Full expansion of
〈
SB
E

〉
and

〈
ŜB
E

〉
at first order To obtain the first order formla

for
〈
SB
E

〉
and

〈
ŜB
E

〉
we first expand (254) and (255) using (253). Considering a firs order variation
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δS̄E and the corresponding variation δ
〈
SB
E

〉
, the variation of (253) becomes:

0 = δ
〈
SB
E

〉((
1−

(
γ̄
〈
S̄E

〉)2)− (1− S̄E

1− S̄

)2 〈
S̄E

〉 (
1− 2S̄E −

〈
SB
E

〉))
+

(
1− S̄E

1− S̄

)2 〈
S̄E

〉 〈
SB
E

〉
δ
〈
SB
E

〉
−δS̄E

(
2
(γ̄x)

2

x
+ (1− x)

−3x+ 4x2 + 1

(1− 2x)
2

)

Given (253), this also writes:

0 =

(
S̄E〈
SB
E

〉 + (1− S̄E

1− S̄

)2 〈
S̄E

〉 〈
SB
E

〉)
δ
〈
SB
E

〉
− δS̄E

(
2
(γ̄x)

2

x
+ (1− x)

−3x+ 4x2 + 1

(1− 2x)
2

)
(268)

with solution:

δ
〈
SB
E

〉
=

2 (γ̄x)2

x + (1− x) −3x+4x2+1
(1−2x)2(

S̄E

⟨SB
E ⟩

+
(

1−S̄E
1−S̄

)2 〈
S̄E

〉 〈
SB
E

〉)δS̄E

Using (266), this leads to:

δ
〈
SB
E

〉
=

2 (γ̄x)2

x + (1− x) −3x+4x2+1
(1−2x)2(

1 +
(

1−S̄E
1−S̄

)2 〈
SB
E

〉2)
2 〈

SB
E

〉
0

{
2
〈
S̄E

〉
0

(〈
f̄ (X ′)

〉
− ⟨r̄ (X ′)⟩
2

)
(269)

+
〈
ŜB
E (X)

〉
0

(〈
f̄ (X ′)

〉
−
〈
f̂ (X ′)

〉
ŵE

)
+
〈
SB
E (X)

〉
0

(〈
f̄ (X ′)

〉
− ⟨f (X)⟩

)})
Considerng the additional contribution (263) yields:

〈
SB
E

〉
=

〈
SB
E

〉
0
+

2 (γ̄x)2

x + (1− x) −3x+4x2+1
(1−2x)2(

1 +
(

1−S̄E
1−S̄

)2 〈
SB
E

〉2)
2 〈

SB
E

〉
0

{
2
〈
S̄E

〉
0

(〈
f̄ (X ′)

〉
− ⟨r̄ (X ′)⟩
2

)
(270)

+
〈
ŜB
E (X)

〉
0

(〈
f̄ (X ′)

〉
−
〈
f̂ (X ′)

〉
ŵE

)
+
〈
SB
E (X)

〉
0

(〈
f̄ (X ′)

〉
− ⟨f (X)⟩

)})

−

〈
SB
E

〉 (〈
f̄ (X ′)

〉
−
〈
f̂ (X ′)

〉)
+

2⟨S̄E⟩
1−(γ̄⟨S̄E⟩)2

(〈
f̂ (X ′)

〉
− ⟨f (X)⟩

)
2

1 +
(〈

SB
E

〉
−
〈
ŜB
E

〉) (
1−S̄E
1−2S̄E

)2

1−(γ̄⟨S̄E⟩)2


〈
SB
E

〉
0

Moreover since:

δ
〈
SB
E

〉
+ δ

〈
ŜB
E

〉
= −2δ

〈
S̄E

〉
0
−

2 (γ̄x)2

x + (1− x) −3x+4x2+1
(1−2x)2(

1 +
(

1−S̄E
1−S̄

)2 〈
SB
E

〉2)
2 〈

SB
E

〉
0

{
2
〈
S̄E

〉
0

(〈
f̄ (X ′)

〉
− ⟨r̄ (X ′)⟩
2

)

+
〈
ŜB
E (X)

〉
0

(〈
f̄ (X ′)

〉
−
〈
f̂ (X ′)

〉
ŵE

)
+
〈
SB
E (X)

〉
0

(〈
f̄ (X ′)

〉
− ⟨f (X)⟩

)})

+

〈
SB
E

〉 (〈
f̄ (X ′)

〉
−
〈
f̂ (X ′)

〉)
+

2⟨S̄E⟩
1−(γ̄⟨S̄E⟩)2

(〈
f̂ (X ′)

〉
− ⟨f (X)⟩

)
2

1 +
(〈

SB
E

〉
−
〈
ŜB
E

〉) (
1−S̄E
1−2S̄E

)2

1−(γ̄⟨S̄E⟩)2


〈
SB
E

〉
0

139



we obtain:

〈
ŜB
E

〉
=

〈
ŜB
E

〉
0
− 2δ

〈
S̄E

〉
0
−

2 (γ̄x)2

x + (1− x) −3x+4x2+1
(1−2x)2(

1 +
(

1−S̄E
1−S̄

)2 〈
SB
E

〉2)
2 〈

SB
E

〉
0

{
2
〈
S̄E

〉
0

(〈
f̄ (X ′)

〉
− ⟨r̄ (X ′)⟩
2

)

+
〈
ŜB
E (X)

〉
0

(〈
f̄ (X ′)

〉
−
〈
f̂ (X ′)

〉
ŵE

)
+
〈
SB
E (X)

〉
0

(〈
f̄ (X ′)

〉
− ⟨f (X)⟩

)})

+

〈
SB
E

〉 (〈
f̄ (X ′)

〉
−
〈
f̂ (X ′)

〉)
+

2⟨S̄E⟩
1−(γ̄⟨S̄E⟩)2

(〈
f̂ (X ′)

〉
− ⟨f (X)⟩

)
2

1 +
(〈

SB
E

〉
−
〈
ŜB
E

〉) (
1−S̄E
1−2S̄E

)2

1−(γ̄⟨S̄E⟩)2


〈
SB
E

〉
0

(271)

A6.6 Average return
〈
f̂ (X ′)

〉
as a function of

〈
ŜE (X)

〉
As in part 1, (26) and (57) allow to write

〈
f̂ (X ′)

〉
as function of

〈
ŜE (X ′, X)

〉
and external param-

eters ⟨f (X ′)⟩ and ⟨r (X)⟩:

〈
f̂ (X ′)

〉
=

2
(
2−(γ⟨ŜE(X)⟩)2

)
1−(γ⟨ŜE(X)⟩)2

〈
ŜE (X)

〉
− 1 +

⟨r̂(X′)⟩
ŵ2

2 + ⟨f(X)⟩
2
(
2−(γ⟨ŜE(X)⟩)2

)(
1− 1

2

1−(γ⟨ŜE(X)⟩)2
2−(γ⟨ŜE(X)⟩)2

) (272)

Note for the sequel that:

〈
f̂ (X ′)

〉
− ⟨r̂ (X ′)⟩ =

2
(
2−(γ⟨ŜE(X)⟩)2

)
1−(γ⟨ŜE(X)⟩)2

〈
ŜE (X)

〉
− 1 +

⟨f(X)⟩−⟨r̂(X′)⟩
ŵ2

2
(
2−(γ⟨ŜE(X)⟩)2

)(
1− 1

2

1−(γ⟨ŜE(X)⟩)2
2−(γ⟨ŜE(X)⟩)2

) (273)

A6.7 Computing
〈
f̄ (X ′)

〉
,
〈
SB
E

〉
and

〈
SB
E (X)

〉
,
〈
ŜB
E

〉
and

〈
ŜB
E (X)

〉
as functions of〈

S̄E

〉
To solve return equation for banks, we will need to express returns and shares as functions of

〈
S̄E

〉
and

〈
ŜE

〉
. This is already done for

〈
ŜB
L (X ′, X)

〉
and

〈
SB
L (X,X)

〉
((245) nd (246)), but similar

expression have to found for the other shares.

A6.7.1 Finding
〈
f̄ (X ′)

〉
,
〈
f̄ (X ′)

〉
− ⟨r̄ (X ′)⟩ as function of

〈
S̄E

〉
Starting with equation of shares (238), we can express

〈
f̄ (X ′)

〉
as:

〈
f̄ (X ′)

〉
= F̄

(〈
S̄E

〉
, ⟨r̄ (X ′)⟩ ,

〈
f̂ (X ′)

〉
ŵE

)
This function is found by regrouping the terms proportional to

〈
f̄ (X ′)

〉
, with solution:

〈
f̄ (X ′)

〉
=

⟨S̄E⟩
⟨w̄(X′)⟩

2

− 1

1− ⟨w̄(X)⟩
2

+

⟨w̄(X)⟩⟨r̄(X′)⟩
2 +

〈
ŵB

E (X)
〉 〈

f̂ (X ′)
〉
ŵE

+
〈
wB

E (X)
〉
⟨f (X)⟩

1− ⟨w̄(X)⟩
2

(274)
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and: 〈
f̄ (X ′)

〉
− ⟨r̄ (X ′)⟩ (275)

=

⟨S̄E⟩
⟨w̄(X′)⟩

2

− 1 +
〈
ŵB

E (X)
〉(〈

f̂ (X ′)
〉
ŵE

− ⟨r̄ (X ′)⟩
)
+
〈
wB

E (X)
〉
(⟨f (X)⟩ − ⟨r̄ (X ′)⟩)

1− ⟨w̄(X)⟩
2

As in (239) the coefficients w, w̄ can be expressed as functions of
〈
S̄E

〉
with ⟨w̄ (X ′)⟩,

〈
ŵB

E (X)
〉
,〈

wB
E (X)

〉
replaced with their zeroth order approximations:

⟨w̄ (X)⟩0 =

(
1−

(
γ̄
〈
S̄E

〉)2)
1 +

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−

(
γ
〈
ŜE

〉)2)
+ 2

(
1−

(
γ̄
〈
S̄E

〉)2)
+

〈
1−S̄E
1−S̄

〉2

⟨ŜB
E ⟩

2

[
⟨SB

E ⟩
⟨SE⟩

]2 1

1−(γ⟨ŜE⟩)2
+
〈

1−S̄E
1−S̄

〉2 〈
ŜB
E

〉2

and
〈
ŵB

E (X)
〉
,
〈
wB

E (X)
〉
defined in (254) and (255) and:

1−
⟨w̄ (X)⟩0

2

=

1 +

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−

(
γ
〈
ŜE

〉)2)
+
(
1−

(
γ̄
〈
S̄E

〉)2)
+

〈
1−S̄E
1−S̄

〉2

⟨ŜB
E ⟩

2

[
⟨SB

E ⟩
⟨SE⟩

]2 1

1−(γ⟨ŜE⟩)2
+
〈

1−S̄E
1−S̄

〉2 〈
ŜB
E

〉2

1 +

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−

(
γ
〈
ŜE

〉)2)
+ 2

(
1−

(
γ̄
〈
S̄E

〉)2)
+

〈
1−S̄E
1−S̄

〉2

⟨ŜB
E ⟩

2

[
⟨SB

E ⟩
⟨SE⟩

]2 1

1−(γ⟨ŜE⟩)2
+
〈

1−S̄E
1−S̄

〉2 〈
ŜB
E

〉2

A6.7.2 Computation of
〈
SB
E

〉
,
〈
SB
E (X ′)

〉
,
〈
ŜB
E

〉
and

〈
ŜB
E (X ′)

〉
Using formula (273) and (275) and (250) allow to rewrite

〈
SB
E

〉
and

〈
ŜB
E

〉
as functions of

〈
S̄E

〉
and〈

ŜE

〉
:

〈
SB
E

〉 (〈
f̄ (X ′)

〉
,
〈
f̂ (X ′)

〉
, ⟨f (X)⟩ , ⟨r̄ (X ′)⟩

)
〈
ŜB
E

〉(〈
f̄ (X ′)

〉
,
〈
f̂ (X ′)

〉
, ⟨f (X)⟩ , ⟨r̄ (X ′)⟩

)
and: 〈

SB
E (X ′)

〉
=
〈
SB
E

〉 〈K̄〉 ∥∥Ψ̄∥∥2
⟨K⟩ ∥Ψ∥2〈

ŜB
E (X ′)

〉
=
〈
ŜB
E

〉 〈K̄〉 ∥∥Ψ̄∥∥2〈
K̂
〉∥∥∥Ψ̂∥∥∥2

Equation (270), (271) allow to find the first order expansion for
〈
SB
E

〉
and

〈
ŜB
E

〉
by using (273) and

(275) to replace
〈
f̄ (X ′)

〉
− ⟨r̄ (X ′)⟩ and

〈
f̂ (X ′)

〉
− ⟨r̂ (X ′)⟩. This can be written using the zeroth

order solutions (254), (255) and first order correction (262):
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〈
SB
E

〉
=

1

2


√√√√√√
 1−

(
γ̄
〈
S̄E

〉)2(
1−S̄E
1−2S̄E

)2 〈
S̄E

〉 − (1− 2
〈
S̄E

〉)
2

+
4(

1−S̄E
1−2S̄E

)2 −

 1−
(
γ̄
〈
S̄E

〉)2(
1−S̄E
1−2S̄E

)2 〈
S̄E

〉 − (1− 2
〈
S̄E

〉)


−

〈
SB
E

〉 (〈
f̄ (X ′)

〉
−
〈
f̂ (X ′)

〉)
+

2⟨S̄E⟩
1−(γ̄⟨S̄E⟩)2

(〈
f̂ (X ′)

〉
− ⟨f (X)⟩

)
2

1 +
(〈

SB
E

〉
−
〈
ŜB
E

〉) (
1−S̄E
1−2S̄E

)2

1−(γ̄⟨S̄E⟩)2

 (276)

〈
ŜB
E

〉
=

1

2


 1−

(
γ̄
〈
S̄E

〉)2(
1−S̄E
1−2S̄E

)2 〈
S̄E

〉 + (1− 2
〈
S̄E

〉)−

√√√√√√
 1−

(
γ̄
〈
S̄E

〉)2(
1−S̄E
1−2S̄E

)2 〈
S̄E

〉 − (1− 2
〈
S̄E

〉)
2

+
4(

1−S̄E
1−2S̄E

)2


+

−
〈
SB
E

〉 (〈
f̄ (X ′)

〉
−
〈
f̂ (X ′)

〉)
+

2⟨S̄E⟩
1−(γ̄⟨S̄E⟩)2

(〈
f̂ (X ′)

〉
− ⟨f (X)⟩

)
2

1 +
(〈

SB
E

〉
−
〈
ŜB
E

〉) (
1−S̄E
1−2S̄E

)2

1−(γ̄⟨S̄E⟩)2

 (277)

where:

−

〈
SB
E

〉 (〈
f̄ (X ′)

〉
−
〈
f̂ (X ′)

〉)
+

2⟨S̄E⟩
1−(γ̄⟨S̄E⟩)2

(〈
f̂ (X ′)

〉
− ⟨f (X)⟩

)
2

1 +
(〈

SB
E

〉
−
〈
ŜB
E

〉) (
1−S̄E
1−2S̄E

)2

1−(γ̄⟨S̄E⟩)2



=
1−

(
γ̄
〈
S̄E

〉)2(
1−S̄E
1−2S̄E

)2 〈
S̄E

〉
 1−(γ̄⟨S̄E⟩)2(

1−S̄E
1−2S̄E

)2

⟨S̄E⟩
−
(
1− 2

〈
S̄E

〉)−

√√√√√
 1−(γ̄⟨S̄E⟩)2(

1−S̄E
1−2S̄E

)2

⟨S̄E⟩
−
(
1− 2

〈
S̄E

〉)2

+ 4(
1−S̄E
1−2S̄E

)2

2

√√√√√
 1−(γ̄⟨S̄E⟩)2(

1−S̄E
1−2S̄E

)2

⟨S̄E⟩
−
(
1− 2

〈
S̄E

〉)2

+ 4(
1−S̄E
1−2S̄E

)2

×

(〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

−
〈
f̂ (X ′)

〉)

−
1−

(
γ̄
〈
S̄E

〉)2(
1−S̄E
1−2S̄E

)2 〈
S̄E

〉
〈
SB
E

〉( ⟨f̄(X′)⟩+⟨r̄(X′)⟩
2 −

〈
f̂ (X ′)

〉)

2

√√√√√
 1−(γ̄⟨S̄E⟩)2(

1−S̄E
1−2S̄E

)2

⟨S̄E⟩
−
(
1− 2

〈
S̄E

〉)2

+ 4(
1−S̄E
1−2S̄E

)2

and the first order corrctions are obtaind as functions f
〈
S̄E

〉
by using (273) and (275).
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Appendix 7 Average equations for investors and banks in terms of〈
ŜE

〉
and

〈
S̄E

〉
Case C = 0 and constant return to scale

A7.1 Average equations for investors

Once the averages have been expressed in functions of
〈
S̄E

〉
and

〈
ŜE

〉
, the return equations (33)

can be considered in average. The investors equation without default writes:

0 =

∫ (
δ (X −X ′)− ŜE (X ′, X)

) 1−
〈
Ŝ
〉
−
(〈

ŜB
E

〉
+
〈
ŜB
L

〉) ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

1−
〈
ŜE

〉
−
(〈

ŜB
E

〉) ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

(f (X ′)− r̄) dX ′

−
∫

SE (X ′, X)
1−

(
S (X ′) +

(
SB
E (X ′) + SB

L (X ′)
))

1− SE (X ′)− SB
E (X ′)

(
(f ′

1 (X
′)− r̄) + ∆Fτ

(
R̄ (K,X)

))
dX ′

Given that κ >> 1, in first approximation:〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̂
〉∥∥∥Ψ̂∥∥∥2 << 1

and:

1−
〈
Ŝ
〉
−
(〈

ŜB
E

〉
+
〈
ŜB
L

〉) ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

1−
〈
ŜE

〉
−
(〈

ŜB
E

〉) ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
≃

1−
〈
Ŝ
〉
−
〈
ŜB
L

〉 ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

1−
〈
ŜE

〉
We will show below in Appendix 20.2.2.3 that

〈
ŜB
L

〉
is of order κ and

⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2 of order 1
κ2 so that:

1−
〈
Ŝ
〉
−
(〈

ŜB
E

〉
+
〈
ŜB
L

〉) ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

1−
〈
ŜE

〉
−
(〈

ŜB
E

〉) ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
≃

1−
〈
Ŝ
〉

1−
〈
ŜE

〉
so that the return equation is in average:(

1−
〈
Ŝ (X ′, X)

〉)(〈
f̂ (X ′)

〉
− r̄
)
= ⟨SE (X,X)⟩ (⟨f1 (X)⟩ − r̄)

where:
⟨f (X)⟩ = ⟨f1 (X)⟩ − r̄

A7.2 Average equations for banks

The average equation for banks is obtained similarly:

0 =
(
1−

〈
S̄
〉) (〈

f̄ (X ′)
〉
− (1 + κ) r̄

)
−

1−
〈
Ŝ
〉
−
(〈

ŜB
E

〉
+
〈
ŜB
L

〉) ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

1−
〈
ŜE

〉
−
(〈

ŜB
E

〉) ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

〈
ŜB
E

〉 〈K̄〉 ∥∥Ψ̄∥∥2〈
K̂
〉∥∥∥Ψ̂∥∥∥2

(〈
f̂ (X ′)

〉
− r̄
)

−
〈
SB
E (X ′, X ′)

〉
(⟨f1 (X ′)⟩ − r̄)
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Given the solution for investors return equation, this writes also:

0 =
(
1−

〈
S̄
〉) (〈

f̄ (X ′)
〉
− (1 + κ) r̄

)
(278)

−

1−
〈
Ŝ
〉
−
(〈

ŜB
E

〉
+
〈
ŜB
L

〉) ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

1−
〈
ŜE

〉
−
(〈

ŜB
E

〉) ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

〈
ŜB
E

〉 〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̂
〉∥∥∥Ψ̂∥∥∥2

⟨SE (X,X)⟩(
1−

〈
Ŝ (X ′, X)

〉) +
〈
SB
E (X ′, X ′)

〉 (⟨f1 (X)⟩ − r̄)

A7.3 Solving returns for investors in terms of
〈
ŜE

〉
The resolution of: (

1−
〈
Ŝ (X ′, X)

〉)(〈
f̂ (X ′)

〉
− r̄
)
= ⟨SE (X,X)⟩ (⟨f1 (X)⟩ − r̄) (279)

is similar to part one. Given that
〈
ŜE (X)

〉
=
〈
ŜE

〉
, setting:

〈
Ŝ (X ′, X)

〉
= 2

〈
ŜE (X ′, X)

〉
+ ⟨ŵ (X ′)⟩

⟨r̂ (X ′, X)⟩ −
〈
f̂ (X ′, X)

〉
2

with:

⟨ŵ (X ′)⟩ =

(
1−

(
γ
〈
ŜE (X)

〉)2)
2−

(
γ
〈
ŜE (X)

〉)2
We write the return in terms of share, using equation (273):

〈
f̂ (X ′)

〉
− ⟨r̂ (X ′)⟩ŵ2

=

2
(
2−(γ⟨ŜE(X)⟩)2

)
1−(γ⟨ŜE(X)⟩)2

〈
ŜE (X)

〉
− 1 +

⟨f(X)⟩−⟨r̂(X′)⟩
ŵ2

2
(
2−(γ⟨ŜE(X)⟩)2

)(
1− 1

2

1−(γ⟨ŜE(X)⟩)2
2−(γ⟨ŜE(X)⟩)2

) (280)

⟨f (X)⟩ = ⟨f1 (X)⟩

As in part one, we set z =
〈
ŜE (X)

〉
, so that the equation (279) becomes:

1− 2z +
1− (γz)

2

3− (γz)
2

2
(
2− (γz)

2
)

1− (γz)
2 z − 1 +

⟨f (X)⟩ − ⟨r̂ (X ′)⟩ŵ2

2
(
2− (γz)

2
)

 (281)

×

2(2−(γz)2)
1−(γz)2

z − 1 +
⟨f(X)⟩−⟨r̂(X′)⟩

ŵ2

2(2−(γz)2)(
1− 1

2
1−(γz)2

2−(γz)2

)
=

1

2

1

2− (γz)
2

1 +

 3− (γz)
2

2
(
2− (γz)

2
)
(⟨f1 (X)⟩ − ⟨r̂ (X ′)⟩ŵ2

)

−

2(2−(γz)2)
1−(γz)2

z − 1 +
⟨f(X)⟩−⟨r̂(X′)⟩

ŵ2

2(2−(γz)2)

2
(
1− 1

2
1−(γz)2

2−(γz)2

)
 [⟨f1 (X)⟩ − ⟨r̄ (X)⟩]

The solutions are similar to that of part one, with the same properties.
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We showed in part I that the approximate solutions at the first order in ⟨f (X)⟩− ⟨r̂ (X ′)⟩ŵ2
are:〈

ŜE (X ′)
〉
= z0 (γ)

(
1 +

1

2

z20
1− 5z0 + 8z20

(⟨f1 (X)⟩ − ⟨r̄ (X)⟩)
)

where the share z satisfies:
2
(
2− (γz)

2
)

1− (γz)
2 z − 1 = 0 (282)

that is:
1− 4z − z2γ2 + 2z3γ2 = 0

under the condition that z (γ) → 1
4 when γ → 0.

A7.4 Solving equation for banks’ returns

The equation for banks average returns is (278):

0 =
(
1−

〈
S̄
〉) (〈

f̄ (X ′)
〉
− (1 + κ) r̄

)
(283)

−

1−
〈
Ŝ
〉
−
(〈

ŜB
E

〉
+
〈
ŜB
L

〉) ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

1−
〈
ŜE

〉
−
(〈

ŜB
E

〉) ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

〈
ŜB
E

〉 〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̂
〉∥∥∥Ψ̂∥∥∥2

⟨SE (X,X)⟩(
1−

〈
Ŝ (X ′, X)

〉) +
〈
SB
E (X ′, X ′)

〉 (⟨f1 (X)⟩ − r̄)

where the various terms have been obtained previously in terms of
〈
S̄E

〉
,
〈
ŜE

〉
, ⟨(f1 (X ′))⟩:

〈
S̄
〉
= 2

〈
S̄E

〉
− ⟨w̄ (X ′)⟩

(〈
f̄ (X ′)

〉
− ⟨r̄ (X ′)⟩
2

)
(284)

with:

⟨w̄ (X ′)⟩ =

2

(
1−

(
γ̄
⟨S̄⟩
2

)2
)

1 +

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−

(
γ
〈
ŜE

〉)2)
+ 2

(
1−

(
γ̄
⟨S̄⟩
2

)2
)

+

〈
1−S̄E
1−S̄

〉2

⟨ŜB
E ⟩

2

[
⟨SB

E ⟩
⟨SE⟩

]2 1

1−(γ⟨ŜE⟩)2
+
〈

1−S̄E
1−S̄

〉2 〈
ŜB
E

〉2

≃
2
(
1−

(
γ̄
〈
S̄E

〉)2)
1 +

[
⟨SB

E ⟩
⟨SE⟩

]2(
1−

(
γ
〈
ŜE

〉)2)
+ 2

(
1−

(
γ̄
〈
S̄E

〉)2)
+

〈
1−S̄E
1−S̄

〉2

⟨ŜB
E ⟩

2

[
⟨SB

E ⟩
⟨SE⟩

]2 1

1−(γ⟨ŜE⟩)2
+
〈

1−S̄E
1−S̄

〉2 〈
ŜB
E

〉2
where at lowest ordr the equatn is satisfd:

⟨w̄ (X ′)⟩ ≃ ⟨w̄ (X ′)⟩0 =
〈
S̄E

〉
and:

〈
ŜB
L

〉
κ
(
1−

〈
S̄ (X)

〉) =
1−

(
γ
〈
ŜE

〉)2
2−

(
γ
〈
ŜE

〉)2
×

1 +
1−

(
γ
〈
ŜE

〉)2
2−

(
γ
〈
ŜE

〉)2 (⟨r̂ (X ′)⟩ −
〈
f̂ (X ′)

〉
ŵ1

)
+

⟨r̂ (X ′)⟩ − ⟨f (X)⟩

2−
(
γ
〈
ŜE (X ′, X)

〉)2

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The formula for
〈
SB
E

〉
and

〈
ŜB
E

〉
are given in (276) and (277).

From (275), we find
〈
f̄ (X ′)

〉
− ⟨r̄ (X ′)⟩:

〈
f̄ (X ′)

〉
−(1 + κ) ⟨r̄ (X ′)⟩ =

⟨S̄E⟩
⟨w̄(X′)⟩

2

− 1 +
〈
ŵB

1 (X)
〉(〈

f̂ (X ′)
〉
ŵ1

− ⟨r̄ (X ′)⟩
)
+
〈
wB

1 (X)
〉
(⟨f (X)⟩ − ⟨r̄ (X ′)⟩)

1− ⟨w̄(X)⟩
2

(285)
To the first order we can replace: 〈

ŵB
1 (X)

〉
→

〈
ŜB
E

〉
0〈

wB
1 (X)

〉
→

〈
SB
E

〉
0

The ratio:

Z =

1−
(
⟨SE (X ′, X ′)⟩ ⟨K̂⟩∥Ψ̂∥2

⟨K⟩∥Ψ∥2 +
〈
SB
E (X ′, X ′)

〉 ⟨K̄⟩∥Ψ̄∥2
⟨K⟩∥Ψ∥2

)
1−

(
⟨S (X ′, X ′)⟩ ⟨K̂⟩∥Ψ̂∥2

⟨K⟩∥Ψ∥2 + ⟨SB (X ′, X ′)⟩ ⟨K̄⟩∥Ψ̄∥2

⟨K⟩∥Ψ∥2

)
was defined in (216) and capital ratios derived in (218) and (219).

Along with the return equation for
〈
f̂
〉
we can check numericlly that

〈
f̂
〉
and

〈
f̄
〉
increase

with ⟨f1 (X)⟩, and that capital ratis
⟨K̂⟩∥Ψ̂∥2
⟨K⟩∥Ψ∥2 and

⟨K̄⟩∥Ψ̄∥2
⟨K⟩∥Ψ∥2 decrease. Disposable capital decrease,

circulation is reduced and capital is invested directly in firms.As for investors, we solve this equation
at first order in (⟨f1 (X)⟩ − r̄). This equation (283) will be solved below in an approximated form
for decreasing return.

Appendix 8 Including decreasing return and C ̸= 0

A8. 1 Modification of return equations under decreasing return to scale

Including decreasing returns modify the formulas for return equations. As in the first part we
replace in (281) and (283):

⟨f1 (X ′)⟩ − r̄ → ⟨f1 (X)⟩dr − r̄

where:

⟨f1 (X)⟩dr =
⟨f1 (X ′)⟩(
⟨K⟩ ∥Ψ∥2

)r − C

⟨K⟩ ∥Ψ∥2
(286)

For example:

Z =

1−
(
⟨SE (X ′, X ′)⟩ ⟨K̂⟩∥Ψ̂∥2

⟨K⟩∥Ψ∥2 +
〈
SB
E (X ′, X ′)

〉 ⟨K̄⟩∥Ψ̄∥2
⟨K⟩∥Ψ∥2

)
1−

(
⟨S (X ′, X ′)⟩ ⟨K̂⟩∥Ψ̂∥2

⟨K⟩∥Ψ∥2 + ⟨SB (X ′, X ′)⟩ ⟨K̄⟩∥Ψ̄∥2

⟨K⟩∥Ψ∥2

)
is computed by using capital ratios (222), (223) and modification in ⟨SE (X ′, X ′)⟩,

〈
SB
E (X ′, X ′)

〉
...

This will be developped in the approximate solutions of Appendix 8.2.6.
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A8.2 Approximate solution

A8.2.1 Investors equations

Approximate solutions of equation (281) have been derived in part I. We recall the results for later
purposes: 〈

ŜE (X ′, X)
〉

(287)

=
〈
ŜE (X ′)

〉
= z0 (γ)

1 +

 z0
(
1− γ2z20

)
2
(
(γ2z20)

2 − γ2z20 + 2
)
(1− 2z0)

 (⟨f1 (X)⟩ − ⟨r̄ (X)⟩)


= z0 (γ)

(
1 +

1

2

z20
1− 5z0 + 8z20

(⟨f1 (X)⟩ − ⟨r̄ (X)⟩)
)

where the share
〈
ŜE (X ′, X)

〉
0
= z0 satisfies:

2
(
2− (γz0)

2
)

1− (γz0)
2 z0 − 1 = 0 (288)

Average investors return satifies:

〈
f̂ (X ′)

〉
− ⟨r̂ (X ′)⟩ŵ2

=

(
⟨f1 (X)⟩(dr) − ⟨r̂ (X ′)⟩ŵ2

)
2

(289)

The shares of participations and loans are given by:〈
Ŝ (X ′, X)

〉
(290)

= 2z0 (γ)

(
1− 1

4

(1− 3z0) (1− 2z0)

−5z0 + 8z20 + 1

(
⟨f1 (X)⟩(dr) − ⟨r̂ (X ′)⟩ŵ2

))
The participations invested in real sector are:

⟨SE (X,X)⟩ (291)

=
1− 2z0

2

(
1 +

(
z30 (1− 4z0)

(1− 5z0 + 8z20)
+

(
3

4
− z0

))(
⟨f1 (X)⟩(dr) − ⟨r̂ (X ′)⟩ŵ2

))
and the total share ⟨S (X,X)⟩ to the first order are given order:

⟨S (X,X)⟩ = (1− 2z0)

(
1 +

(
1

2
+

z20 (1− 4z0)

(1− 5z0 + 8z20)

)
z0

(
⟨f1 (X)⟩(dr) − ⟨r̂ (X ′)⟩ŵ2

))
(292)

A8.2.2 Banks equations

A8.2.2.1 Zeroth order solutions At zeroth order in ⟨f1 (X)⟩dr−⟨r (X ′)⟩, equation (283) writes:(
1−

〈
S̄
〉) (〈

f̄ (X ′)
〉
− r̄
)
= 0

As for investors, the only possible solutions arise from:(〈
f̄ (X ′)

〉
− r̄
)
= 0 (293)
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and givn (285) the solutions are: 〈
S̄E

〉
=

⟨w̄ (X ′)⟩0
2

These are the solutns obtained in Appendix 6.5. The variable x =
〈
S̄E

〉
satisifies:

0 = 1− 1

z2
1− 4z

1− 2z
x2−


 1(

1−x
1−2x

)2 −

(
1− 2x

2 (1− 2x) 2z
(1−2z)3

+ 1

)2
 2 (1− 2x) 2z

(1−2z)3
+ 1

1− 2x
+ (1− 2x)

( 1− x

1− 2x

)2

x

and at lowest order for z << 1, we find:
x ≃ z(

1−
(
γ̄
〈
S̄E

〉)2) ≃ x

(1− 2x) (1− 8z)

〈
SB
E

〉
≃ 1

2


√√√√√√
 1−

(
γ̄
〈
S̄E

〉)2(
1−S̄E
1−2S̄E

)2 〈
S̄E

〉 − (1− 2
〈
S̄E

〉)
2

+
4(

1−S̄E
1−2S̄E

)2 −

 1−
(
γ̄
〈
S̄E

〉)2(
1−S̄E
1−2S̄E

)2 〈
S̄E

〉 − (1− 2
〈
S̄E

〉)


≃ 1− 2x− 4z ≃ 1− 6x

〈
ŜB
E

〉
= 1− 2S̄E − 2

〈
SB
E

〉
≃ 4z ≃ 4x

Moreover, the coefficients for banks loans are given by:

〈
ŜB
L (X ′)

〉
0

= κ
(
1−

〈
S̄ (X)

〉
0

) 1− (γ 〈ŜE (X ′, X)
〉)2

2−
(
γ
〈
ŜE (X ′, X)

〉)2 ≃ κ (1− 2z)
1−

(
γ
〈
ŜE (X ′, X)

〉)2
2−

(
γ
〈
ŜE (X ′, X)

〉)2
≃ κ (1− 2z) 2z

〈
SB
L (X ′)

〉
0

= κ
(
1−

〈
S̄ (X)

〉
0

) 1

2−
(
γ
〈
ŜE (X ′, X)

〉)2
= κ (1− 2z) (1− 2z)

A8.2.2.3 First order solutions for constant returns To find approximate solutions to the
frst order, we define: 〈

S̄E

〉
=
〈
S̄E

〉
0
+ sE

To find sE, we expand the LHS of (283) to the first order by insrtn with (275):〈
f̄ (X ′)

〉
− (1 + κ) ⟨r̄ (X ′)⟩ (294)

=

⟨S̄E⟩
⟨w̄(X′)⟩0

2

− 1 +
〈
ŵB

1 (X)
〉
0

(〈
f̂ (X ′)

〉
ŵ1

− ⟨r̄ (X ′)⟩
)
+
〈
wB

1 (X)
〉
0
(⟨f (X)⟩ − ⟨r̄ (X ′)⟩)

1− ⟨w̄(X)⟩0
2

⟨S̄E⟩0+sE

⟨S̄E⟩0
− 1 +

〈
ŵB

1 (X)
〉
0

(〈
f̂ (X ′)

〉
ŵ1

− ⟨r̄ (X ′)⟩
)
+
〈
wB

1 (X)
〉
0
(⟨f (X)⟩ − ⟨r̄ (X ′)⟩)

1−
〈
S̄E

〉
0
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0 =
(
1−

〈
S̄
〉) (〈

f̄ (X ′)
〉
− (1 + κ) r̄

)
(295)

−

1−
〈
Ŝ
〉
−
(〈

ŜB
E

〉
+
〈
ŜB
L

〉) ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

1−
〈
ŜE

〉
−
(〈

ŜB
E

〉) ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

〈
ŜB
E

〉 〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̂
〉∥∥∥Ψ̂∥∥∥2

⟨SE (X,X)⟩(
1−

〈
Ŝ (X ′, X)

〉) +
〈
SB
E (X ′, X ′)

〉 (⟨f1 (X)⟩ − r̄)

0 =
(
1−

〈
S̄
〉
0

) sE
⟨S̄E⟩0

+
〈
ŵB

1 (X)
〉
0

(〈
f̂ (X ′)

〉
ŵ1

− ⟨r̄ (X ′)⟩
)
+
〈
wB

1 (X)
〉
0
(⟨f (X)⟩ − ⟨r̄ (X ′)⟩)

1−
〈
S̄E

〉
0

(296)

−

1−
〈
Ŝ
〉
0
−
(〈

ŜB
E

〉
0
+
〈
ŜB
L

〉
0

) ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

1−
〈
ŜE

〉
0
−
〈
ŜB
E

〉 ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

〈
ŜB
E

〉
0

〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̂
〉∥∥∥Ψ̂∥∥∥2

⟨SE⟩0(
1−

〈
Ŝ
〉
0

) +
〈
SB
E

〉
0

 (⟨f1 (X)⟩ − r̄)

sE =
〈
S̄E

〉
0

1−
〈
S̄E

〉
0(

1− 2
〈
S̄E

〉) (〈S(e)
E

〉
0

)
(⟨f1 (X)⟩ − r̄)

−
〈
S̄E

〉
0

(〈
ŵB

1 (X)
〉
0

(〈
f̂ (X ′)

〉
ŵ1

− ⟨r̄ (X ′)⟩
)
+
〈
wB

1 (X)
〉
0
(⟨f (X)⟩ − ⟨r̄ (X ′)⟩)

)
where the effective coefficient

〈
S
(e)
E

〉
0
is computed at zeroth order:〈

S
(e)
E

〉
0

(297)

=

1−
〈
Ŝ
〉
0
−
(〈

ŜB
E

〉
0
+
〈
ŜB
L

〉
0

) ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

1−
〈
ŜE

〉
0
−
(〈

ŜB
E

〉
0

) ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

〈
ŜB
E

〉
0

〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̂
〉∥∥∥Ψ̂∥∥∥2

⟨SE⟩0(
1−

〈
Ŝ (X ′, X)

〉
0

) +
〈
SB
E (X ′, X ′)

〉
0

This approximation is suficient to solve (283) at first order, since this coefficient appears in muliplied
by (⟨f1 (X)⟩ − r̄). The coefficients have been computed in the previous prgrphs.

We thus replace: 〈
K̄
〉 ∥∥Ψ̄∥∥2 ≃ 18

σ2
K̂
V
(
1− S̄

)2
r̄2 (1 + κ)

2
µ̂

∥∥Ψ̄0

∥∥4
that is: 〈

K̄
〉 ∥∥Ψ̄∥∥2〈

K̂
〉∥∥∥Ψ̂∥∥∥2

≃
2
(
1− S̄

)2 ∥∥Ψ̄0

∥∥4(
1− Ŝ

)2 ∥∥∥Ψ̂0

∥∥∥4 (1 + κ)
2

(
1 + 2

(1−S̄)⟨ŜB
L ⟩

(1−Ŝ)(1+κ)

∥Ψ̄0∥2

∥Ψ̂0∥2 +

√
1 + 4

(1−S̄)⟨ŜB
L ⟩

(1−Ŝ)(1+κ)

∥Ψ̄0∥2

∥Ψ̂0∥2

)

≃
2 (1− 2x)

2 ∥∥Ψ̄0

∥∥4
(1− 2z)

2
∥∥∥Ψ̂0

∥∥∥4 (1 + κ)
2

(
1 + 2 (1−2x)κ(1−2z)2z

(1−2z)(1+κ)

∥Ψ̄0∥2

∥Ψ̂0∥2
+

√
1 + 4 (1−2x)κ(1−2z)2z

(1−2z)(1+κ)

∥Ψ̄0∥2

∥Ψ̂0∥2

)

≃
2
∥∥Ψ̄0

∥∥4∥∥∥Ψ̂0

∥∥∥4 (1 + κ)
2

(
1 + 2κ(1−2z)2z

(1+κ)

∥Ψ̄0∥2

∥Ψ̂0∥2 +

√
1 + 4κ(1−2z)2z

(1+κ)

∥Ψ̄0∥2

∥Ψ̂0∥2

)
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This justifies our assumption in Appendix 7.1 in that
⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
is of order 1

κ2 .

Moreover, given our previous results:

1−
〈
Ŝ
〉
0
−
(〈

ŜB
E

〉
0
+
〈
ŜB
L

〉
0

) ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

1−
〈
ŜE

〉
0
−
(〈

ŜB
E

〉
0

) ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

≃

1− 2z − (4z + κ (1− 2z) 2z)
2∥Ψ̄0∥4

∥Ψ̂0∥4(1+κ)2

1+2
κ(1−2z)2z

(1+κ)
∥Ψ̄0∥2

∥Ψ̂0∥2
+

√√√√1+4
κ(1−2z)2z

(1+κ)
∥Ψ̄0∥2

∥Ψ̂0∥2


1− z − 4z
2∥Ψ̄0∥4

∥Ψ̂0∥4(1+κ)2

1+2
κ(1−2z)2z

(1+κ)
∥Ψ̄0∥2

∥Ψ̂0∥2
+

√√√√1+4
κ(1−2z)2z

(1+κ)
∥Ψ̄0∥2

∥Ψ̂0∥2


and: 〈

S
(e)
E

〉
0

(298)

= 1− 2x− 4z

+

1− 2z − (4z + κ (1− 2z) 2z)
2∥Ψ̄0∥4

∥Ψ̂0∥4
(1+κ)2

1+2
κ(1−2z)2z

(1+κ)
∥Ψ̄0∥2

∥Ψ̂0∥2
+

√√√√1+4
κ(1−2z)2z

(1+κ)
∥Ψ̄0∥2

∥Ψ̂0∥2


1− z − 4z

2∥Ψ̄0∥4

∥Ψ̂0∥4
(1+κ)2

1+2
κ(1−2z)2z

(1+κ)
∥Ψ̄0∥2

∥Ψ̂0∥2 +

√√√√1+4
κ(1−2z)2z

(1+κ)
∥Ψ̄0∥2

∥Ψ̂0∥2


×
4z
(
1− S̄

)2
2
(
1− Ŝ

)2 2
∥∥Ψ̄0

∥∥4∥∥∥Ψ̂0

∥∥∥4 (1 + κ)
2

(
1 + 2κ(1−2z)2z

(1+κ)

∥Ψ̄0∥2

∥Ψ̂0∥2
+

√
1 + 4κ(1−2z)2z

(1+κ)

∥Ψ̄0∥2

∥Ψ̂0∥2

)

The first order terms v and sE have been obtained in part I:

v =
1

2

z30
1− 5z0 + 8z20

(⟨f1 (X)⟩dr − ⟨r (X ′)⟩)

Given that:
⟨SE⟩0 =

1− 2z0
2

sE =
〈
S̄E

〉
0

1−
〈
S̄E

〉
0(

1− 2
〈
S̄E

〉) 〈S(e)
E

〉
0
(⟨f1 (X)⟩ − r̄)

−
〈
S̄E

〉
0

(〈
ŵB

1 (X)
〉
0

(〈
f̂ (X ′)

〉
ŵ1

− ⟨r̄ (X ′)⟩
)
+
〈
wB

1 (X)
〉
0
(⟨f (X)⟩ − ⟨r̄ (X ′)⟩)

)

sE =
〈
S̄E

〉
0

(
1−

〈
S̄E

〉
0(

1− 2
〈
S̄E

〉) 〈S(e)
E

〉
0
−
〈
SB
E

〉
0

)
(⟨f1 (X)⟩ − r̄)−

〈
S̄E

〉
0

〈
ŜB
E

〉
0

(〈
f̂ (X ′)

〉
ŵ1

− ⟨r̄ (X ′)⟩
)

Given (289) this is:

sE =
〈
S̄E

〉
0

 1−
〈
S̄E

〉
0(

1− 2
〈
S̄E

〉) 〈S(e)
E

〉
0
−
〈
SB
E

〉
0
−

〈
ŜB
E

〉
0

2

 (⟨f1 (X)⟩ − r̄)
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〈
S̄E

〉
=

1 +

 1−
〈
S̄E

〉
0(

1− 2
〈
S̄E

〉) 〈S(e)
E

〉
0
−
〈
SB
E

〉
0
−

〈
ŜB
E

〉
0

2

 (⟨f1 (X)⟩ − r̄)

〈S̄E

〉
0

≃

1 +

 1−
〈
S̄E

〉
0(

1− 2
〈
S̄E

〉) 〈S̄E

〉
0
−
〈
SB
E

〉
0
−

〈
ŜB
E

〉
0

2

 (⟨f1 (X)⟩ − r̄)

〈S̄E

〉
0

=

(
1 +

1

2

( 〈
S̄E

〉
0(

1− 2
〈
S̄E

〉) − (1− 2
〈
S̄E

〉))
(⟨f1 (X)⟩ − r̄)

)〈
S̄E

〉
0

and we obtain
〈
S̄
〉
by: 〈

S̄
〉
= 2

〈
S̄E

〉
− ⟨w̄ (X ′)⟩

(〈
f̄ (X ′)

〉
− ⟨r̄ (X ′)⟩
2

)
That is:

〈
S̄
〉

≃ 2
〈
S̄E

〉
−

〈
S̄E

〉(
1− 2

〈
S̄E

〉) 〈S(e)
E

〉
0
(⟨f1 (X)⟩ − r̄)

≃ 2

1 +

 1− 2
〈
S̄E

〉
0

2
(
1− 2

〈
S̄E

〉
0

) 〈S(e)
E

〉
0
−
〈
SB
E

〉
0
−

〈
ŜB
E

〉
0

2

 (⟨f1 (X)⟩ − r̄)

〈S̄E

〉
0

Given that in first approximation: 〈
S
(e)
E

〉
0
≃
〈
SB
E

〉
0

This also writes: 〈
S̄
〉

≃ 2

(
1− 1

2

(〈
SB
E

〉
0
+
〈
ŜB
E

〉
0

)
(⟨f1 (X)⟩ − r̄)

)〈
S̄E

〉
0

≃ 2

(
1− 1− 2z

2
(⟨f1 (X)⟩ − r̄)

)
z

1−
〈
S̄
〉
→ (1− 2z) (1 + z (⟨f1 (X)⟩ − r̄))

To derive
〈
K̄
〉 ∥∥Ψ̄∥∥2, we use:

〈
K̄
〉 ∥∥Ψ̄∥∥2 ≃ 9

σ2
K̂
V
(
1− S̄

)2
2
〈
f̄
〉2

µ̂

(∥∥Ψ̄0

∥∥)4
which is in first approximation:

(
1− 2

〈
S̄E

〉
0

)2
(⟨r̄ (X)⟩ (1 + κ))

2
µ̂

1− 2

1− 2
〈
S̄E

〉
0

2
(〈
S̄E

〉
−
〈
S̄E

〉
0

)
−

〈
S̄E

〉(
1− 2

〈
S̄E

〉) 〈S(e)
E

〉
0
+

〈
S
(e)
E

〉
0

(1 + κ)

 (⟨f1 (X)⟩ − r̄)


or in expanded form:(

1− 2
〈
S̄E

〉
0

)2
(⟨r̄ (X)⟩ (1 + κ))

2
µ̂

(
1− 2

1− 2
〈
S̄E

〉
0

×

2

 1−
〈
S̄E

〉
0(

1− 2
〈
S̄E

〉) 〈S(e)
E

〉
0
−
〈
SB
E

〉
0
−

〈
ŜB
E

〉
0

2

〈S̄E

〉
0
−

〈
S̄E

〉
0

〈
S
(e)
E

〉
0(

1− 2
〈
S̄E

〉) +

〈
S
(e)
E

〉
0

(1 + κ)

 (⟨f1 (X)⟩ − r̄)


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A8.2.3 Capital ratios for decreasing returns

We compute the sectors’ disposable capital and capital ratios for decreasing return to scale.
Given (212) and (213):

〈
K̂
〉∥∥∥Ψ̂∥∥∥2 =

9σ2
K̂

V

2⟨ḡ⟩2µ̂

∥∥Ψ̄0

∥∥4
⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
(299)

= 9
σ2
K̂
V
(
1− Ŝ

)2 ∥∥∥Ψ̂0

∥∥∥4
4µ̂
〈
f̂
〉2

×

1 + 2

(
1− S̄

) 〈
f̂
〉∥∥Ψ̄0

∥∥2 (〈ŜB
E

〉
+
〈
ŜB
L

〉)
(
1− Ŝ

) 〈
f̄
〉 ∥∥∥Ψ̂0

∥∥∥2 +

√√√√√√1 + 4

(
1− S̄

) 〈
f̂
〉∥∥Ψ̄0

∥∥2 (〈ŜB
E

〉
+
〈
ŜB
L

〉)
(
1− Ŝ

) 〈
f̄
〉 ∥∥∥Ψ̂0

∥∥∥2


〈
K̄
〉 ∥∥Ψ̄∥∥2 = 18

σ2
K̂
V
∥∥Ψ̄0

∥∥4 (1− S̄
)2

2µ̂
〈
f̄
〉2

〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̂
〉∥∥∥Ψ̂∥∥∥2

=
2
(
1− S̄

)2 ∥∥Ψ̄0

∥∥4 〈f̂〉2(
1− Ŝ

)2 ∥∥∥Ψ̂0

∥∥∥4 〈f̄〉2(1 + 2
(1−S̄)⟨f̂⟩
(1−Ŝ)⟨f̄⟩

∥Ψ̄0∥2

∥Ψ̂0∥2
(〈

ŜB
E

〉
+
〈
ŜB
L

〉)
+

√
1 + 4

(1−S̄)⟨f̂⟩
(1−Ŝ)⟨f̄⟩

∥Ψ̄0∥2

∥Ψ̂0∥2

(〈
ŜB
E

〉
+
〈
ŜB
L

〉))

As in part one, we first find
〈
f̂
〉
:〈

f̂
〉

= ⟨r̂ (X ′)⟩ŵ2
+

⟨f⟩ − ⟨r̂⟩
2

→ ⟨r̂ (X ′)⟩ŵ2
+

[KX ]
−r ⟨f1 (X)⟩ − C(

f1(X)
C0+r̄

) 1
r
− ⟨r̂ (X ′)⟩ŵ2


2

that writes:

〈
f̂
〉
=

⟨r̂ (X ′)⟩ŵ2

2
+

⟨f1 (X)⟩ − 2C
(

f1(X)
C0+r̄

)− 1
r

2

1− ⟨S(X,X)⟩⟨K̂⟩∥Ψ̂∥2+⟨SB(X,X)⟩⟨K̄⟩∥Ψ̄∥2

2ϵ
3σ2

K̂

( ⟨f1⟩
C0+r̄

) 2
r


2r ((

2ϵ
3σ2

K̂

) r
2 ⟨f1⟩

C0+r̄

)2

Then we obtain
〈
f̄
〉
:

〈
f̄
〉

= (1 + κ) r̄ +

〈
S
(e)
E

〉
0

1−
〈
S̄
〉
0

(⟨f1 (X)⟩ − r̄) (300)

→ (1 + κ) r̄ +

〈
S
(e)
E

〉
0

[KX ]
−r ⟨f1 (X)⟩ − C(

f1(X)
C0+r̄

) 1
r
− ⟨r̂ (X ′)⟩ŵ2


1−

〈
S̄
〉
0
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In first approximation, for: 〈
f̂
〉
≃ ⟨r̂ (X ′)⟩ŵ2

we can replace: 〈
f̄
〉
≃ (1 + κ) r̄

and
〈
K̄
〉 ∥∥Ψ̄∥∥2 is given by: 〈

K̄
〉 ∥∥Ψ̄∥∥2 ≃ 9

σ2
K̂
V
∥∥Ψ̄0

∥∥4 (1− S̄
)2

µ̂ ((1 + κ) r̄)
2

while
〈
K̂
〉∥∥∥Ψ̂∥∥∥2 expresses as:

〈
K̂
〉∥∥∥Ψ̂∥∥∥2 ≃ 9

σ2
K̂
V
(
1− Ŝ

)2 ∥∥∥Ψ̂0

∥∥∥4
4µ̂
〈
f̂
〉2

×

1 + 2

(
1− S̄

) 〈
f̂
〉∥∥Ψ̄0

∥∥2 〈ŜB
L

〉
(
1− Ŝ

)(
1−

〈
S
(e)
E

〉
0

1−⟨S̄⟩
0

+ κ

)
r̄
∥∥∥Ψ̂0

∥∥∥2 +

√√√√√√√1 + 4

(
1− S̄

) 〈
f̂
〉∥∥Ψ̄0

∥∥2 〈ŜB
L

〉
(
1− Ŝ

)(
1−

〈
S
(e)
E

〉
0

1−⟨S̄⟩
0

+ κ

)
r̄
∥∥∥Ψ̂0

∥∥∥2


≃ 9
σ2
K̂
V
(
1− Ŝ

)2 ∥∥∥Ψ̂0

∥∥∥4
2µ̂r̄2

1 + 2

(
1− S̄

) ∥∥Ψ̄0

∥∥2 〈ŜB
L

〉
(
1− Ŝ

)(
1−

〈
S
(e)
E

〉
0

1−⟨S̄⟩
0

+ κ

)∥∥∥Ψ̂0

∥∥∥2


⟨S (X,X)⟩
〈
K̂
〉∥∥∥Ψ̂∥∥∥2 + 〈SB (X,X)

〉 〈
K̄
〉 ∥∥Ψ̄∥∥2

≃ 9
⟨S (X,X)⟩σ2

K̂
V
(
1− Ŝ

)2 ∥∥∥Ψ̂0

∥∥∥4
2µ̂r̄2

1 + 2

(
1− S̄

) ∥∥Ψ̄0

∥∥2 〈ŜB
L

〉
(
1− Ŝ

)(
1−

〈
S
(e)
E

〉
0

1−⟨S̄⟩
0

+ κ

)∥∥∥Ψ̂0

∥∥∥2


+9

〈
SB
L (X,X)

〉
σ2
K̂
V
∥∥Ψ̄0

∥∥4 (1− S̄
)2

µ̂ ((1 + κ) r̄)
2

〈
f̂
〉
≃

⟨r̂ (X ′)⟩ŵ2

2
+

⟨f1 (X)⟩ − 2
(

f1(X)
C0+r̄

)− 1
r

2

1−
9σ2

K̂
V

µ̂r̄2 2ϵ
3σ2

K̂

( ⟨f1⟩
C0+r̄

) 2
r
T


2r ((

2ϵ
3σ2

K̂

) r
2 ⟨f1⟩

C0+r̄

)2

where:

T =
⟨S (X,X)⟩

(
1− Ŝ

)2 ∥∥∥Ψ̂0

∥∥∥4
2r̄2

1 + 2

(
1− S̄

) ∥∥Ψ̄0

∥∥2 〈ŜB
L

〉
(
1− Ŝ

)(
1−

〈
S
(e)
E

〉
0

1−⟨S̄⟩
0

+ κ

)∥∥∥Ψ̂0

∥∥∥2
+

〈
SB
L (X,X)

〉 ∥∥Ψ̄0

∥∥4 (1− S̄
)2

((1 + κ) r̄)
2
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〈
f̄
〉

≃

1−

〈
S
(e)
E

〉
0

1−
〈
S̄
〉
0

+ κ

 r̄

+

〈
S
(e)
E

〉
0

1−
〈
S̄
〉
0

⟨f1 (X)⟩ − 2
(

f1(X)
C0+r̄

)− 1
r1−

9σ2
K̂

V

µ̂r̄2 2ϵ
3σ2

K̂

( ⟨f1⟩
C0+r̄

) 2
r
T


2r ((

2ϵ
3σ2

K̂

) r
2 ⟨f1⟩

C0+r̄

)2

〈
K̄
〉 ∥∥Ψ̄∥∥2

≃

18σ2
K̂
V
(
1− S̄

)21−
9σ2

K̂
V

µ̂r̄2 2ϵ
3σ2

K̂

( ⟨f1⟩
C0+r̄

) 2
r
T


4r ((

2ϵ
3σ2

K̂

) r
2 ⟨f1⟩

C0+r̄

)4 ∥∥Ψ̄0

∥∥4

2

(1− 〈
S
(e)
E

〉
0

1−⟨S̄⟩0
+ κ

)
r̄

1−
9σ2

K̂
V

µ̂r̄2 2ϵ
3σ2

K̂

( ⟨f1⟩
C0+r̄

) 2
r
T


2r ((

2ϵ
3σ2

K̂

) r
2 ⟨f1⟩

C0+r̄

)2

+

〈
S
(e)
E

〉
0

1−⟨S̄⟩0

(
⟨f1 (X)⟩ − 2

(
f1(X)
C0+r̄

)− 1
r
)

2

µ̂

⟨K⟩ ∥Ψ∥2 ≃

1−
⟨S (X,X)⟩

〈
K̂
〉∥∥∥Ψ̂∥∥∥2 + 〈SB (X,X)

〉 〈
K̄
〉 ∥∥Ψ̄∥∥2

2ϵ
3σ2

K̂

(
⟨f1⟩
C0+r̄

) 2
r


2( 2ϵ

3σ2
K̂

) r
2

f1 (X)

C0 +
SL(X)

1−SE(X) r̄

 2
r

=

1−
9σ2

K̂
V

µ̂r̄2 2ϵ
3σ2

K̂

(
⟨f1⟩
C0+r̄

) 2
r

T


2( 2ϵ

3σ2
K̂

) r
2

f1 (X)

C0 +
SL(X)

1−SE(X) r̄

 2
r

and the capital ratios becomes:〈
K̂
〉∥∥∥Ψ̂∥∥∥2

⟨K⟩ ∥Ψ∥2
≃

〈
K̂
〉∥∥∥Ψ̂∥∥∥21− ⟨S(X,X)⟩⟨K̂⟩∥Ψ̂∥2+⟨SB(X,X)⟩⟨K̄⟩∥Ψ̄∥2

2ϵ
3σ2

K̂

( ⟨f1⟩
C0+r̄

) 2
r


2((

2ϵ
3σ2

K̂

) r
2

f1(X)

C0+
SL(X)

1−SE(X)
r̄

) 2
r

(301)

and: 〈
K̄
〉 ∥∥Ψ̄∥∥2

⟨K⟩ ∥Ψ∥2
≃

〈
K̄
〉 ∥∥Ψ̄∥∥21− ⟨S(X,X)⟩⟨K̂⟩∥Ψ̂∥2+⟨SB(X,X)⟩⟨K̄⟩∥Ψ̄∥2

2ϵ
3σ2

K̂

( ⟨f1⟩
C0+r̄

) 2
r


2((

2ϵ
3σ2

K̂

) r
2

f1(X)

C0+
SL(X)

1−SE(X)
r̄

) 2
r

(302)
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A8.2.4 First order values of
〈
SB
E

〉
and

〈
ŜB
E

〉
We start with the formula for

〈
SB
E

〉
:

〈
SB
E

〉
=

1

2


√√√√√√
 1−

(
γ̄
〈
S̄E

〉)2(
1−S̄E
1−2S̄E

)2 〈
S̄E

〉 − (1− 2
〈
S̄E

〉)
2

+
4(

1−S̄E
1−2S̄E

)2 −

 1−
(
γ̄
〈
S̄E

〉)2(
1−S̄E
1−2S̄E

)2 〈
S̄E

〉 − (1− 2
〈
S̄E

〉)


−

〈
SB
E

〉 (〈
f̄ (X ′)

〉
−
〈
f̂ (X ′)

〉)
+

2⟨S̄E⟩
1−(γ̄⟨S̄E⟩)2

(〈
f̂ (X ′)

〉
− ⟨f (X)⟩

)
2

1 +
(〈

SB
E

〉
−
〈
ŜB
E

〉) (
1−S̄E
1−2S̄E

)2

1−(γ̄⟨S̄E⟩)2


and expand to the first order in x =

〈
S̄E

〉
:

1

2


√√√√√√
 x(

1−x
1−2x

)2
x
− (1− 2x)


2

+
4(

1−x
1−2x

)2 −

 x(
1−x

1−2S̄E

)2
x
− (1− 2x)




whose derivative writes:( x

( 1−x
1−2x )

2
x
− (1− 2x)

)
−

√(
x

( 1−x
1−2x )

2
x
− (1− 2x)

)2

+ 4

( 1−x
1−2x )

2

 d
dx

 x(
1−x

1−2S̄E

)2

x

− (1− 2x)

+ d
dx

2

( 1−x
1−2x )

2

2

√(
x

( 1−x
1−2x )

2
x
− (1− 2x)

)2

+ 4

( 1−x
1−2x )

2

=

−
〈
SB
E

〉
d
dx

 x(
1−x

1−2S̄E

)2

x

− (1− 2x)

+ d
dx

2

( 1−x
1−2x )

2

2

√(
x

( 1−x
1−2x )

2
x
− (1− 2x)

)2

+ 4

( 1−x
1−2x )

2

Using that:

d

dx

 x(
1−x
1−2x

)2
x
− (1− 2x)

 = 2x
(1− x)

2 − x

(1− x)
3

d

dx

2(
1−x
1−2x

)2 = 4
1− 2x

(x− 1)
3

This induces a first order contribution:
−
〈
SB
E

〉
x (1−x)2−x

(1−x)3
+ 2 1−2x

(x−1)3√(
x

( 1−x
1−2x )

2
x
− (1− 2x)

)2

+ 4

( 1−x
1−2x )

2


 1−

〈
S̄E

〉
0(

1− 2
〈
S̄E

〉) 〈S(e)
E

〉
0
−
〈
SB
E

〉
0
−

〈
ŜB
E

〉
0

2

 (⟨f1 (X)⟩ − r̄)
〈
S̄E

〉
0


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and this leads to the total variation:〈
SB
E

〉
−
〈
SB
E

〉
0

⟨S̄⟩
2

=

 1−(γ̄⟨S̄E⟩)2(
1−S̄E
1−2S̄E

)2

⟨S̄E⟩
−
(
1− 2

〈
S̄E

〉) 1−(γ̄⟨S̄E⟩)2
(
⟨f̄(X′)⟩+⟨r̄(X′)⟩

2 −⟨f̂(X′)⟩
)

⟨S̄E⟩ − 2
(〈

f̂ (X ′)
〉
− ⟨f (X)⟩

)

2

√√√√√
 1−(γ̄⟨S̄E⟩)2(

1−S̄E
1−2S̄E

)2

⟨S̄E⟩
−
(
1− 2

〈
S̄E

〉)2

+ 4(
1−S̄E
1−2S̄E

)2

(
1−S̄E
1−2S̄E

)2

−1

2

1−
(
γ̄
〈
S̄E

〉)2(
1−S̄E
1−2S̄E

)2 〈
S̄E

〉
(〈

f̄ (X ′)
〉
+ ⟨r̄ (X ′)⟩
2

−
〈
f̂ (X ′)

〉)

=

−
〈
SB
E

〉 1−(γ̄⟨S̄E⟩)2(
1−S̄E
1−2S̄E

)2

⟨S̄E⟩

(
⟨f̄(X′)⟩+⟨r̄(X′)⟩

2 −
〈
f̂ (X ′)

〉)
− 1(

1−S̄E
1−2S̄E

)2

(〈
f̂ (X ′)

〉
− ⟨f (X)⟩

)
√√√√√
 1−(γ̄⟨S̄E⟩)2(

1−S̄E
1−2S̄E

)2

⟨S̄E⟩
−
(
1− 2

〈
S̄E

〉)2

+ 4(
1−S̄E
1−2S̄E

)2

Given that in first approximation:

−
〈
SB
E

〉 1−(γ̄⟨S̄E⟩)2(
1−S̄E
1−2S̄E

)2

(
⟨f̄(X′)⟩+⟨r̄(X′)⟩

2 −
〈
f̂ (X ′)

〉)
− ⟨S̄E⟩(

1−S̄E
1−2S̄E

)2

(〈
f̂ (X ′)

〉
− ⟨f (X)⟩

)
√√√√√
 1−(γ̄⟨S̄E⟩)2(

1−S̄E
1−2S̄E

)2

⟨S̄E⟩
−
(
1− 2

〈
S̄E

〉)2

+ 4(
1−S̄E
1−2S̄E

)2

can be replaced by:

−
〈
SB
E

〉 ⟨S̄E⟩(
1−S̄E
1−2S̄E

)2

(
⟨f̄(X′)⟩+⟨r̄(X′)⟩

2 −
〈
f̂ (X ′)

〉)
− ⟨S̄E⟩(

1−S̄E
1−2S̄E

)2

(〈
f̂ (X ′)

〉
− ⟨f (X)⟩

)
√√√√√
 1−(γ̄⟨S̄E⟩)2(

1−S̄E
1−2S̄E

)2

⟨S̄E⟩
−
(
1− 2

〈
S̄E

〉)2

+ 4(
1−S̄E
1−2S̄E

)2

we obtain to the first order:

〈
S̄E

〉
=

1 +

 1−
〈
S̄E

〉
0(

1− 2
〈
S̄E

〉) 〈S(e)
E

〉
0
−
〈
SB
E

〉
0
−

〈
ŜB
E

〉
0

2

 (⟨f1 (X)⟩ − r̄)

〈S̄E

〉
0

〈
S̄
〉
→ 2

〈
S̄E

〉
−

〈
S̄E

〉(
1− 2

〈
S̄E

〉) 〈S(e)
E

〉
0
(⟨f1 (X)⟩ − r̄)

〈
S̄
〉

→ 2

1 +

 1− 2
〈
S̄E

〉
0

2
(
1−

〈
S̄E

〉
0

) 〈S(e)
E

〉
0
−
〈
SB
E

〉
0
−

〈
ŜB
E

〉
0

2

 (⟨f1 (X)⟩ − r̄)

〈S̄E

〉
0

→ 2x− 2x


〈
ŜB
E

〉
0

2
+

〈
SB
E

〉
0

2
(
1−

〈
S̄E

〉
0

)
 (⟨f1 (X)⟩ − r̄)
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〈
SB
E

〉
→

〈
SB
E

〉
0
+


−
〈
SB
E

〉
x (1−x)2−x

(1−x)3
+ 2 1−2x

(x−1)3√(
x

( 1−x
1−2x )

2
x
− (1− 2x)

)2

+ 4

( 1−x
1−2x )

2


×

 1−
〈
S̄E

〉
0(

1− 2
〈
S̄E

〉) 〈S(e)
E

〉
0
−
〈
SB
E

〉
0
−

〈
ŜB
E

〉
0

2

 (⟨f1 (X)⟩ − r̄)
〈
S̄E

〉
0

−x
(1− 2x)

2

(1− x)
2

〈
f̂ (X ′)

〉
+ ⟨f (X)⟩+

〈
SB
E

〉( ⟨f̄(X′)⟩+⟨r̄(X′)⟩
2 −

〈
f̂ (X ′)

〉)
√√√√( x

( 1−x
1−2x )

2
x
− (1− 2x)

)2

+ 4(
1−S̄E
1−2S̄E

)2

〈
SB
E

〉
→

(
1− 6x− x

2

(
1 +

5

2
x

)
(1− 7x) (⟨f1 (X)⟩ − r̄)

)
(303)

−1

2
(1− x)x

(〈
f̂ (X ′)

〉
− ⟨f1 (X)⟩+ x

(〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

−
〈
f̂ (X ′)

〉))

= 1− 6x+
7

4
x2 (1 + 5x) (⟨f1 (X)⟩ − r̄)− 1

2
(1− x)

2
x
(〈

f̂ (X ′)
〉
− r̄
)
− 1

4
(1− x)x2

(〈
f̄ (X ′)

〉
− ⟨r̄ (X ′)⟩

)
and similarly:

〈
ŜB
E

〉
→

〈
ŜB
E

〉
0
+


〈
SB
E

〉
x (1−x)2−x

(1−x)3
+ 2 1−2x

(1−x)3√(
x

( 1−x
1−2x )

2
x
− (1− 2x)

)2

+ 4

( 1−x
1−2x )

2

− 2


×

 1−
〈
S̄E

〉
0(

1− 2
〈
S̄E

〉) 〈S(e)
E

〉
0
−
〈
SB
E

〉
0
−

〈
ŜB
E

〉
0

2

 (⟨f1 (X)⟩ − r̄)
〈
S̄E

〉
0

+x
(1− 2x)

2

(1− x)
2

〈
f̂ (X ′)

〉
− ⟨f (X)⟩ −

〈
SB
E

〉( ⟨f̄(X′)⟩+⟨r̄(X′)⟩
2 −

〈
f̂ (X ′)

〉)
√√√√√
 1−(γ̄⟨S̄E⟩)2(

1−S̄E
1−2S̄E

)2

⟨S̄E⟩
−
(
1− 2

〈
S̄E

〉)2

+ 4(
1−S̄E
1−2S̄E

)2

A8.2.5 First order solutions for banks loans

A8.2.5.1 Relative shares Ultimately, we derive the loans of banks to investors and firms. We
statr with loans to investors. We use that, given (235) and (236):

〈
ŵB

2 (X ′, X)
〉
=

1−
(
γ
〈
ŜE (X ′, X)

〉)2
2−

(
γ
〈
ŜE (X ′, X)

〉)2 = ⟨ŵ2 (X
′, X)⟩ = ⟨ŵ1 (X

′, X)⟩ (304)

and: 〈
wB

2 (X)
〉
=

1

2−
(
γ
〈
ŜE (X ′, X)

〉)2 = ⟨w2 (X
′, X)⟩ = ⟨w1 (X

′, X)⟩ (305)
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which in turn leads to the relative shares of loans
⟨ŜB

L (X
′)⟩

κ(1−⟨S̄(X)⟩) and
⟨SB

L (X,X)⟩
κ(1−⟨S̄(X)⟩) with

〈
S̄ (X)

〉
=
〈
S̄
〉
:

〈
ŜB
L (X ′)

〉
κ
(
1−

〈
S̄
〉) (306)

=
1−

(
γ
〈
ŜE (X ′, X)

〉)2
2−

(
γ
〈
ŜE (X ′, X)

〉)2
1 +

(r̂ (X ′)− ⟨r (X)⟩)

2−
(
γ
〈
ŜE (X ′, X)

〉)2


Writing z0 =
〈
ŜE (X ′, X)

〉
0
the zeroth order participation of investors in firms, we showed in part I:

γ2z20 =
1− 4z0
1− 2z0

, 1− (γz0)
2
= 1− 1− 4z0

1− 2z0
= 2

z0
1− 2z0

2− (γz0)
2
=

1

1− 2z0
, 3− 1− 4z0

1− 2z0
= 2

1− z0
1− 2z0

and the first order correction to
〈
ŜE (X ′, X)

〉
is:

v =
z30 (⟨f1 (X)⟩ − ⟨r̄ (X)⟩)

2 (1− 5z0 + 8z20)

Then developping to the first order the factor:

1− (γ (z + v))
2

2− (γ (z + v))
2

=
1− z2γ2

2− z2γ2
− v2zγ2

(
1

2− z2γ2
− 1− z2γ2

(2− z2γ2)
2

)

=
2 z0
1−2z0
1

1−2z0

− v2
1− 4z0

z0 (1− 2z0)

(
(1− 2z0)− 2

z0
1− 2z0

(1− 2z0)
2

)
= 2z0 − 2 (1− 4z0)

1− 2z0
z0

v

equation (306) becomes:〈
ŜB
L (X ′)

〉
κ
(
1−

〈
S̄
〉) =

(
2z0 − 2

(1− 4z0) (1− 2z0)

z0
v

)
(1 + (1− 2z0) (⟨r̂ (X ′)⟩ − ⟨r (X)⟩))

=

2z0 − (1− 4z0) (1− 2z0)
z20

(
⟨f1 (X)⟩(dr) − ⟨r̄ (X)⟩

)
(1− 5z0 + 8z20)


× (1 + (1− 2z0) (⟨r̂ (X ′)⟩ − ⟨r (X)⟩))

= 2z0

1−
(1− 4z0) (1− 2z0) z0

(
⟨f1 (X)⟩(dr) − ⟨r̄ (X)⟩

)
2 (1− 5z0 + 8z20)

+ (1− 2z0) (⟨r̂ (X ′)⟩ − ⟨r (X)⟩))

Similarly, we obtain the relative loans of banks to firms:
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SB
L (X,X)

κ
(
1−

〈
S̄
〉) (307)

= wB
2 (X)

[
1 + ŵB

2 (X)
(
r (X)− ⟨r̂ (X ′)⟩ŵ2

)]
=

1

2−
(
γ
〈
ŜE (X ′, X)

〉)2
1 + 1−

(
γ
〈
ŜE (X ′, X)

〉)2
2−

(
γ
〈
ŜE (X ′, X)

〉)2 (r (X)− ⟨r̂ (X ′)⟩ŵ2

)
The expansion of the first factor of the right hand side:

1

2− (γ (z + v))
2 =

1

2− z2γ2
+ 2vz

γ2

(z2γ2 − 2)
2

= 1− 2z0 +
2 (1− 2z0) (1− 4z0)

z0
v

leads to the following formula:〈
SB
L (X,X)

〉
κ
(
1−

〈
S̄
〉) =

(
1− 2z0 +

2 (1− 2z0) (1− 4z0)

z0
v

)
(308)

×
(
1 + 2z0

(
⟨r (X)⟩ − ⟨r̂ (X ′)⟩ŵ2

))
= (1− 2z0)

(
1 +

2 (1− 4z0)

z0
v + 2z0

(
⟨r (X)⟩ − ⟨r̂ (X ′)⟩ŵ2

))
= (1− 2z0)

×

1 +
(1− 4z0) z

2
0

(
⟨f1 (X)⟩(dr) − ⟨r̄ (X)⟩

)
(1− 5z0 + 8z20)

+ 2z0

(
⟨r (X)⟩ − ⟨r̂ (X ′)⟩ŵ2

)
A8.2.5.2 Loans shares To derive

〈
ŜB
L (X ′)

〉
and

〈
SB
L (X,X)

〉
, we have to include the factor:

κ
(
1−

〈
S̄
〉)

→ κ (1− 2z) (1 + z (⟨f1 (X)⟩ − r̄))

whose value can be found using (245). Neglecting the variations in interest rates, we thus have:〈
ŜB
L (X ′)

〉
= κ (1− 2z0) 2z0

(
1 + z0

(
1− (1− 4z0) (1− 2z0)

2 (1− 5z0 + 8z20)

)(
⟨f1 (X)⟩(dr) − ⟨r̄ (X)⟩

)
+(1− 2z0) (⟨r̂ (X ′)⟩ − ⟨r (X)⟩))

〈
SB
L (X,X)

〉
= κ (1− 2z0)

2

×
(
1 + z0

(
1 +

(1− 4z0) z0
(1− 5z0 + 8z20)

)(
⟨f1 (X)⟩(dr) − ⟨r̄ (X)⟩

)
+ 2z0

(
⟨r (X)⟩ − ⟨r̂ (X ′)⟩ŵ2

))
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A8.2.6 Returns and capital ratios under decreasing returns

As in Part one, formulas (365) and (221) are developed in the following way.
The returns served to investors, without banks was:

f
(e)
1 (X)− r

(1 + k2 (X))
→ rC0 +

(
1 + k(X)

⟨K⟩ K̂X

∣∣∣Ψ̂ (X)
∣∣∣2)(3X(e) − C(e)

) (
C(e) +X(e)

)
(
1 + k(X)

⟨K⟩ K̂X

∣∣∣Ψ̂ (X)
∣∣∣2)KX (1 + k2 (X))

(
2X(e) − C(e)

)
− C

(1 + k2 (X))

(
1 + k(X)

⟨K⟩ K̂X

∣∣∣Ψ̂ (X)
∣∣∣2)KX

rewritten in terms of stakes, it writes:

f
(e)
1 (X)− r

(1 + k2 (X))
→ rC0 +

C0 +
SL(X′)

1−SE(X′) r̄

f1 (X)


1
r

(1− SL (X ′))

((
3X(e) − C(e)

) (
C(e) +X(e)

)
1− S (X ′)

− C

)

Including banks leads to replace:

SL (X ′) → SL (X ′) + SB
L (X ′)

and:
S (X ′) → S (X ′) + SB (X ′)

with:

SL (X ′) =
(1− 2z0)

2

〈
K̂
〉∥∥∥Ψ̂∥∥∥2

⟨K⟩ ∥Ψ∥2
− e

f
(e)
1 (X)− r

(1 + k2 (X))

e =
1− 2z0

2

(
3

8
− z0 −

1

2

z30 (1− 4z0)

(1− 5z0 + 8z20)

)
Using (292) and (290):

S (X ′) ≃ (1− 2z0)

〈
K̂
〉∥∥∥Ψ̂∥∥∥2

⟨K⟩ ∥Ψ∥2
+ d

f
(e)
1 (X)− r

(1 + k2 (X))

with:

d = (1− 2z0)

(
1

2
+

z20 (1− 4z0)

(1− 5z0 + 8z20)

)
z0

(303) and (308):〈
SB
E

〉
→ x

(
1− 6x− 1

2

(
1 +

5

2
x

)
(1− 7x) (⟨f1 (X)⟩ − r̄)

)
(309)

−1

2
(1− x)x

(〈
f̂ (X ′)

〉
− ⟨f (X)⟩ − x

(〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

−
〈
f̂ (X ′)

〉))
〈
SB
L (X,X)

〉
≃ κ (1− 2x) (1− 2z0)

×

1 +
(1− 4z0) z

2
0

(
⟨f1 (X)⟩(dr) − ⟨r̄ (X)⟩

)
(1− 5z0 + 8z20)

+ 2z0

(
⟨r (X)⟩ − ⟨r̂ (X ′)⟩ŵ2

)
≃ κ (1− 2z0)

2

1 +
(1− 4z0) z

2
0

(
⟨f1 (X)⟩(dr) − ⟨r̄ (X)⟩

)
(1− 5z0 + 8z20)


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1−
(
SL (X ′) + SB

L (X ′)
)

= 1− (1− 2z0)

2

〈
K̂
〉∥∥∥Ψ̂∥∥∥2

⟨K⟩ ∥Ψ∥2
− κ (1− 2z0)

2

〈
K̄
〉 ∥∥Ψ̄∥∥2

⟨K⟩ ∥Ψ∥2
− e

f
(e)
1 (X)− r

(1 + k2 (X))

e = κ (1− 2z0)
2
z0

(
1 +

(1− 4z0) z0
(1− 5z0 + 8z20)

) 〈
K̄
〉 ∥∥Ψ̄∥∥2

⟨K⟩ ∥Ψ∥2

−1− 2z0
2

(
3

8
− z0 −

1

2

z30 (1− 4z0)

(1− 5z0 + 8z20)

) 〈K̂〉∥∥∥Ψ̂∥∥∥2
⟨K⟩ ∥Ψ∥2

≃ κ (1− 2z0)
2
z0

〈
K̄
〉 ∥∥Ψ̄∥∥2

⟨K⟩ ∥Ψ∥2
− 1− 2z0

2

(
3

8
− z0

) 〈K̂〉∥∥∥Ψ̂∥∥∥2
⟨K⟩ ∥Ψ∥2

1− S (X ′)

= 1− (1− 2z0)

〈
K̂
〉∥∥∥Ψ̂∥∥∥2

⟨K⟩ ∥Ψ∥2

−x

(
(1− 6x)− 1

2
(1− x)x

(〈
f̂ (X ′)

〉
− ⟨r (X)⟩ −

(〈
f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

−
〈
f̂ (X ′)

〉))) 〈K̄〉 ∥∥Ψ̄∥∥2
⟨K⟩ ∥Ψ∥2

−dn
f
(e)
1 (X)− r

(1 + k2 (X))

〈
K̂
〉∥∥∥Ψ̂∥∥∥2

⟨K⟩ ∥Ψ∥2
− db

f
(e)
1 (X)− r

(1 + k2 (X))

〈
K̄
〉 ∥∥Ψ̄∥∥2

⟨K⟩ ∥Ψ∥2

dn = (1− 2z0)

(
1

2
+

z20 (1− 4z0)

(1− 5z0 + 8z20)

)
z0

d′b = −1

2

(
1 +

5

2
x

)
(1− 7x) + κ (1− 2z0)

2

(
1 +

(1− 4z0) z
2
0

(1− 5z0 + 8z20)

)
+

1

2
(1− x)x

→ 1

2

(
1− 11x+ 33x2

2

)
+ κ (1− 2z0)

2

(
1 +

(1− 4z0) z
2
0

(1− 5z0 + 8z20)

)

1− S (X ′)

= 1− (1− 2z0)

〈
K̂
〉∥∥∥Ψ̂∥∥∥2

⟨K⟩ ∥Ψ∥2

−x

(
(1− 6x) +

1

2
(1− x)x

(〈
f̄ (X ′)

〉
− ⟨r̄ (X ′)⟩
2

)) 〈
K̄
〉 ∥∥Ψ̄∥∥2

⟨K⟩ ∥Ψ∥2

−κ (1− 2z0)
2

〈
K̄
〉 ∥∥Ψ̄∥∥2

⟨K⟩ ∥Ψ∥2

−dn
f
(e)
1 (X)− r

(1 + k2 (X))

〈
K̂
〉∥∥∥Ψ̂∥∥∥2

⟨K⟩ ∥Ψ∥2
− d′b

f
(e)
1 (X)− r

(1 + k2 (X))

〈
K̄
〉 ∥∥Ψ̄∥∥2

⟨K⟩ ∥Ψ∥2

161



Given (295), we have in first approximation:(〈
f̄ (X ′)

〉
− r̄
)

(310)

=

 1−⟨Ŝ⟩−(⟨ŜB
E ⟩+⟨ŜB

L ⟩) ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

1−⟨ŜE⟩−(⟨ŜB
E ⟩)

⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

⟨ŜB
E ⟩⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
⟨SE(X,X)⟩

(1−⟨Ŝ(X′,X)⟩) +
〈
SB
E (X ′, X ′)

〉
(
1−

〈
S̄
〉) (⟨f1 (X)⟩ − r̄)

≃
〈
SB
E (X ′, X ′)

〉(
1−

〈
S̄
〉) (⟨f1 (X)⟩ − r̄)

≃ 1− 6x

1− 2x
(⟨f1 (X)⟩ − r̄)

1− S (X ′)

= 1− (1− 2z0)

〈
K̂
〉∥∥∥Ψ̂∥∥∥2

⟨K⟩ ∥Ψ∥2
−
(
x ((1− 6x)) + κ (1− 2z0)

2
) 〈K̄〉 ∥∥Ψ̄∥∥2

⟨K⟩ ∥Ψ∥2

−dn
f
(e)
1 (X)− r

(1 + k2 (X))

〈
K̂
〉∥∥∥Ψ̂∥∥∥2

⟨K⟩ ∥Ψ∥2
− db

f
(e)
1 (X)− r

(1 + k2 (X))

〈
K̄
〉 ∥∥Ψ̄∥∥2

⟨K⟩ ∥Ψ∥2

db →
1

4
(2x+ 1)

2− 19x+ 28x2 + 3x3

1− 2x
+ κ (1− 2z0)

2

(
1 +

(1− 4z0) z
2
0

(1− 5z0 + 8z20)

)

and V =
f
(e)
1 (X)−r

(1+k2(X))
satisfies:

V = rC0 +A (1− EV )

(
G

1−DV
−BC

)

with:

A =

C0 +
SL(X′)

1−SE(X′) r̄

f1 (X)


1
r
1−

(
(1−2z0)

2

) ⟨K̂⟩∥Ψ̂∥2
⟨K⟩∥Ψ∥2 − κ (1− 2z0)

2 ⟨K̄⟩∥Ψ̄∥2

⟨K⟩∥Ψ∥2

1− (1− 2z0)
⟨K̂⟩∥Ψ̂∥2
⟨K⟩∥Ψ∥2 − x ((1− 6x))

⟨K̄⟩∥Ψ̄∥2
⟨K⟩∥Ψ∥2

D =
dn

⟨K̂⟩∥Ψ̂∥2
⟨K⟩∥Ψ∥2 + db

⟨K̄⟩∥Ψ̄∥2
⟨K⟩∥Ψ∥2

1− (1− 2z0)
⟨K̂⟩∥Ψ̂∥2
⟨K⟩∥Ψ∥2 − x ((1− 6x))

⟨K̄⟩∥Ψ̄∥2
⟨K⟩∥Ψ∥2

E =
e

1−
(

(1−2z0)
2

) ⟨K̂⟩∥Ψ̂∥2
⟨K⟩∥Ψ∥2 − κ (1− 2z0)

2 ⟨K̄⟩∥Ψ̄∥2
⟨K⟩∥Ψ∥2

G =

(
3X(e) − C(e)

) (
C(e) +X(e)

)
1− (1− 2z0)

⟨K̂⟩∥Ψ̂∥2
⟨K⟩∥Ψ∥2

F =
d

1− (1− 2z0)
⟨K̂⟩∥Ψ̂∥2

⟨K⟩∥Ψ∥2
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The solution:

f
(e)
1 (X)− r

(1 + k2 (X))
(311)

=
1−ABC (E +D) +AGE + rC0D

2D (1−ABCE)

+

√(
1−ABC (E +D) +AGE + rC0D

2D (1−ABCE)

)2

− A (G−BC) + rC0

D (1−ABCE)

is at the lowest order:

f
(e)
1 (X)− r

(1 + k2 (X))
≃ rC0 +A (G−BC)

= rC0 −

C0 +
SL(X′)

1−SE(X′) r̄

f1 (X)


1
r
1−

(
(1−2z0)

2

) ⟨K̂⟩∥Ψ̂∥2
⟨K⟩∥Ψ∥2 − κ (1− 2z0)

2 ⟨K̄⟩∥Ψ̄∥2

⟨K⟩∥Ψ∥2

1− (1− 2z0)
⟨K̂⟩∥Ψ̂∥2
⟨K⟩∥Ψ∥2 − x ((1− 6x))

⟨K̄⟩∥Ψ̄∥2
⟨K⟩∥Ψ∥2

×

C

1− (1− 2z0)

〈
K̂
〉∥∥∥Ψ̂∥∥∥2

⟨K⟩ ∥Ψ∥2
− x ((1− 6x))

〈
K̄
〉 ∥∥Ψ̄∥∥2

⟨K⟩ ∥Ψ∥2

− 3X2


We have the investors and banks returns:

〈
f̂
〉
= ⟨r⟩+ 1

2

f
(e)
1 (X)− r

(1 + k2 (X))
= ⟨r⟩+

fa − fb

C0+
SL(X′)

1−SE(X′) r̄

f1(X)


1
r

2

with:

fa = rC0

fb ≃
1−

(
(1−2z0)

2

) ⟨K̂⟩∥Ψ̂∥2
⟨K⟩∥Ψ∥2 − κ (1− 2z0)

2 ⟨K̄⟩∥Ψ̄∥2
⟨K⟩∥Ψ∥2

1− (1− 2z0)
⟨K̂⟩∥Ψ̂∥2
⟨K⟩∥Ψ∥2 − x ((1− 6x))

⟨K̄⟩∥Ψ̄∥2
⟨K⟩∥Ψ∥2

C

and given (300): 〈
f̄
〉
≃ (1 + κ) r̄

Using:

⟨K⟩ ∥Ψ∥2 ≃

1−
⟨S (X,X)⟩

〈
K̂
〉∥∥∥Ψ̂∥∥∥2 + 〈SB (X,X)

〉 〈
K̄
〉 ∥∥Ψ̄∥∥2

2ϵ
3σ2

K̂

(
⟨f1⟩
C0+r̄

) 2
r


( 2ϵ

3σ2
K̂

) r
2

f1 (X)

C0 +
SL(X)

1−SE(X) r̄

 2
r

Given (220), (221):

〈
K̂
〉∥∥∥Ψ̂∥∥∥2 =

9σ2
K̂

∥∥∥Ψ̂0

∥∥∥4 (1− Ŝ
)2(

1 +
∥Ψ̄0∥2

∥Ψ̂0∥2
〈
ŜB
L

〉)
2µ̂
〈
f̂
〉2

〈
K̄
〉 ∥∥Ψ̄∥∥2 = 9

σ2
K̂
V
∥∥Ψ̄0

∥∥4 (1− S̄
)2

2µ̂
〈
f̄
〉2
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are at the lowest order:

〈
K̂
〉∥∥∥Ψ̂∥∥∥2 =

9σ2
K̂

∥∥∥Ψ̂0

∥∥∥4 (1− Ŝ
)2(

1 +
∥Ψ̄0∥2

∥Ψ̂0∥2
〈
ŜB
L

〉)
2µ̂
(
⟨r⟩+ rC0

2

)2
〈
K̄
〉 ∥∥Ψ̄∥∥2 = 9

σ2
K̂
V
∥∥Ψ̄0

∥∥4 (1− S̄
)2

2µ̂ ((1 + κ) r̄)
2

Given (222), (223) the capital ratios becomes:〈
K̂
〉∥∥∥Ψ̂∥∥∥2

⟨K⟩ ∥Ψ∥2

≃

9σ2
K̂
∥Ψ̂0∥4

(1−Ŝ)
2

1+
∥Ψ̄0∥2

∥Ψ̂0∥2 ⟨ŜB
L ⟩


2µ̂
(
⟨r⟩+ rC0

2

)2
1−

⟨S(X,X)⟩

9σ2
K̂
∥Ψ̂0∥4(1−Ŝ)

2

1+
∥Ψ̄0∥2

∥Ψ̂0∥2
⟨ŜB

L ⟩


2µ̂

(
⟨r⟩+ rC0

2

)2 +⟨SB(X,X)⟩9
σ2
K̂

V ∥Ψ̄0∥4(1−S̄)2

2µ̂((1+κ)r̄)2

2ϵ
3σ2

K̂

( ⟨f1(X)⟩
C0+r̄

) 2
r


( 2ϵ

3σ2
K̂

) r
2 ⟨f1(X)⟩

C0+

〈
SL(X)

1−SE(X)

〉
r̄

 2
r

and: 〈
K̄
〉 ∥∥Ψ̄∥∥2

⟨K⟩ ∥Ψ∥2

≃
9
σ2
K̂

V ∥Ψ̄0∥4(1−S̄)
2

2µ̂((1+κ)r̄)2
1−

⟨S(X,X)⟩

9σ2
K̂
∥Ψ̂0∥4(1−Ŝ)

2

1+
∥Ψ̄0∥2

∥Ψ̂0∥2
⟨ŜB

L ⟩


2µ̂

(
⟨r⟩+ rC0

2

)2 +⟨SB(X,X)⟩9
σ2
K̂

V ∥Ψ̄0∥4(1−S̄)2

2µ̂((1+κ)r̄)2

2ϵ
3σ2

K̂

( ⟨f1(X)⟩
C0+r̄

) 2
r


( 2ϵ

3σ2
K̂

) r
2 ⟨f1(X)⟩

C0+

〈
SL(X)

1−SE(X)

〉
r̄

 2
r

Appendix 9. Computation of outward and inward aggregate stakes

As in part 1 we include decreasing return to scale so that we replace the return by the sector version
of (286):

f1 (X)dr =
f1 (X)

(KX)
r − C

KX
(312)
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or, if we normalize the private capital, we can use in first approximation:

f1 (X)− C (313)

→

1−

⟨S (X ′, X ′)⟩
K̂X′

∥∥∥Ψ̂∥∥∥2
KX′ |Ψ(X ′)|2

+
〈
SB (X ′, X ′)

〉 K̄X′
∣∣Ψ̄ (X ′)

∣∣2
KX′ |Ψ(X ′)|2




r

f1 (X)

−

1−

⟨S (X ′, X ′)⟩
K̂X′

∥∥∥Ψ̂∥∥∥2
KX′ |Ψ(X ′)|2

+
〈
SB (X ′, X ′)

〉 K̂X′

∥∥∥Ψ̂∥∥∥2
KX′ |Ψ(X ′)|2


C

∆Fτ

(
R̄ (K,X)

)
= τ (⟨f1 (X)⟩ − ⟨f1 (X ′)⟩)

We give the formula for partial, that is, half, averages. Then we have to express them as functions
of few of them to write the return equations for each sector.

A9.1 Formula for
〈
ŜE (X ′, X)

〉
X′

As in part 1:

〈
ŜE (X ′, X)

〉
X′

≃

〈
Ŝ (X ′, X)

〉
2

+
⟨ŵ (X ′, X)⟩

2

ŵ (X)


〈
f̂ (X ′)

〉
− ⟨r̂ (X ′)⟩ŵ2

2

+ w (X)

(〈
f̂ (X ′)

〉
− f (X) + r (X)

2

)
≃ ⟨ŵ (X ′, X)⟩

1− ⟨w (X)⟩∆
(
f (X) + r (X)

2

)
+

〈
f̂ (X ′)

〉
− ⟨r̂ (X ′)⟩ŵ2

2


∆

(
f (X) + r (X)

2

)
=

(
f (X) + r (X)

2
− ⟨f (X)⟩+ ⟨r (X)⟩

2

)

A9.2 Formula for
〈
S̄E (X ′, X)

〉
X′,

〈
S̄L (X

′, X)
〉
X′ and

〈
S̄ (X ′, X)

〉
X′

The computations of averages for variable X ′ or straightforward. We find:〈
S̄E (X ′, X)

〉
X′ (314)

=
⟨w̄ (X ′, X)⟩

2

×

(
1 + w̄ (X)

(〈
f̄ (X ′)

〉
w̄1

− ⟨r̄ (X ′)⟩w̄2

2

)
+ ŵB

1 (X)

(〈
f̄ (X ′)

〉
−
〈
f̂ (X ′)

〉
ŵ1

)
+ wB

1 (X)
(〈
f̄ (X ′)

〉
− f (X)

))

≃ ⟨w̄ (X ′, X)⟩
2

×

(
1 + ⟨w̄ (X)⟩

(〈
f̄ (X ′)

〉
w̄1

− ⟨r̄ (X ′)⟩w̄2

2

)
+
〈
ŵB

1 (X)
〉(〈

f̄ (X ′)
〉
−
〈
f̂ (X ′)

〉
ŵ1

)
+
〈
wB

1 (X)
〉 (〈

f̄ (X ′)
〉
− f (X)

))
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〈
S̄L (X ′, X)

〉
X′

≃ ⟨w̄ (X ′, X)⟩
2

(
1 +

{
⟨w̄ (X)⟩

(
⟨r̄ (X ′)⟩w̄2

−
〈
f̄ (X ′)

〉
w̄1

2

)

+ŵB
1 (X)

(
⟨r̄ (X ′)⟩ −

〈
f̂ (X ′)

〉
ŵB
1

)
+
〈
wB

1 (X)
〉
(⟨r̄ (X ′)⟩ − f (X))

})
and as a consequence:〈

S̄ (X ′, X)
〉
X′ =

〈
S̄E (X ′, X)

〉
X′ +

〈
S̄L (X ′, X)

〉
X′

≃ ⟨w̄ (X ′, X)⟩

[
1 +

〈
ŵB

1 (X)
〉(〈f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

−
〈
f̂ (X ′)

〉
ŵ1

)

+
〈
wB

1 (X)
〉(〈f̄ (X ′)

〉
+ ⟨r̄ (X ′)⟩
2

− f (X)

)]

A9.3 Formula for
〈
ŜB
E (X ′, X)

〉
X′

and
〈
ŜB
L (X ′, X)

〉
X′

〈
ŜB
E (X ′, X)

〉
X′

≃
〈
ŵB

1 (X ′, X)
〉 [

1 + ⟨w̄ (X)⟩

(〈
f̂ (X ′)

〉
−

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)
+
〈
wB

1 (X)
〉 (〈

f̂ (X ′)
〉
− f (X)

)]

〈
ŜB
L (X ′, X)

〉
X′

κ
(
1− S̄ (X)

) ≃
〈
ŵB

2 (X ′, X)
〉{

1 +
〈
ŵB

2 (X)
〉(

⟨r̂ (X ′)⟩ −
〈
f̂ (X ′)

〉
ŵ1

)
+
〈
wB

2 (X)
〉
(⟨r̂ (X ′)⟩ − f (X))

}
= ⟨ŵ1 (X

′, X)⟩
{
1 + ⟨ŵ1 (X)⟩

(
⟨r̂ (X ′)⟩ −

〈
f̂ (X ′)

〉
ŵ1

)
+ ⟨w1 (X)⟩ (⟨r̂ (X ′)⟩ − f (X))

}

A9.4 Formula for
K̄X|Ψ̄(X)|2
KX |Ψ(X)|2 ,

⟨K̄⟩∥Ψ̄∥2

K̂X|Ψ̂(X)|2 ,
K̂X|Ψ̂(X)|2
KX |Ψ(X)|2 and

⟨K̂⟩∥Ψ̂∥2

K̂X|Ψ̂(X)|2

To compute the ratios, we will use that:

ḡ (X) =

∫ (
1− S̄ (X ′, X)

)−1
f̄ (X ′) dX ′

→ f̄ (X) +

∫
S̄ (X ′, X)

(
1− S̄

)−1
f̄ (X ′)

→ f̄ (X) +

〈
S̄ (X ′, X)

〉
X′(

1−
〈
S̄
〉) 〈

f̄
〉
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and that:

ĝ (X) =

(
1

1− Ŝ
f̂

)
(X) +

1

1− Ŝ

(
ŜB
E + ŜB

L

) 1

1− S̄

〈
K̄
〉 ∥∥Ψ̄∥∥2

K̂X

∣∣∣Ψ̂ (X)
∣∣∣2 f̄ (X)

→ f̂ (X) +

〈
Ŝ (X ′, X)

〉
X′

〈
f̂
〉

1−
〈
Ŝ
〉

+

(〈
ŜB
E (X,X ′)

〉
X′

+
〈
ŜB
L (X,X ′)

〉
X′

+
〈
Ŝ (X ′, X)

〉
X′

⟨ŜB
E ⟩+⟨ŜB

L ⟩
1−⟨Ŝ⟩

)
⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
〈
f̄
〉

1−
〈
S̄
〉

→ f̂ (X) +

(〈
ŜB
E (X,X ′)

〉
X′

+
〈
ŜB
L (X,X ′)

〉
X′

) ⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

〈
f̄
〉

1−
〈
S̄
〉

+

〈
Ŝ (X ′, X)

〉
X′

〈
f̂
〉

1−
〈
Ŝ
〉 +

〈
Ŝ (X ′, X)

〉
X′

⟨ŜB
E ⟩+⟨ŜB

L ⟩
1−⟨Ŝ⟩

⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
〈
f̄
〉

1−
〈
S̄
〉

⟨ĝ⟩
ĝ (X)

→

〈
f̂
〉
+

(ŜB
E+ŜB

L )
1−S̄

⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
〈
f̄
〉

f̂ (X) +

(⟨ŜB
E
(X,X′)⟩

X′+⟨ŜB
L
(X,X′)⟩

X′)
⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2 ⟨f̄⟩

1−⟨S̄⟩

+
〈
Ŝ (X ′, X)

〉
X′

(〈
f̂
〉
+

(ŜB
E
+ŜB

L )
1−S̄

⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

〈
f̄
〉)

In (Gosselin and Lotz 24), we obtained:

K̂ [X ′] ≃
〈
K̂
〉∥∥∥Ψ̂∥∥∥2( ⟨ĝ⟩

ĝ (X ′)

k̂ (X ′, ⟨X⟩)
k̂

)2

K̄ [X ′] ≃
〈
K̄
〉 ∥∥Ψ̄∥∥2( ⟨ḡ⟩

ḡ (X ′)

k̄ (X ′, ⟨X⟩)
k̄

)2

We use tht:

k̂ =

〈
Ŝ (X ′)

〉
1−

〈
Ŝ (X ′)

〉 =

〈
Ŝ (X ′, X)

〉
1−

〈
Ŝ (X ′, X)

〉
and:

Ŝ (X ′) =
k̂ (X ′, ⟨X⟩) ⟨K̂⟩∥Ψ̂∥2

K̂[X′]

1 + k̂ (X ′, ⟨X⟩) ⟨K̂⟩∥Ψ̂∥2
K̂[X′]

so that the ratio
k̂(X′,⟨X⟩)

k̂
becomes:

k̂ (X ′, ⟨X⟩)
k̂

=

⟨Ŝ(X′,X)⟩
X

1−Ŝ(X′)

⟨Ŝ(X′,X)⟩
1−⟨Ŝ(X′,X)⟩
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and:

k̄ (X ′, ⟨X⟩)
k̄

=

⟨S̄(X′,X)⟩
X

1−S̄(X′)

⟨S̄(X′,X)⟩
1−⟨S̄(X′,X)⟩

For disposable capital that follow the equations:

K̂ [X ′] ≃
〈
K̂
〉∥∥∥Ψ̂∥∥∥2


⟨ĝ⟩

ĝ (X ′)

⟨Ŝ(X′,X)⟩
X

1−⟨Ŝ(X′,X)⟩X
⟨K̂⟩∥Ψ̂∥2

K̂[X′]

⟨Ŝ(X′,X)⟩
1−⟨Ŝ(X′,X)⟩


2

(315)

K̄ [X ′] ≃
〈
K̄
〉 ∥∥Ψ̄∥∥2

 ⟨ḡ⟩
ḡ (X ′)

⟨S̄(X′,X)⟩
X

1−S̄(X′,X)
⟨K̄⟩∥Ψ̄∥2
K̄[X′]

⟨S̄(X′,X)⟩
1−⟨S̄(X′,X)⟩


2

≃
〈
K̄
〉 ∥∥Ψ̄∥∥2

 ⟨ḡ⟩
ḡ (X ′)

⟨S̄(X′,X)⟩
X

1−S̄(X′,X)

(
ḡ(X′)
⟨ḡ⟩

)2

⟨S̄(X′,X)⟩
1−⟨S̄(X′,X)⟩


2

(316)

with solution depending on average disposable capital:

〈
K̂
〉∥∥∥Ψ̂∥∥∥2

K̂ [X ′]
=

1

2

(
⟨ĝ⟩

ĝ(X′)
⟨Ŝ(X′,X)⟩

X
(1−⟨Ŝ(X′,X)⟩)

⟨Ŝ(X′,X)⟩

)2

1−
√√√√1 +

4⟨Ŝ(X′,X)⟩
X(

⟨ĝ⟩
ĝ(X′)

⟨Ŝ(X′,X)⟩
X
(1−⟨Ŝ(X′,X)⟩)

⟨Ŝ(X′,X)⟩

)2

+ 2
〈
Ŝ (X ′, X)

〉
X

(〈
Ŝ (X ′, X)

〉
X

)2

〈
K̄
〉 ∥∥Ψ̄∥∥2

K̄ [X ′]
=

1

2

(
⟨ḡ⟩

ḡ(X′)
⟨S̄(X′,X)⟩

X
(1−⟨S̄(X′,X)⟩)

⟨S̄(X′,X)⟩

)2

1−
√√√√1 +

4⟨S̄(X′,X)⟩
X(

⟨ĝ⟩
ĝ(X′)

⟨S̄(X′,X)⟩X (1−⟨S̄(X′,X)⟩)
⟨Ŝ(X′,X)⟩

)2

+ 2
〈
S̄ (X ′, X)

〉
X

(〈
S̄ (X ′, X)

〉
X

)2
Thus, at lowest order, the ratio average-sector for investor becomes:〈

K̂
〉∥∥∥Ψ̂∥∥∥2
K̂ [X]

≃

 ĝ (X)

⟨ĝ⟩

⟨Ŝ(X′,X)⟩
1−⟨Ŝ(X′,X)⟩
⟨Ŝ(X′,X)⟩

X

1−⟨Ŝ(X′,X)⟩
X

(
ĝ(X′)
⟨ĝ⟩

)2


2

≃



f̂ (X) +

(⟨ŜB
E (X,X′)⟩

X′+⟨ŜB
L (X,X′)⟩

X′)
⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
⟨f̄⟩

1−⟨S̄⟩

+
〈
Ŝ (X ′, X)

〉
X′

(〈
f̂
〉
+

(ŜB
E+ŜB

L )
1−S̄

⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
〈
f̄
〉)

〈
f̂
〉
+

(ŜB
E
+ŜB

L )
1−S̄

⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
〈
f̄
〉



2

×


⟨Ŝ(X′,X)⟩

1−⟨Ŝ(X′,X)⟩
⟨Ŝ(X′,X)⟩X

1−⟨Ŝ(X′,X)⟩
X


2
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and the ratio average-sector for banks is:

〈
K̄
〉 ∥∥Ψ̄∥∥2

K̄X

∣∣Ψ̄ (X)
∣∣2 ≃


ḡ (X ′)

⟨S̄(X′,X)⟩
1−⟨S̄(X′,X)⟩

⟨ḡ⟩ ⟨S̄(X′,X)⟩
X

1−S̄(X′,X)

(
ḡ(X′)
⟨ḡ⟩

)2


2

≃


((
1−

〈
S̄
〉)

f̄ (X) +
〈
S̄ (X ′, X)

〉
X′
〈
f̄
〉) ⟨S̄(X′,X)⟩

1−⟨S̄(X′,X)⟩〈
f̄
〉 ⟨S̄(X′,X)⟩

X
1−S̄(X′,X)


2

(317)
and using (213), the ratio bank’s average-investors’ sector is:〈

K̄
〉 ∥∥Ψ̄∥∥2

K̂X

∣∣∣Ψ̂ (X)
∣∣∣2 (318)

≃
〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̂
〉∥∥∥Ψ̂∥∥∥2


ĝ (X ′)

⟨ĝ⟩

⟨Ŝ(X′,X)⟩
1−⟨Ŝ(X′,X)⟩
⟨Ŝ(X′,X)⟩

X

1−⟨Ŝ(X′,X)⟩
X

⟨K̂⟩∥Ψ̂∥2
K̂[X′]


2

≃

(
1− S̄

)2f̂ (X) +
⟨Ŝ(X′,X)⟩

X′⟨f̂⟩
1−⟨Ŝ⟩ +

(
⟨ŜB

E (X,X′)⟩
X′+⟨ŜB

L (X,X′)⟩
X′+

⟨ŜB
E ⟩+⟨ŜB

L ⟩
1−⟨Ŝ⟩

)
⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
⟨f̄⟩

1−⟨S̄⟩


2

〈
f̄
〉2

×
∥∥Ψ̄0

∥∥4∥∥∥Ψ̂0

∥∥∥4(1 + ∥Ψ̄0∥2

∥Ψ̂0∥2

〈
ŜB
L

〉)
with:

〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̂
〉∥∥∥Ψ̂∥∥∥2 ≃

 ⟨f̂⟩+ ⟨ŜB
E ⟩+⟨ŜB

L ⟩
1−S̄

⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2 ⟨f̄⟩

1−Ŝ


2

⟨ḡ⟩2

∥∥Ψ̄0

∥∥4∥∥∥Ψ̂0

∥∥∥4(1 + ∥Ψ̄0∥2

∥Ψ̂0∥2
〈
ŜB
L

〉)

=

(1−S̄)
2

(1−Ŝ)
2

(〈
f̂
〉
+

⟨ŜB
E ⟩+⟨ŜB

L ⟩
1−S̄

⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2

〈
f̄
〉)2

〈
f̄
〉2

∥∥Ψ̄0

∥∥4∥∥∥Ψ̂0

∥∥∥4(1 + ∥Ψ̄0∥2

∥Ψ̂0∥2
〈
ŜB
L

〉)
The ratio banks-firms and investors-firms per sector are:

K̄ [X]

⟨KX⟩ ∥Ψ(X)∥2
≃

18
σ2
K̂

V

µ̂

(∥∥Ψ̄0

∥∥)4 ⟨S̄(X′,X)⟩X
1−S̄(X′,X)

ḡ(X′) ⟨S̄(X′,X)⟩
1−⟨S̄(X′,X)⟩

2

ϵ
√
σ2
K̂

|Ψ0(X)|2
ϵ

3
12X

3

σ2
K̂
(Z (X) (f1 (X)− r (X)) + r (X))

2

≃

18
σ2
K̂

V

µ̂

(∥∥Ψ̄0

∥∥)4 ⟨S̄(X′,X)⟩X
1−S̄(X′,X)(

f̄(X)+
⟨S̄(X′,X)⟩X′

(1−⟨S̄⟩) ⟨f̄⟩
)2 ⟨S̄(X′,X)⟩

1−⟨S̄(X′,X)⟩

2

ϵ
√

σ2
K̂

|Ψ0(X)|2
ϵ

3
12X

3

σ2
K̂
(Z (X) (f1 (X)− r (X)) + r (X))

2
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K̂ [X]

⟨KX⟩ ∥Ψ(X)∥2
≃

9σ2
K̂

2µ̂ V
∥∥∥Ψ̂0

∥∥∥4


⟨Ŝ(X′,X)⟩
X

1−⟨Ŝ(X′,X)⟩
X

⟨K̂⟩∥Ψ̂∥2
K̂[X′]

ĝ(X′)
⟨Ŝ(X′,X)⟩

1−⟨Ŝ(X′,X)⟩


2

ϵ
√
σ2
K̂

|Ψ0(X)|2
ϵ

3
12X

3

σ2
K̂
(Z (X) (f1 (X)− r (X)) + r (X))

2 (319)

with:

Z (X) =
1−

(
⟨SE (X)⟩+

〈
SB
E (X)

〉)
1− (⟨S (X)⟩+ ⟨SB (X)⟩)

K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX |Ψ(X)|2

≃

18σ2
K̂

µ̂ĝ2(X)
V
∥∥∥Ψ̂0 (X)

∥∥∥4
ϵ
√
σ2
K̂

|Ψ0(X)|2
ϵ X3

(Z (X) (f1 (X)− r (X)) + r (X))
2

≃

18σ2
K̂

µ̂ V
∥∥∥Ψ̂0

∥∥∥4 σ2
K̂
(Z (X) (f1 (X)− r (X)) + r (X))

2

f̂ (X) +
⟨Ŝ(X′,X)⟩X′⟨f̂⟩

1−⟨Ŝ⟩ +

(
⟨ŜB

E
(X,X′)⟩

X′+⟨ŜB
L
(X,X′)⟩

X′+⟨Ŝ(X′,X)⟩
X′

⟨ŜB
E ⟩+⟨ŜB

L ⟩
1−⟨Ŝ⟩

)
⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2 ⟨f̄⟩

1−⟨S̄⟩


2

ϵ
√

σ2
K̂

|Ψ0(X)|2
ϵ X3

where:

Z (X) =

1−
(
SE (X,X)

⟨K̂⟩∥Ψ̂∥2

KX |Ψ(X)|2 + SB
E (X,X)

⟨K̄⟩∥Ψ̄∥2

KX |Ψ(X)|2

)
1−

(
S (X,X)

⟨K̂⟩∥Ψ̂∥2
KX |Ψ(X)|2 + SB (X,X)

⟨K̄⟩∥Ψ̄∥2
KX |Ψ(X)|2

)

→

√√√√1

3

(
4r2 (X)

3 (f1 (X)− r (X))
2 +

1 + 2A (f1 (X)− r (X)) r (X)−Br2 (X)

B (f1 (X)− r (X))
2

)

× cosh

1

3
ar cosh

−
(

16r3(X)

27(f1(X)−r(X))3
+ Ar2(X)−1

B(f1(X)−r(X))2
− 2r(1+2A(f1(X)−r(X))r(X)−Br2(X))

3B(f1(X)−r(X))3

)
(

1
3

(
4⟨r(X)⟩2

3(⟨f1(X)⟩−⟨r(X)⟩)2 + 1+2A(f1(X)−r(X))r(X)−Br2(X)

B(⟨f1(X)⟩−⟨r(X)⟩)2

)) 3
2




− 2r (X)

3 (f1 (X)− r (X))
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and:

A

ϵ

√
σ2
K̂

|Ψ0 (X)|2

ϵ

3

12
X3


=

SE (X,X)
18σ2

K̂
µ̂ V

∥∥∥Ψ̂0

∥∥∥4f̂ (X) +
⟨Ŝ(X′,X)⟩X′⟨f̂⟩

1−⟨Ŝ⟩ +

(
⟨ŜB

E
(X,X′)⟩

X′+⟨ŜB
L
(X,X′)⟩

X′+⟨Ŝ(X′,X)⟩
X′

⟨ŜB
E ⟩+⟨ŜB

L ⟩
1−⟨Ŝ⟩

)
⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
⟨f̄⟩

1−⟨S̄⟩


2

+

〈
SB
E (X ′, X ′)

〉
X′ 18σ

2
K̂
V(

f̄ (X) +
⟨S̄(X′,X)⟩

X′

(1−⟨S̄⟩)
〈
f̄
〉)2

µ̂

(∥∥Ψ̄0

∥∥)4

Bϵ

√
σ2
K̂

|Ψ0 (X)|2

ϵ

3

12
X3

=
S (X,X)

18σ2
K̂

µ̂ V
∥∥∥Ψ̂0

∥∥∥4f̂ (X) +
⟨Ŝ(X′,X)⟩X′⟨f̂⟩

1−⟨Ŝ⟩ +

(
⟨ŜB

E
(X,X′)⟩

X′+⟨ŜB
L
(X,X′)⟩

X′+⟨Ŝ(X′,X)⟩
X′

⟨ŜB
E ⟩+⟨ŜB

L ⟩
1−⟨Ŝ⟩

)
⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
⟨f̄⟩

1−⟨S̄⟩


2

+
〈
SB (X ′, X ′)

〉
X′

18σ2
K̂
V(

f̄ (X) +
⟨S̄(X′,X)⟩

X′

(1−⟨S̄⟩)
〈
f̄
〉)2

µ̂

(∥∥Ψ̄0

∥∥)4

A9.5 Formula for ŜE (X) and Ŝ (X)

Similar derivations to those performed in Part 1 lead to the following results:

〈
ŵ (X ′, X)

2

〉
X

≃

(
1−

(
γ
〈
ŜE (X)

〉)2)〈
ŵ

(0)
1 (X ′, X)

〉
X

1 +
〈
ŵ

(0)
1 (X ′, X)

〉
X

(
1−

(
γ
〈
ŜE (X)

〉)2)
+

(
γ
〈
ŜE (X1, X ′)

〉
X1

)2

−
(
γ
〈
ŜE (X)

〉)2
〈
ŵ

(0)
1 (X ′, X)

〉
X

≃ 1

which allows to rewrite the average over X:〈
ŜE (X ′, X)

〉
X

(320)

≃
⟨ŵ (X ′, X)⟩X

2

1 +

⟨ŵ (X)⟩

f̂ (X ′)−

〈
f̂ (X ′)

〉
ŵ1

+ ⟨r̂ (X ′)⟩ŵ2

2


+ ⟨w (X)⟩

(
f̂ (X ′)− ⟨f (X)⟩+ ⟨r (X)⟩

2

)))

=
⟨ŵ (X ′, X)⟩X

2

1 + f̂ (X ′)−

⟨ŵ (X)⟩

〈
f̂ (X ′)

〉
ŵ1

+ ⟨r̂ (X ′)⟩ŵ2

2
+ ⟨w (X)⟩ ⟨f (X)⟩+ ⟨r (X)⟩

2




=
⟨ŵ (X ′, X)⟩X

2

(
1 + ∆f̂ (X ′)

)
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where: 〈
ŵ (X ′, X)

2

〉
X

≃

(
1−

(
γ
〈
ŜE (X)

〉)2)
2−

(
γ
〈
ŜE (X)

〉)2
+

(
γ
〈
ŜE (X1, X ′)

〉
X1

)2

−
(
γ
〈
ŜE (X)

〉)2

⟨ŵ (X)⟩ =

(
1−

(
γ
〈
ŜE (X)

〉)2)
2−

(
γ
〈
ŜE (X)

〉)2
⟨w (X)⟩ =

1

2−
(
γ
〈
ŜE (X)

〉)2
and:

∆f̂ (X ′) = f̂ (X ′)−

⟨ŵ (X)⟩

〈
f̂ (X ′)

〉
ŵ1

+ ⟨r̂ (X ′)⟩ŵ2

2
+ ⟨w (X)⟩ ⟨f (X)⟩+ ⟨r (X)⟩

2


Similarly, we find: 〈

Ŝ (X ′, X)
〉
X

≃ ⟨ŵ (X ′, X)⟩X

(
1 +

∆f̂ (X ′) + ∆r̂ (X ′)

2

)

ŜE (X) =
〈
ŜE (X,X ′)

〉
X′

〈
K̂
〉∥∥∥Ψ̂∥∥∥2

K̂X

∣∣∣Ψ̂ (X)
∣∣∣2 (321)

=
〈
ŜE (X,X ′)

〉
X′

∥∥∥Ψ̂0

∥∥∥4 ĝ2 (X) (⟨Z (X)⟩ (⟨f1 (X)⟩ − ⟨r (X)⟩) + ⟨r (X)⟩)2∣∣∣Ψ̂0 (X)
∣∣∣4 ⟨ĝ (X)⟩2 (Z (X) (f1 (X)− r (X)) + r (X))

2

and:

Ŝ (X) =
〈
Ŝ (X,X ′)

〉
X′

〈
K̂
〉∥∥∥Ψ̂∥∥∥2

K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

=
〈
Ŝ (X,X ′)

〉
X′

∥∥∥Ψ̂0

∥∥∥4 ĝ2 (X) (⟨Z (X)⟩ (⟨f1 (X)⟩ − ⟨r (X)⟩) + r (X))
2∣∣∣Ψ̂0 (X)

∣∣∣4 ⟨ĝ (X)⟩2 (Z (X) (f1 (X)− r (X)) + r (X))
2

A9.5 Formula for SE (X,X), S (X,X) and SE (X), S (X)

SE (X,X) (322)

=
w (X)

2

1 +

ŵ (X)

f (X)−

〈
f̂ (X ′)

〉
ŵ1

+ ⟨r̂ (X ′)⟩ŵ2

2

+
w (X)

2
(f (X)− r̄ (X))



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ŵ (X) =
1−

(
γ
〈
ŜE (X ′, X)

〉
X′

)2
2−

(
γ
〈
ŜE (X ′, X)

〉
X′

)2
w (X) =

1

2−
(
γ
〈
ŜE (X ′, X)

〉
X′

)2

S (X,X) = w (X)

1 +

ŵ (X)

f (X) + r̄ (X)

2
−

〈
f̂ (X ′)

〉
ŵ1

+ ⟨r̂ (X ′)⟩ŵ2

2



 (323)

SE (X) = SE (X,X)
K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX |Ψ(X)|2
(324)

S (X) = S (X,X)
K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX |Ψ(X)|2

with
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2 given by (319).

A9.6 Formula for S̄E (X ′), S̄L (X
′) and S̄ (X ′)

These averages are given by:

〈
S̄E (X ′, X)

〉
X

=

〈
w̄ (X ′, X)

2

〉
X

(
1 +

{
⟨w̄ (X)⟩

(
f̄ (X ′)−

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)
(325)

+
〈
ŵB

1 (X)
〉(

f̄ (X ′)−
〈
f̂ (X ′)

〉
ŵ1

)
+
〈
wB

1 (X)
〉 (

f̄ (X ′)− ⟨f (X)⟩
)})

〈
S̄L (X ′, X)

〉
X

(326)

=

〈
w̄ (X ′, X)

2

〉(
1 +

{
w̄ (X)

(
r̄ (X ′)−

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)

+
〈
ŵB

1 (X)
〉(

r̄ (X ′)−
〈
f̂ (X ′)

〉
ŵB
1

)
+
〈
wB

1 (X)
〉
(r̄ (X ′)− ⟨f (X)⟩)

})

〈
S̄ (X ′, X)

〉
X

=
〈
S̄E (X ′, X)

〉
X
+
〈
S̄L (X ′, X)

〉
X

(327)

= ⟨w̄ (X ′, X)⟩

[
1 +

{
w̄ (X)

(
f̄ (X ′) + r̄ (X ′)

2
−

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)

+ŵB
1 (X)

(
f̄ (X ′) + r̄ (X ′)

2
−
〈
f̂ (X ′)

〉
ŵ1

)
+ wB

1 (X)

(
f̄ (X ′) + r̄ (X ′)

2
− ⟨f (X)⟩

)}]
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while the uncertainty are obtained by the formulas:

(⟨w̄ (X ′, X)⟩X)
−1

= 1 +
4

ζ2
〈
w̄

(0)
1 (X ′, X)

〉
X


ζ̄2ζ2

(
1 +

(
γ
〈
ŜE

(
X1,(X′)

′)〉)2
1−(γ⟨ŜE(X′,(X′)′)⟩)2

)
〈
ŵ

(0)B
1

(
(X ′)

′
, X ′

)〉
(X′)′

+ ξ2



×


1 +

(
γ̄⟨S̄E(X1,X

′)⟩
X1

)2

1−(γ̄⟨S̄E((X′)′,X′)⟩)2

1 +

(
γ⟨ŜE(X1,X′)⟩

X1

)2

1−(γ⟨ŜE(X′,(X′)′)⟩)2


w

(0)B
1 (X ′, X) +

ζ2

ξ2

1 +

(
γ
〈
ŜE (X1, X

′)
〉
X1

)2

1−
(
γ
〈
ŜE

(
X ′, (X ′)

′)〉)2



≃ 1 +
4

ζ2

ζ̄2ζ2

1 +

(
γ
〈
ŜE

〉)2
1−

(
γ
〈
ŜE

〉)2
+ ξ2



1 +

(
γ̄⟨S̄E(X1,X

′)⟩
X1

)2

1−(γ̄⟨S̄E⟩)2

1 +

(
γ⟨ŜE(X1,X′)⟩

X1

)2

1−(γ⟨ŜE⟩)2



×

1 +
ζ2

ξ2

1 +

(
γ
〈
ŜE (X1, X

′)
〉
X1

)2

1−
(
γ
〈
ŜE

〉)2



(〈
ŵB

1 (X ′, X)
〉
X

)−1
= 1 +

〈
ŵ

(0)B
1

(
(X ′)

′
, X ′)〉

(X′)′

ζ2
〈
w̄
(0)
1 (X′,X)

〉
X〈

w
(0)B
1 (X′,X)

〉
X


1+

(
γ⟨ŜE(X1,X

′)⟩
X1

)2
1−(γ⟨ŜE(X′,(X′)′)⟩)2

1+

(
γ̄⟨S̄E(X1,X

′)⟩X1

)2
1−(γ̄⟨S̄E((X′)′,X′)⟩)2


4

(
ζ̄2ζ2

(
1 +

(γ⟨ŜE(X1,(X′)′)⟩)2
1−(γ⟨ŜE(X′,(X′)′)⟩)2

)
+ ξ2

〈
ŵ

(0)B
1

(
(X ′)

′
, X ′

)〉
(X′)′

)

+

ζ2
〈
ŵ

(0)B
1

(
(X ′)

′
, X ′)〉

(X′)′

ξ2
〈
w

(0)B
1 (X ′, X)

〉
X

1 +

(
γ
〈
ŜE (X1, X

′)
〉
X1

)2

1−
(
γ
〈
ŜE

(
X ′, (X ′)

′)〉)2


≃ 1 +

ζ2


1+

(
γ⟨ŜE(X1,X

′)⟩
X1

)2
1−(γ⟨ŜE⟩)2

1+

(
γ̄⟨S̄E(X1,X

′)⟩X1

)2
1−(γ̄⟨S̄E⟩)2


4

(
ζ̄2ζ2

(
1 +

(γ⟨ŜE⟩)2
1−(γ⟨ŜE⟩)2

)
+ ξ2

) +
ζ2

ξ2

1 +

(
γ
〈
ŜE (X1, X

′)
〉
X1

)2

1−
(
γ
〈
ŜE

〉)2

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where the various parameters are:

ξ2

ζ2

→

〈
ŜB
E

〉2〈 1−(Ŝ+ŜB
E+ŜB

L )
1−(ŜE+ŜB

E )

〉2 〈
1−S̄E
1−S̄

〉2
〈

1−ŜE

1−Ŝ
SE

〉2 〈
(1−S)
1−SE

〉2

→

〈
ŜB
E

〉2〈 1−2(ŜE+ŜB
E )

1−(ŜE+ŜB
E )

〉2 〈
1−S̄E
1−S̄

〉2
〈

1−ŜE

1−Ŝ
SE

〉2 〈
(1−S)
1−SE

〉2

ζ̄2

→
〈
SB
E

〉2〈1− 2
(
SE + SB

E

)
1− SE − SB

E

〉2

As before
〈
S̄E

〉
<< γ̄

〈
S̄E

〉
, and

〈
ŜE

〉
<< γ

〈
ŜE

〉
.

ξ2

ζ2
→

〈
ŜB
E

〉2
⟨SE⟩2

ζ̄2 →
〈
SB
E

〉2

S̄E (X ′) =
〈
S̄E (X ′, X)

〉
X

〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̄X′
〉 ∣∣Ψ̄ (X ′)

∣∣2 (328)

S̄L (X) =
〈
S̄L (X ′, X)

〉
X

〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̄X′
〉 ∣∣Ψ̄ (X ′)

∣∣2
S̄ (X ′, X) =

〈
S̄ (X ′)

〉
X

〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̄X′
〉 ∣∣Ψ̄ (X ′)

∣∣2
where

⟨K̄⟩∥Ψ̄∥2
K̄X |Ψ̄(X)|2

is given by (317).

Formula for
〈
ŵB

E (X)
〉
and

〈
wB

E (X)
〉
given in (254) and (255):〈

wB
E (X)

〉
→

1 +
(
1−

(
γ̄
〈
S̄E

〉)2)(
4 + 3

(
1−

(
γ̄
〈
S̄E

〉)2)− ⟨ŜB
E ⟩

2

⟨SE⟩2

(
1−

(
γ
〈
ŜE

〉)2))
(
1 + 4

(
1−

(
γ̄
〈
S̄E

〉)2))( ⟨ŜB
E ⟩

2

⟨SE⟩2

(
1−

(
γ
〈
ŜE

〉)2)
+
(
1−

(
γ̄
〈
S̄E

〉)2)
+ 1

)
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A9.8 Formula for
〈
ŜB
E (X ′, X)

〉
X
, ŜB

E (X ′) and SB
E (X,X), SB

E (X)

The (non-normalized) aggregate stakes are given by:〈
ŜB
E (X ′, X)

〉
X

(329)

=
〈
ŵB

1 (X ′, X)
〉
X

[
1 + ⟨w̄ (X)⟩

(
f̂ (X ′)−

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)

+
〈
ŵB

1 (X)
〉(

f̂ (X ′)−
〈
f̂ (X ′)

〉
ŵ1

)
+
〈
wB

1 (X)
〉 (

f̂ (X ′)− f (X)
)]

SB
E (X,X)

= wB
1 (X)

{
1 + ⟨w̄ (X)⟩

(
f (X)−

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)
+
〈
ŵB

1 (X)
〉(

f (X)−
〈
f̂ (X ′)

〉
ŵ1

)}

where the coefficients are:

wB
1 (X) =

〈
wB

1 (X)
〉

→
1 +

(
1−

(
γ̄
〈
S̄E

〉)2)(
4 + 3

(
1−

(
γ̄
〈
S̄E

〉)2)− ⟨ŜB
E ⟩

2

⟨SE⟩2

(
1−

(
γ
〈
ŜE

〉)2))
(
1 + 4

(
1−

(
γ̄
〈
S̄E

〉)2))( ⟨ŜB
E ⟩

2

⟨SE⟩2

(
1−

(
γ
〈
ŜE

〉)2)
+
(
1−

(
γ̄
〈
S̄E

〉)2)
+ 1

)
The normalized agregate stakes write:

ŜB
E (X ′) = ŜB

E (X ′, X)

〈
K̄
〉 ∥∥Ψ̄∥∥2

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2

SB
E (X) = SB

E (X,X)

〈
K̄X

〉 ∣∣Ψ̄ (X)
∣∣2

KX |Ψ(X)|2

A9.9 Formula for ŜB
L (X ′) and SB

L (X ′)〈
ŜB
L (X ′, X)

〉
X

κ
(
1− S̄ (X)

) =
〈
ŵB

E (X ′, X)
〉
X

{
1 +

〈
ŵB

2 (X)
〉(

r̂ (X ′)−
〈
f̂ (X ′)

〉
ŵ1

)
+
〈
wB

E (X)
〉
(r̂ (X ′)− f (X))

}
(330)〈

ŵB
2 (X ′, X)

〉
X

≃ ⟨ŵ2 (X
′, X)⟩X

≃ ⟨ŵ1 (X
′, X)⟩X

→

(
1−

(
γ
〈
ŜE (X)

〉)2)
2−

(
γ
〈
ŜE (X)

〉)2
+

(
γ
〈
ŜE (X1, X ′)

〉
X1

)2

−
(
γ
〈
ŜE (X)

〉)2
SB
L (X,X)

κ
(
1− S̄ (X)

) = wB
2 (X)

[
1 + ŵB

2 (X)
(
r (X)− ⟨r̂ (X ′)⟩ŵ2

)]
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wB
2 (X) ≃

〈
wB

2 (X)
〉

ŵB
2 (X) ≃ 1− wB

2 (X) = 1−
〈
wB

2 (X)
〉

SB
L (X,X)

κ
(
1−

〈
S̄ (X)

〉) =
1

2−
(
γ
〈
ŜE (X ′, X)

〉)2
1 + 1−

(
γ
〈
ŜE (X ′, X)

〉)2
2−

(
γ
〈
ŜE (X ′, X)

〉)2 (r (X)− ⟨r̂ (X ′)⟩ŵ2

) (331)

ŜB
L (X ′) =

〈
ŜB
L (X ′, X)

〉
X

〈
K̄
〉 ∥∥Ψ̄∥∥2

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2

SB
L (X) = SB

L (X,X)

〈
K̄X

〉 ∣∣Ψ̄ (X)
∣∣2

KX |Ψ(X)|2

Appendix 10 Equations for returns in terms of f̂ (X ′), f̄ (X ′)

As before we can rewrite the equations for returns in term of f̂ (X ′), f̄ (X ′) only. We can retrieve
ŜE (X) and S̄E (X) using (321) (327), (328) and (35). Starting from these equations:

0 =

∫ (
∆(X,X ′)− ŜE (X ′, X)

) 1− Ŝ (X ′)

1− ŜE (X ′)

(
f̂ (X ′)− r̄

)
dX ′

−
∫

SE (X ′, X)
1−

(
S (X ′) +

(
SB
E (X ′) + SB

L (X ′)
))

1− SE (X ′)− SB
E (X ′)

(
(f ′

1 (X
′)− r̄) + ∆Fτ

(
R̄ (K,X)

))
dX ′

0 =
(
1− S̄E (X ′, X)

) (
f̄ (X ′)− (1 + κ) r̄

) 1− S̄ (X ′)

1− S̄E (X ′)
(332)

−ŜB
E (X ′, X)

(
f̂ (X ′)− r̄

) 1−
(
Ŝ (X ′) + ŜB

E (X ′) + ŜB
L (X ′)

)
1−

(
ŜE (X ′) + ŜB

E (X ′)
)

−SB
E (X ′, X)

{
1−

(
S (X ′) +

(
SB
E (X ′) + SB

L (X ′)
))

1− SE (X ′)− SB
E (X ′)

(
(f ′

1 (X
′)− r̄) + ∆Fτ

(
R̄ (K,X)

))}

averaged over X ′ and X ′:

0 =
1− Ŝ (X)

1− ŜE (X)

(
f̂ (X)− r̄

)
−
〈
ŜE (X ′, X)

〉
X′

1−
〈
Ŝ (X ′)

〉
1−

〈
ŜE (X ′)

〉 (〈f̂ (X ′)
〉
− ⟨r̄⟩

)

−SE (X,X)
1−

(
S (X) +

(
SB
E (X) + SB

L (X)
))

1− SE (X)− SB
E (X)

(
(f ′

1 (X)− r̄) + ∆Fτ

(
R̄ (K,X)

))

0 =
1− Ŝ (X)

1− ŜE (X)

(
f̂ (X ′)− r̄

)
−
〈
ŜE (X ′, X)

〉
X′

1−
〈
Ŝ (X ′)

〉
1−

〈
ŜE (X ′)

〉 (〈f̂ (X ′)
〉
− ⟨r̄⟩

)
−SE (X,X) (f1 (X)− r̄)
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0 =
1− S̄ (X)

1− S̄E (X)

(
f̄ (X)− (1 + κ) r̄

)
−
〈
S̄E (X ′, X)

〉
X′

1−
〈
S̄ (X ′)

〉
1−

〈
S̄E (X ′)

〉 (〈f̄ (X ′)
〉
− (1 + κ) r̄

)
(333)

−
〈
ŜB
E (X ′, X)

〉
X′

1−
〈
Ŝ (X ′)

〉
−
〈
ŜB
E (X ′)

〉
−
〈
ŜB
L (X ′)

〉
1−

〈
ŜE (X ′)

〉
−
〈
ŜB
E (X ′)

〉 (〈
f̂ (X ′)

〉
− r̄
)
− SB

E (X,X) (f1 (X)− r̄)

These are equations for
〈
ŜE (X ′, X)

〉
X′

and
〈
S̄E (X ′, X)

〉
X′ . Once solved, this leads to find S̄E (X).

∆Fτ

(
R̄ (K,X)

)
= τ (f1 (X)− ⟨f1 (X ′)⟩)

A10.1 Solving for investors

The equations are similar to part one, the expression involved being different due to the presence
of banks. We have:

(
1−

〈
Ŝ
〉)f̂ (X) +

〈
ŜB
E (X,X ′)

〉
X′

+
〈
ŜB
L (X,X ′)

〉
X′

〈
S̄
〉

1−
〈
S̄E

〉 〈
f̄
〉

+
〈
Ŝ (X ′, X)

〉
X′

〈f̂〉+

〈
ŜB
E

〉
+
〈
ŜB
L

〉 〈
S̄
〉

1−
〈
S̄E

〉 〈
f̄
〉

=
(
1−

〈
Ŝ
〉)f̂ (X)

(
1 +

〈
ŵB

1

〉
1−

〈
S̄E

〉 〈f̄〉)+

〈
ŜB
E,0 (X,X)

〉
+
〈
ŜB
L (X,X)

〉
X

〈
S̄
〉

1−
〈
S̄E

〉 〈
f̄
〉

+
〈
Ŝ (X ′, X)

〉
X′

〈f̂〉+

〈
ŜB
E

〉
+
〈
ŜB
L

〉 〈
S̄
〉

1−
〈
S̄E

〉 〈
f̄
〉

with: 〈
ŜB
E (X,X)

〉
X

(334)

=
〈
ŵB

1 (X,X)
〉
X

[
1 + ⟨w̄ (X)⟩

(
f̂ (X)−

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)

+
〈
ŵB

1 (X)
〉(

f̂ (X)−
〈
f̂ (X ′)

〉
ŵ1

)
+
〈
wB

1 (X)
〉 (

f̂ (X)− f (X)
)]

=
〈
ŵB

1 (X,X)
〉
X
f̂ (X) +

〈
ŜB
E,0 (X,X)

〉
and: 〈

ŜB
E,0 (X,X)

〉
X

(335)

=
〈
ŵB

1 (X,X)
〉
X

[
1− ⟨w̄ (X)⟩

(〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)
−
〈
ŵB

1 (X)
〉 〈

f̂ (X ′)
〉
ŵ1

−
〈
wB

1 (X)
〉
f (X)

]

with (329) and (330):〈
ŜB
L (X ′, X)

〉
X

κ
(
1− S̄ (X)

) =
〈
ŵB

E (X ′, X)
〉
X

{
1 +

〈
ŵB

E (X)
〉(

r̂ (X ′)−
〈
f̂ (X ′)

〉
ŵE

)
+
〈
wB

E (X)
〉
(r̂ (X ′)− f (X))

}
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〈
ŵB

2 (X ′, X)
〉
X

≃ ⟨ŵE (X ′, X)⟩X
≃ ⟨ŵE (X ′, X)⟩X

→

(
1−

(
γ
〈
ŜE (X)

〉)2)
2−

(
γ
〈
ŜE (X)

〉)2
+

(
γ
〈
ŜE (X1, X ′)

〉
X1

)2

−
(
γ
〈
ŜE (X)

〉)2
The equation for investors return is the same as in part 1:

0 =

1−

(
1−(γ⟨ŜE(X)⟩)2

)(
1+

∆f̂(X)+∆r̂(X)
2

)
2−(γ⟨ŜE(X)⟩)2+

(
γ⟨ŜE(X1,X)⟩

X1

)2

−(γ⟨ŜE(X)⟩)2
⟨K̂⟩∥Ψ̂∥2

K̂X |Ψ̂(X)|2

1− 1
2

(
1−(γ⟨ŜE(X)⟩)2

)
(1+∆f̂(X))

2−(γ⟨ŜE(X)⟩)2+
(
γ⟨ŜE(X1,X)⟩

X1

)2

−(γ⟨ŜE(X)⟩)2
⟨K̂⟩∥Ψ̂∥2

K̂X |Ψ̂(X)|2

(
f̂ (X)− r̄

)
(336)

−

(
1−

(
γ
〈
ŜE (X)

〉)2)
2−

(
γ
〈
ŜE (X)

〉)2
1−

∆
(

f(X)+r(X)
2

)
2−

(
γ
〈
ŜE (X)

〉)2 +

〈
f̂ (X ′)

〉
− ⟨r̂ (X ′)⟩ŵ2

2


×

1−
〈
Ŝ (X ′)

〉
1−

〈
ŜE (X ′)

〉 (〈f̂ (X ′)
〉
− ⟨r̄⟩

)
− SE (X,X) (f (X)− r)

but with different formulas for capital ratio. We use the first order proxy:

〈
K̂
〉∥∥∥Ψ̂∥∥∥2

K̂X

∣∣∣Ψ̂ (X)
∣∣∣2 ≃


ĝ (X ′)

⟨Ŝ(X′,X)⟩
1−⟨Ŝ(X′,X)⟩

⟨ĝ⟩ ⟨Ŝ(X′,X)⟩
X

1−⟨Ŝ(X′,X)⟩
X

⟨K̂⟩∥Ψ̂∥2
K̂X |Ψ̂(X)|2



2

(337)

≃


f̂ (X) +

⟨Ŝ(X′,X)⟩
X′⟨f̂⟩

1−⟨Ŝ⟩ +

(
⟨ŜB

E (X,X′)⟩
X′+⟨ŜB

L (X,X′)⟩
X′+⟨Ŝ(X′,X)⟩

X′
⟨ŜB

E ⟩+⟨ŜB
L ⟩

1−⟨Ŝ⟩

)
⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
⟨f̄⟩

1−⟨S̄⟩

 ⟨Ŝ(X′,X)⟩
1−⟨Ŝ(X′,X)⟩


2

(〈f̂〉+
⟨ŜB

E ⟩+⟨ŜB
L ⟩

1−S̄

⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
〈
f̄
〉) ⟨Ŝ(X′,X)⟩

X

1−⟨Ŝ(X′,X)⟩X
⟨K̂⟩∥Ψ̂∥2

K̂X |Ψ̂(X)|2


2

where
⟨K̂⟩∥Ψ̂∥2

K̂X |Ψ̂(X)|2
is replaced by its zeroth order approximation:


f̂ (X) +

⟨Ŝ(X′,X)⟩
X′⟨f̂⟩

1−⟨Ŝ⟩ +

(
⟨ŜB

E (X,X′)⟩
X′+⟨ŜB

L (X,X′)⟩
X′+⟨Ŝ(X′,X)⟩

X′
⟨ŜB

E ⟩+⟨ŜB
L ⟩

1−⟨Ŝ⟩

)
⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
⟨f̄⟩

1−⟨S̄⟩

 ⟨Ŝ(X′,X)⟩
1−⟨Ŝ(X′,X)⟩


2

((〈
f̂
〉
+

⟨ŜB
E ⟩+⟨ŜB

L ⟩
1−S̄

⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
〈
f̄
〉) ⟨Ŝ(X′,X)⟩

X

1−⟨Ŝ(X′,X)⟩
X

)2

and this leads to the equation:
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Ĝ =

(〈
f̂
〉
+

⟨ŜB
E ⟩+⟨ŜB

L ⟩
1−S̄

⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
〈
f̄
〉)2



⟨Ŝ(X′,X)⟩
X

1−⟨Ŝ(X′,X)⟩
X

⟨K̂⟩∥Ψ̂∥2
K̂X |Ψ̂(X)|2

⟨Ŝ(X′,X)⟩
1−⟨Ŝ(X′,X)⟩



2

−A
(
1 + ∆f̂(X)+∆r̂(X)

2

)
F 2
1

(〈
f̂
〉
+

⟨ŜB
E ⟩+⟨ŜB

L ⟩
1−S̄

⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
〈
f̄
〉)2



⟨Ŝ(X′,X)⟩
X

1−⟨Ŝ(X′,X)⟩
X

⟨K̂⟩∥Ψ̂∥2
K̂X |Ψ̂(X)|2

⟨Ŝ(X′,X)⟩
1−⟨Ŝ(X′,X)⟩



2

− 1
2A
(
1 + ∆f̂ (X)

)
F 2
1

(
f̂ (X)− r̄

)

with:

F1 =
(
1− Ŝ

)
f̂ (X) +

〈
Ŝ (X ′, X)

〉
X′

〈
f̂
〉

(338)

+

〈ŜB
E (X,X ′)

〉
X′

+
〈
ŜB
L (X,X ′)

〉
X′

+
〈
Ŝ (X ′, X)

〉
X′

〈
ŜB
E

〉
+
〈
ŜB
L

〉
1−

〈
Ŝ
〉

 〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̂
〉∥∥∥Ψ̂∥∥∥2

〈
f̄
〉

A =

(
1−

(
γ
〈
ŜE (X)

〉)2)
2−

(
γ
〈
ŜE (X)

〉)2
+

(
γ
〈
ŜE (X1, X)

〉
X1

)2

−
(
γ
〈
ŜE (X)

〉)2
and:

Ĝ =

(
1−

(
γ
〈
ŜE (X)

〉)2)
2−

(
γ
〈
ŜE (X)

〉)2
1−

∆
(

f(X)+r(X)
2

)
2−

(
γ
〈
ŜE (X)

〉)2 +

〈
f̂ (X ′)

〉
− ⟨r̂ (X ′)⟩ŵ2

2


×

1−
〈
Ŝ (X ′)

〉
1−

〈
ŜE (X ′)

〉 (〈f̂ (X ′)
〉
− ⟨r̄⟩

)
− SE (X,X) (f (X)− r)

where: 〈
f̃
〉
+ ⟨r̃⟩ = ⟨ŵ (X)⟩

〈
f̂ (X ′)

〉
ŵ1

+ ⟨r̂ (X ′)⟩ŵ2

2
+ ⟨w (X)⟩ ⟨f (X)⟩+ ⟨r (X)⟩

2

A10.2 Solving for banks

0 =
1− S̄ (X)

1− S̄E (X)

(
f̄ (X)− r̄

)
−
〈
S̄E (X ′, X)

〉
X′

1−
〈
S̄ (X ′)

〉
1−

〈
S̄E (X ′)

〉 (〈f̄ (X ′)
〉
− r̄
)

(339)

−
〈
ŜB
E (X ′, X)

〉
X′

1−
〈
Ŝ (X ′)

〉
+
〈
ŜB
E (X ′)

〉
+
〈
ŜB
L (X ′)

〉
1−

〈
ŜE (X ′)

〉
+
〈
ŜB
E (X ′)

〉 (〈
f̂ (X ′)

〉
− r̄
)
− SB

E (X,X) (f1 (X)− r̄)

180



Using the previous results for
〈
S̄E (X ′, X)

〉
X
,
〈
S̄ (X ′, X)

〉
X
:

〈
S̄E (X ′, X)

〉
X

=

〈
w̄ (X ′, X)

2

〉
X

(
1 +

{
⟨w̄ (X)⟩

(
f̄ (X ′)−

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)

+
〈
ŵB

1 (X)
〉(

f̄ (X ′)−
〈
f̂ (X ′)

〉
ŵ1

)
+
〈
wB

1 (X)
〉 (

f̄ (X ′)− f (X)
)})

〈
S̄ (X ′, X)

〉
X

=
〈
S̄E (X ′, X)

〉
X
+
〈
S̄L (X ′, X)

〉
X

= ⟨w̄ (X ′, X)⟩

[
1 +

{
w̄ (X)

(
f̄ (X ′) + r̄ (X ′)

2
−

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)

+ŵB
1 (X)

(
f̄ (X ′) + r̄ (X ′)

2
−
〈
f̂ (X ′)

〉
ŵ1

)
+ wB

1 (X)

(
f̄ (X ′) + r̄ (X ′)

2
− f (X)

)}]
and the ratio:

〈
K̄
〉 ∥∥Ψ̄∥∥2

K̄X

∣∣Ψ̄ (X)
∣∣2 =


((
1−

〈
S̄
〉)

f̄ (X) +
〈
S̄ (X ′, X)

〉
X′
〈
f̄
〉)〈

f̄
〉 ⟨S̄(X′,X)⟩

1−⟨S̄(X′,X)⟩
⟨S̄(X′,X)⟩

X′

1−⟨S̄(X′,X)⟩
X′

 ((1−⟨S̄⟩)f̄(X)+⟨S̄(X′,X)⟩X′ ⟨f̄⟩) ⟨S̄(X′,X)⟩
1−⟨S̄(X′,X)⟩

⟨f̄⟩
⟨S̄(X′,X)⟩X′

1−⟨S̄(X′,X)⟩X′


2



2

(340)
with the half average:〈

S̄E (X ′, X)
〉
X′

→ ⟨w̄ (X ′, X)⟩
2

(
1 + ⟨w̄ (X)⟩

(〈
f̄ (X ′)

〉
w̄1

− ⟨r̄ (X ′)⟩w̄2

2

)

+
〈
ŵB

1 (X)
〉(〈

f̄ (X ′)
〉
−
〈
f̂ (X ′)

〉
ŵ1

)
+
〈
wB

1 (X)
〉 (〈

f̄ (X ′)
〉
− f (X)

))
the equation for f̄ (X ′) becomes:

0 =

1− Ā

(
1 +

∆f̄(X′)+∆r̄(X′)
2

)
⟨K̄⟩∥Ψ̄∥2

K̄X |Ψ̄(X)|2

1− 1
2 Ā
(
1 + ∆f̄ (X ′)

) ⟨K̄⟩∥Ψ̄∥2
K̄X |Ψ̄(X)|2

(
f̄ (X)− r̄

)
− Ḡ

where:

Ḡ =
〈
S̄E (X ′, X)

〉
X′

1−
〈
S̄ (X ′)

〉
1−

〈
S̄E (X ′)

〉 (〈f̄ (X ′)
〉
− r̄
)

(341)

+
〈
ŜB
E (X ′, X)

〉
X′

1−
(〈

Ŝ (X ′)
〉
+
〈
ŜB
E (X ′)

〉
+
〈
ŜB
L (X ′)

〉)
1−

(〈
ŜE (X ′)

〉
+
〈
ŜB
E (X ′)

〉) (〈
f̂ (X ′)

〉
− r̄
)
+ SB

E (X,X) (f1 (X)− r̄)
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and:

Ā =
(
1−

(
γ̄
〈
S̄E

〉)2)(
1−

(
γ
〈
ŜE

〉)2
+

(
γ
〈
ŜE (X1, X

′)
〉
X1

)2
)

×

1−
(
γ̄
〈
S̄E

〉)2
+

4

ζ2

ζ̄2ζ2

1 +

(
γ
〈
ŜE

〉)2
1−

(
γ
〈
ŜE

〉)2
+ ξ2


×
(
1−

(
γ̄
〈
S̄E

〉)2
+
(
γ̄
〈
S̄E (X1, X

′)
〉
X1

)2)(
1−

(
γ
〈
ŜE

〉)2)
1 +

ζ2

ξ2

1 +

(
γ
〈
ŜE (X1, X

′)
〉
X1

)2

1−
(
γ
〈
ŜE

〉)2




−1

∆f̄ (X ′) = f̄ (X ′)−

(
⟨w̄ (X)⟩

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2
+
〈
ŵB

1 (X)
〉 〈

f̂ (X ′)
〉
ŵ1

+
〈
wB

1 (X)
〉
⟨f (X)⟩

)

∆f̂ (X ′) = f̂ (X ′)−

⟨ŵ (X)⟩

〈
f̂ (X ′)

〉
ŵ1

+ ⟨r̂ (X ′)⟩ŵ2

2
+ ⟨w (X)⟩ ⟨f (X)⟩+ ⟨r (X)⟩

2


Using (340) this leads to:

0 =

1− Ā
(
1 + ∆f̄(X)+∆r̄(X)

2

) (f̄(X)(1−⟨S̄⟩)+⟨S̄(X′,X)⟩
X′⟨f̄⟩)2

⟨f̄⟩2D

1− 1
2 Ā
(
1 + ∆f̄ (X)

) (f̄(X)(1−⟨S̄⟩)+⟨S̄(X′,X)⟩
X′⟨f̄⟩)2

⟨f̄⟩2D

(
f̄ (X)− r̄

)
− Ḡ (342a)

with:

D =

⟨S̄(X′,X)⟩
X′

1−⟨S̄(X′,X)⟩X′

 ((1−⟨S̄⟩)f̄(X)+⟨S̄(X′,X)⟩X′ ⟨f̄⟩) ⟨S̄(X′,X)⟩
1−⟨S̄(X′,X)⟩

⟨f̄⟩
⟨S̄(X′,X)⟩X′

1−⟨S̄(X′,X)⟩X′


2

⟨S̄(X′,X)⟩
1−⟨S̄(X′,X)⟩

or:

0 =

〈
f̄
〉2

D − Ā
(
1 + f̄(X)+∆r̄(X)−f̃

2

) (
f̄ (X)

(
1−

〈
S̄
〉)

+
〈
S̄ (X ′, X)

〉
X′
〈
f̄
〉)2

〈
f̄
〉2

D − 1
2 Ā
(
1 + f̄ (X)− f̃

) (
f̄ (X)

(
1−

〈
S̄
〉)

+
〈
S̄ (X ′, X)

〉
X′
〈
f̄
〉)2 − Ḡ (343)

This is an equation of the form:

f2D −A

(
1 +

X + c− b

2

)
(X (1− s) + sf)

2 − Ḡ

(
f2 − 1

2
A (1 +X − b) (X (1− s) + sf)

2

)
and this equation has several solutions.

A10.3 Returns ∆f̄ (X ′) and ∆f̂ (X ′) as function of
〈
S̄E (X ′, X)

〉
X
and

〈
ŜE (X ′, X)

〉
X

Given the formula for returns ∆f̄ (X ′) and ∆f̂ (X ′)

∆f̄ (X ′) = f̄ (X ′)−

(
⟨w̄ (X)⟩

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2
+
〈
ŵB

1 (X)
〉 〈

f̂ (X ′)
〉
ŵ1

+
〈
wB

1 (X)
〉
⟨f (X)⟩

)
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∆f̂ (X ′) = f̂ (X ′)−

⟨ŵ (X)⟩

〈
f̂ (X ′)

〉
ŵ1

+ ⟨r̂ (X ′)⟩ŵ2

2
+ ⟨w (X)⟩ ⟨f (X)⟩+ ⟨r (X)⟩

2


and the relations: 〈

S̄E (X ′, X)
〉
X

=

〈
w̄ (X ′, X)

2

〉
X

∆f̄ (X ′) + 1〈
ŜE (X ′, X)

〉
X

=
⟨ŵ (X ′, X)⟩X

2

(
1 + ∆f̂ (X ′)

)
(344)

We can express returns in terms of shares:

∆f̄ (X ′) =

〈
S̄E (X ′, X)

〉
X〈

w̄(X′,X)
2

〉
X

− 1

with: 〈
ŵ (X ′, X)

2

〉
X

≃

(
1−

(
γ
〈
ŜE (X)

〉)2)
2−

(
γ
〈
ŜE (X)

〉)2
+

(
γ
〈
ŜE (X1, X ′)

〉
X1

)2

−
(
γ
〈
ŜE (X)

〉)2
and: 〈

S̄E (X ′, X)
〉
X′ (345)

≃ ⟨w̄ (X ′, X)⟩
2

(
1 + ⟨w̄ (X)⟩

(〈
f̄ (X ′)

〉
w̄1

− ⟨r̄ (X ′)⟩w̄2

2

)

+
〈
ŵB

1 (X)
〉(〈

f̄ (X ′)
〉
−
〈
f̂ (X ′)

〉
ŵ1

)
+
〈
wB

1 (X)
〉 (〈

f̄ (X ′)
〉
− f (X)

))
for banks, and:

∆f̂ (X ′) =

〈
ŜE (X ′, X)

〉
X

⟨ŵ(X′,X)⟩X
2

− 1

〈
ŵ (X ′, X)

2

〉
X

≃

(
1−

(
γ
〈
ŜE (X)

〉)2)
2−

(
γ
〈
ŜE (X)

〉)2
+

(
γ
〈
ŜE (X1, X ′)

〉
X1

)2

−
(
γ
〈
ŜE (X)

〉)2
〈
ŜE (X ′, X)

〉
X′

≃

〈
Ŝ (X ′, X)

〉
2

+
⟨ŵ (X ′, X)⟩

2ŵ (X)


〈
f̂ (X ′)

〉
− ⟨r̂ (X ′)⟩ŵ2

2

+ w (X)

(〈
f̂ (X ′)

〉
− f (X) + r (X)

2

)
≃ ⟨ŵ (X ′, X)⟩

1− ⟨w (X)⟩∆
(
f (X) + r (X)

2

)
+

〈
f̂ (X ′)

〉
− ⟨r̂ (X ′)⟩ŵ2

2


∆

(
f (X) + r (X)

2

)
=

(
f (X) + r (X)

2
− ⟨f (X)⟩+ ⟨r (X)⟩

2

)
As explained in first part, this change of variable allows to consider representation in terms of
shares, the returns being expressed in terms of these shares.
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A10.4 Corrections for decreasing return to scale

As for averages, we replace the constant returns with decreasing retrns:

f1 (X) → fdr
1 (X)

fdr
1 (X) =

f1 (X)

Kr
X

− C

KX

To zeroth order, we replace in the derivation of the results:(
S (X,X) , SB (X,X)

)
→
(
S (X,X)cr , S

B (X,X)cr
)

where S (X,X)cr and SB (X,X)cr are constant return solutions. To zeroth order the firms’ capital
writes:

KX |Ψ(X)|2 ≃ ((1− S (X)))
2 2ϵ

3σ2
K̂

( 2ϵ

3σ2
K̂

) r
2

f1 (X)

C0 +
SL(X)

1−SE(X) r̄

 2
r

(346)

≃

1−

S (X,X)
K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX |Ψ(X)|2
+ SB (X,X)

K̄X

∣∣Ψ̄ (X)
∣∣2

KX |Ψ(X)|2



( 2ϵ

3σ2
K̂

) r
2

f1 (X)

C0 +
SL(X)

1−SE(X) r̄

 2
r

In first approximation, we have the following capital ratios:

K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX |Ψ(X)|2
≃

18σ2
K̂
V
∥∥∥Ψ̂0 (X)

∥∥∥4
µ̂F 2

1

((
2ϵ

3σ2
K̂

) r
2

f1(X)

C0+
SL(X)

1−SE(X)
r̄

) 2
r

where F1 is defined in (338), and:

K̄X

∣∣Ψ̄ (X)
∣∣2

KX |Ψ(X)|2
≃

18σ2
K̂
V
∥∥Ψ̄0 (X)

∥∥4(
f̄ (X) +

⟨S̄(X′,X)⟩
X′

(1−⟨S̄⟩)
〈
f̄
〉)2

µ̂

((
2ϵ

3σ2
K̂

) r
2

f1(X)

C0+
SL(X)

1−SE(X)
r̄

) 2
r

These ratios, combined with (346), leads to the zeroth order formla:

KX |Ψ(X)|2 ≃

1−
18σ2

K̂
V

µ̂

S(X,X)cr(∥Ψ̄0(X)∥)4
F2
1

+
SB(X,X)cr(∥Ψ̄0(X)∥)4(
f̄(X)+

⟨S̄(X′,X)⟩X′
(1−⟨S̄⟩) ⟨f̄⟩

)2

((
2ϵ

3σ2
K̂

) r
2

f1(X)

C0+
SL(X)

1−SE(X)
r̄

) 2
r


( 2ϵ

3σ2
K̂

) r
2

f1 (X)

C0 +
SL(X)

1−SE(X) r̄

 2
r

that yields the expanded form of capital ratios:

K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX |Ψ(X)|2
(347)

≃
18σ2

K̂
V
(∥∥∥Ψ̂0

∥∥∥)4

µ̂F 2
1

1−
18σ2

K̂
V

µ̂

S(X,X)cr(∥Ψ̄0(X)∥)4
F2
1

+
SB(X,X)cr(∥Ψ̄0(X)∥)4(
f̄(X)+

⟨S̄(X′,X)⟩X′
(1−⟨S̄⟩) ⟨f̄⟩

)2

( 2ϵ
3σ2

K̂

) r
2 f1(X)

C0+
SL(X)

1−SE(X)
r̄


2
r


2((

2ϵ
3σ2

K̂

) r
2

f1(X)

C0+
SL(X)

1−SE(X)
r̄

) 2
r
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and:

K̄X

∣∣Ψ̄ (X)
∣∣2

KX |Ψ(X)|2
(348)

≃
18

σ2
K̂
µ̂ V

(∥∥Ψ̄0

∥∥)4
(
f̄ (X) +

⟨S̄(X′,X)⟩
X′

(1−⟨S̄⟩)
〈
f̄
〉)2


((

2ϵ
3σ2

K̂

) r
2

f1(X)

C0+
SL(X)

1−SE(X)
r̄

) 1
r

−
18σ2

K̂
V

µ̂

S(X,X)cr(∥Ψ̄0(X)∥)4
F2
1

+
SB(X,X)cr(∥Ψ̄0(X)∥)4(
f̄(X)+

⟨S̄(X′,X)⟩X′
(1−⟨S̄⟩) ⟨f̄⟩

)2

( 2ϵ
3σ2

K̂

) r
2 f1(X)

C0+
SL(X)

1−SE(X)
r̄


1
r


2

Formula for shares SB
E (X,X), SB (X,X), SE (X,X), S (X,X) are thus modified at frst order by:

f1 (X) → f1 (X)dr

and the investors’ equation writes:

Ĝ =

(〈
f̂
〉
+

⟨ŜB
E ⟩+⟨ŜB

L ⟩⟨S̄⟩
1−⟨S̄E⟩

〈
f̄
〉)2



⟨Ŝ(X′,X)⟩X
1−⟨Ŝ(X′,X)⟩

X

⟨K̂⟩∥Ψ̂∥2

K̂X |Ψ̂(X)|2
⟨Ŝ(X′,X)⟩

1−⟨Ŝ(X′,X)⟩



2

−A

(
1 +

f̂(X′)+⟨f̃+r̃⟩+∆r̂(X)

2

)
F 2
1

(〈
f̂
〉
+

⟨ŜB
E ⟩+⟨ŜB

L ⟩⟨S̄⟩
1−⟨S̄E⟩

〈
f̄
〉)2



⟨Ŝ(X′,X)⟩
X

1−⟨Ŝ(X′,X)⟩
X

⟨K̂⟩∥Ψ̂∥2
K̂X |Ψ̂(X)|2

⟨Ŝ(X′,X)⟩
1−⟨Ŝ(X′,X)⟩



2

− 1
2A
(
1 + f̂ (X ′) +

〈
f̃ + r̃

〉)
F 2
1

(
fdr
1 (X)− r̄

)

with F1 defined in (338) and Ĝ given by:

Ĝ =

(
1−

(
γ
〈
ŜE (X)

〉)2)
2−

(
γ
〈
ŜE (X)

〉)2
1−

∆
(

f(X)+r(X)
2

)
2−

(
γ
〈
ŜE (X)

〉)2 +

〈
f̂ (X ′)

〉
− ⟨r̂ (X ′)⟩ŵ2

2


×

1−
〈
Ŝ (X ′)

〉
1−

〈
ŜE (X ′)

〉 (〈f̂ (X ′)
〉
− ⟨r̄⟩

)
− SE (X,X)

(
fdr
1 (X)− r

)
The banks retrn equations writes;

0 =

〈
f̄
〉2

D − Ā
(
1 + f̄(X)+∆r̄(X)−f̃

2

) (
f̄ (X)

(
1−

〈
S̄
〉)

+
〈
S̄ (X ′, X)

〉
X′
〈
f̄
〉)2

〈
f̄
〉2

D − 1
2 Ā
(
1 + f̄ (X)− f̃

) (
f̄ (X)

(
1−

〈
S̄
〉)

+
〈
S̄ (X ′, X)

〉
X′
〈
f̄
〉)2 1− Ā

(
1 +

∆f̄(X′)+∆r̄(X′)
2

)
1− 1

2 Ā
(
1 + ∆f̄ (X ′)

) −Ḡ

where:

Ḡ =
〈
S̄E (X ′, X)

〉
X′

1−
〈
S̄ (X ′)

〉
1−

〈
S̄E (X ′)

〉 (〈f̄ (X ′)
〉
− r̄
)

(349)

+
〈
ŜB
E (X ′, X)

〉
X′

1−
〈
Ŝ (X ′)

〉
+
〈
ŜB
E (X ′)

〉
+
〈
ŜB
L (X ′)

〉
1−

〈
ŜE (X ′)

〉
+
〈
ŜB
E (X ′)

〉 (〈
f̂ (X ′)

〉
− r̄
)
+ SB

E (X,X) (f1 (X)dr − r̄)
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These equations are similar to those obtained for investors. The main shift is a direct effect of the
modificatn of Ĝ and Ḡ. This reduces Ĝ and Ḡ which leads to a lower return and higher capital
solution. The effect is simplified by banks.

A10.5 Approximate solutions

A10.5.1 Investors

Solution of (336) to the first order of approximation is similar to the one obtained in Gosselin and

Lotz (2025) under decreasing returns with
⟨K̂⟩∥Ψ̂∥2

K̂X |Ψ̂(X)|2
given by (337). The equation writes:

Ĝ =

(〈
f̂
〉
+

⟨ŜB
E ⟩+⟨ŜB

L ⟩
1−S̄

⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
〈
f̄
〉)2



⟨Ŝ(X′,X)⟩
X

1−⟨Ŝ(X′,X)⟩
X

⟨K̂⟩∥Ψ̂∥2
K̂X |Ψ̂(X)|2

⟨Ŝ(X′,X)⟩
1−⟨Ŝ(X′,X)⟩



2

−A
(
1 + ∆f̂(X)+∆r̂(X)

2

)
F 2
1

(〈
f̂
〉
+

⟨ŜB
E ⟩+⟨ŜB

L ⟩
1−S̄

⟨K̄⟩∥Ψ̄∥2

⟨K̂⟩∥Ψ̂∥2
〈
f̄
〉)2



⟨Ŝ(X′,X)⟩
X

1−⟨Ŝ(X′,X)⟩
X

⟨K̂⟩∥Ψ̂∥2
K̂X |Ψ̂(X)|2

⟨Ŝ(X′,X)⟩
1−⟨Ŝ(X′,X)⟩



2

− 1
2A
(
1 + ∆f̂ (X)

)
F 2
1

(
f̂ (X)− r̄

)

with:

F1 =
(
1− Ŝ

)
f̂ (X) +

〈
Ŝ (X ′, X)

〉
X′

〈
f̂
〉

(350)

+

〈ŜB
E (X,X ′)

〉
X′

+
〈
ŜB
L (X,X ′)

〉
X′

+
〈
Ŝ (X ′, X)

〉
X′

〈
ŜB
E

〉
+
〈
ŜB
L

〉
1−

〈
Ŝ
〉

 〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̂
〉∥∥∥Ψ̂∥∥∥2

〈
f̄
〉

and F1 can be obtained to the first approximation:

F1 (351)

→ (1− 2z) f̂ (X) + 2z
〈
f̂
〉

+

4x+
〈
ŜB
L (X,X)

〉
X
+ 2z

4x+
〈
ŜB
L

〉
1− 2z

 〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̂
〉∥∥∥Ψ̂∥∥∥2

〈
f̄
〉

→ (1− 2z) f̂ (X) + 2z
〈
f̂
〉
+

(
4x+ (1− 2x)κz + 2z

4x+ (1− 2x)κz

1− 2z

) 〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̂
〉∥∥∥Ψ̂∥∥∥2

〈
f̄
〉

= (1− 2z) f̂ (X) + 2z
〈
f̂
〉
+

4x+ (1− 2x)κz

1− 2z

〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̂
〉∥∥∥Ψ̂∥∥∥2

〈
f̄
〉

→ (1− 2z)
(
f̂ (X)− r

)
+ 2z

(〈
f̂
〉
− r
)
+ C

(〈
f̄
〉
− (κ+ 1) r

)
+ (C (κ+ 1) + 1) r
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We also have:

〈
f̂
〉
+

〈
ŜB
E

〉
+
〈
ŜB
L

〉
1− S̄

〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̂
〉∥∥∥Ψ̂∥∥∥2

〈
f̄
〉

→
〈
f̂
〉
+

4x+ κz

1− 2x

〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̂
〉∥∥∥Ψ̂∥∥∥2

〈
f̄
〉

=
〈
f̂
〉
− r + C

(〈
f̄
〉
− (κ+ 1) r

)
+ (C (κ+ 1) + 1) r

We will define:

C =
4x+ κz

1− 2x

〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̂
〉∥∥∥Ψ̂∥∥∥2

and:

L = C (κ+ 1) + 1 =
4x+ κz

1− 2x

〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̂
〉∥∥∥Ψ̂∥∥∥2 (κ+ 1) + 1

= 1 +
2
(
1− S̄

)2 ∥∥Ψ̄0

∥∥4(
1− Ŝ

)2 ∥∥∥Ψ̂0

∥∥∥4 (1 + κ)
2

(
1 + 2κ(1−2z)2z

(1+κ)

∥Ψ̄0∥2

∥Ψ̂0∥2
+

√
1 + 4κ(1−2z)2z

(1+κ)

∥Ψ̄0∥2

∥Ψ̂0∥2

) 4x+ κz

1− 2x
(κ+ 1)

≃ 1 +
2 (1− 2x)

2 ∥∥Ψ̄0

∥∥4
(1− 2z)

2
∥∥∥Ψ̂0

∥∥∥4 (1 + κ)

(
1 + 2κ(1−2z)2z

(1+κ)

∥Ψ̄0∥2

∥Ψ̂0∥2
+

√
1 + 4κ(1−2z)2z

(1+κ)

∥Ψ̄0∥2

∥Ψ̂0∥2

) 4x+ κz

1− 2x

we can approximate:

L ≃ 1 +
2z (1− 2x)

∥∥Ψ̄0

∥∥4
(1− 2z)

2
∥∥∥Ψ̂0

∥∥∥4(2 + 8z
∥Ψ̄0∥2

∥Ψ̂0∥2
) (352)
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As a consequence, the investors’ return equation is:

0 =


(〈

f̂
〉
− r + C

(〈
f̄
〉
− (κ+ 1) r

)
+ (L) r

)2


⟨Ŝ(X′,X)⟩
X

1−⟨Ŝ(X′,X)⟩
X

⟨K̂⟩∥Ψ̂∥2
K̂X |Ψ̂(X)|2

⟨Ŝ(X′,X)⟩
1−⟨Ŝ(X′,X)⟩



2

−z
(
1 + ∆f̂ (X)

)
B2
}−1


(〈

f̂
〉
− r + C

(〈
f̄
〉
− (κ+ 1) r

)
+ (L) r

)2


⟨Ŝ(X′,X)⟩
X

1−⟨Ŝ(X′,X)⟩
X

⟨K̂⟩∥Ψ̂∥2
K̂X |Ψ̂(X)|2

⟨Ŝ(X′,X)⟩
1−⟨Ŝ(X′,X)⟩



2

−2z

(
1 +

∆f̂ (X) + ∆r̂ (X)

2

)
B2

}(
f̂ (X)− r̄

)

−z

1− (1− 2z)∆

(
f (X) + r (X)

2

)
+

〈
f̂ (X ′)

〉
− ⟨r̂ (X ′)⟩ŵ2

2

 1− 2z

1− z

(〈
f̂ (X ′)

〉
− ⟨r̄⟩

)
−1− 2z

2
(f (X ′)− r)

with:
B =

(
(1− 2z)

(
f̂ (X)− r

)
+ 2z

(〈
f̂
〉
− r
)
+ C

(〈
f̄
〉
− (κ+ 1) r

)
+ (L) r

)
Replacing for ∆f̂(X)+∆r̂(X)

2 and ∆f̂ (X), we find:

0 =




〈
f̂
〉
− r + C

(〈
f̄
〉
− (κ+ 1) r

)
(L) r

+ 1

2



⟨Ŝ(X′,X)⟩
X

1−⟨Ŝ(X′,X)⟩X
⟨K̂⟩∥Ψ̂∥2

K̂X |Ψ̂(X)|2

⟨Ŝ(X′,X)⟩
1−⟨Ŝ(X′,X)⟩



2

−z

(
1 +

(
f̂ (X ′)− r̄

)
− z

(〈
f̂ (X ′)

〉
− r
)
− 1− 2z

2
(⟨f (X)⟩ − r)

)(
B

Lr

)2
}−1

×




〈
f̂
〉
− r + C

(〈
f̄
〉
− (κ+ 1) r

)
(L) r

+ 1

2



⟨Ŝ(X′,X)⟩
X

1−⟨Ŝ(X′,X)⟩X
⟨K̂⟩∥Ψ̂∥2

K̂X |Ψ̂(X)|2

⟨Ŝ(X′,X)⟩
1−⟨Ŝ(X′,X)⟩



2

−2z

(
1 +

1

2

(
f̂ (X ′)− r̄

)
− z

(〈
f̂ (X ′)

〉
− ⟨r̄⟩

)
− 1− 2z

2
(⟨f (X)⟩ − r)

)(
B

Lr

)2−1
}(

f̂ (X)− r̄
)

−z

1− (1− 2z)∆

(
f (X) + r (X)

2

)
+

〈
f̂ (X ′)

〉
− ⟨r̂ (X ′)⟩ŵ2

2


×1− 2z

1− z

(〈
f̂ (X ′)

〉
− ⟨r̄⟩

)
− 1− 2z

2
(f (X ′)− r)
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We replace:

x = f̂ (X)− r

t =
〈
f̂ (X ′)

〉
− ⟨r̄⟩

v =
〈
f̄
〉
− r

v′ = ⟨f⟩ − r

D̂ =



⟨Ŝ(X′,X)⟩
X

1−⟨Ŝ(X′,X)⟩
X

⟨K̂⟩∥Ψ̂∥2
K̂X |Ψ̂(X)|2

⟨Ŝ(X′,X)⟩
1−⟨Ŝ(X′,X)⟩



2

→


2z
(
1 + 1

2x− zt− 1−2z
2 v′

) 1−2z(1+ 1−2z
2 t− 1−2z

2 v′)
2z(1+ 1−2z

2 t− 1−2z
2 v′)

1− 2z
(
1 + 1

2x− zt− 1−2z
2 v′

)( ((1−2z)(f̂(X)−r)+2z(⟨f̂⟩−r)+C(⟨f̄⟩−(κ+1)r)+(L)r)
⟨f̂⟩−r+C(⟨f̄⟩−(κ+1)r)+(L)r

) 2z(1+1−2z
2 t− 1−2z

2 v′)
1−2z(1+1−2z

2 t− 1−2z
2 v′)

2z(1+1
2x−zt− 1−2z

2 v′)
1−2z(1+1

2x−zt− 1−2z
2 v′)


2



2

=


2z
(
1 + 1

2x− zt− 1−2z
2 v′

) 1−2z(1+ 1−2z
2 t− 1−2z

2 v′)
2z(1+ 1−2z

2 t− 1−2z
2 v′)

1− 2z
(
1 + 1

2x− zt− 1−2z
2 v′

)( (1−2z)x+2zt+Cv+L
t+Cv+L

) 2z(1+1−2z
2 t− 1−2z

2 v′)
1−2z(1+1−2z

2 t− 1−2z
2 v′)

2z(1+1
2x−zt− 1−2z

2 v′)
1−2z(1+1

2x−zt− 1−2z
2 v′)


2



2

and the equation writes:

0 =

(
t+Cv
(L) + 1

)2
D̂ − 2z

(
1 + 1

2x− zt− 1−2z
2 v′

) ( (1−2z)x+2zt+Cv
(L) + 1

)2
(

t+Cv
(L) + 1

)2
D̂ − z

(
1 + x− zt− 1−2z

2 v′
) ( (1−2z)x+2zt+Cv

(L) + 1
)2

×
(
f̂ (X)− r̄

)
− z

1− (1− 2z)∆

(
f (X) + r (X)

2

)
+

〈
f̂ (X ′)

〉
− ⟨r̂ (X ′)⟩ŵ2

2


×1− 2z

1− z

(〈
f̂ (X ′)

〉
− ⟨r̄⟩

)
− 1− 2z

2
(f (X ′)− r)

In first approximation, we can consider ν ≃ 0. A first order expansion yields:

0 = a (z, L)x2 +

(
2z − 1

z − 1
+ z

(
b (z, L) t+

1

2

1− 2z

(z − 1)
2 v

′

))
x− z

1− 2z

1− z
t− 1− 2z

2
(f (X ′)− r)

with:

a (z, L) = −z
−L− 24z − 26Lz2 + 12Lz3 − 8Lz4 + 9Lz + 112z2 − 224z3 + 160z4 + 2

L (z − 1)
2
(1− 2z)

3

b (z, L) =
2L+ 28z + 4Lz2 − 4Lz3 − 13Lz − 88z2 + 80z3 − 2

L (2z − 1)
2
(z − 1)

2 > 0
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0 = 2L+ 28z + 4Lz2 − 4Lz3 − 13Lz − 88z2 + 80z3 − 2

2 (1 + 4z) + 28z + 4 (1 + 4z) z2 − 4 (1 + 4z) z3 − 13 (1 + 4z) z − 88z2 + 80z3 − 2

The coefficient a (z) is positive for:

L >

(
−24z + 112z2 − 224z3 + 160z4 + 2

)
−9z + 26z2 − 12z3 + 8z4 + 1

expressed in terms of average fields, this condition writes:

1 +
z
∥∥Ψ̄0

∥∥4 (1− 2x)

(1− 2z)
2
∥∥∥Ψ̂0

∥∥∥4(1 + 4z
∥Ψ̄0∥2

∥Ψ̂0∥2
) > A

where:

A =
2− 24z + 112z2 − 224z3 + 160z4

1− 9z + 26z2 − 12z3 + 8z4

Thus, the condition on the ratio of average densities for a (z) > 0 is:

∥∥Ψ̄0

∥∥2∥∥∥Ψ̂0

∥∥∥2 >
2 (2z − 1)

2
(A− 1)

(1− 2x)
+

√(
2 (2z − 1)

2
(A− 1)

)2
− (1− 2x)

(
(A− 1)

(
4− 4z − 1

z

))
(1− 2x)

In this case, the positive solution is:

x =

√√√√( 2z−1
z−1 + z

(
b (z, L) t+ 1

2
1−2z
(z−1)2

v′
))2

4a2 (z, L)
+

(
z 1−2z

1−z t+ 1−2z
2 (f (X ′)− r)

)
a (z, L)

−
2z−1
z−1 + z

(
b (z, L) t+ 1

2
1−2z
(z−1)2

v′
)

2a (z, L)

≃
2z 1−2z

1−z t+ (1−2z)
2 (f (X ′)− r)

2z−1
z−1 − z

(
b (z, L) t− 1

2
1−2z
(z−1)2

v′
)

Coming back to the initial variables this becomes:

f̂ (X)− ⟨r̄⟩ ≃
z 1−2z

1−z

(〈
f̂ (X ′)

〉
− ⟨r̄⟩

)
+ (1−2z)

2 (f (X ′)− ⟨r̄⟩)

1−2z
1−z − z

(
b (z, L)

⟨f̂(X′)⟩−⟨r̄⟩
⟨r̄⟩ − 1

2
1−2z
(z−1)2

f(X′)−⟨r̄⟩
⟨r̄⟩

) (353)

≃ z
(〈

f̂ (X ′)
〉
− ⟨r̄⟩

)
+

(1− z)

2
(f (X ′)− ⟨r̄⟩)

with:

f (X ′) = fdr
1 (X) =

f1 (X)

Kr
X

− C

KX

KX =

1−

S (X,X)
K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX |Ψ(X)|2
+ SB (X,X)

K̄X

∣∣Ψ̄ (X)
∣∣2

KX |Ψ(X)|2



( 2ϵ

3σ2
K̂

) r
2

f1 (X)

C0 +
SL(X)

1−SE(X) r̄

 1
r

Solution (353) is close to the average solution.
When:

∥∥Ψ̄0

∥∥2∥∥∥Ψ̂0

∥∥∥2 <
2 (2z − 1)

2
(A− 1)

(1− 2x)
+

√(
2 (2z − 1)

2
(A− 1)

)2
− (1− 2x)

(
(A− 1)

(
4− 4z − 1

z

))
(1− 2x)
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coefficient a (z, L) < 0 and there are two positive solutions:

f̂ (X ′)− ⟨r̄⟩

=

2z−1
z−1 + z

(
b (z, L)

(〈
f̂ (X ′)

〉
− ⟨r̄⟩

)
+ 1

2
1−2z
(z−1)2

(f (X ′)− ⟨r̄⟩)
)

2 |a (z, L)|

+


(

2z−1
z−1 + z

(
b (z, L)

(〈
f̂ (X ′)

〉
− ⟨r̄⟩

)
+ 1

2
1−2z
(z−1)2

(f (X ′)− ⟨r̄⟩)
))2

4a2 (z, L)

−

(
z 1−2z

1−z

(〈
f̂ (X ′)

〉
− ⟨r̄⟩

)
+ 1−2z

2 (f (X ′)− r)
)

|a (z, L)|


1
2

for the high-return solution, and:

f̂ (X ′)− ⟨r̄⟩

=

2z−1
z−1 + z

(
b (z, L)

(〈
f̂ (X ′)

〉
− ⟨r̄⟩

)
+ 1

2
1−2z
(z−1)2

(f (X ′)− ⟨r̄⟩)
)

2 |a (z, L)|

−


(

2z−1
z−1 + z

(
b (z, L)

(〈
f̂ (X ′)

〉
− ⟨r̄⟩

)
+ 1

2
1−2z
(z−1)2

(f (X ′)− ⟨r̄⟩)
))2

4a2 (z, L)

−

(
z 1−2z

1−z

(〈
f̂ (X ′)

〉
− ⟨r̄⟩

)
+ 1−2z

2 (f (X ′)− r)
)

|a (z, L)|


1
2

for the low-return solution.

A10.5.2 Banks

We look for solutions such that
〈
f̄ (X ′)

〉
≃
〈
f̂ (X ′)

〉
≃ ⟨f1 (X)⟩ and these average returns are close

to r̄.
Using (341):

Ḡ = SB
E (X,X) (f1 (X)− r̄) (354)

and (342a) or (343) write in first approximation:

0 =

〈
f̄
〉2

D − Ā
(
1 + f̄(X)+∆r̄(X)−f̃

2

) (
r̄ +

(
f̄ (X)− r̄

)
(1− 2x) + 2x

(〈
f̄ (X)

〉
− r̄
))2

〈
f̄
〉2

D − 1
2 Ā
(
1 + f̄ (X)− f̃

) (
r̄ +

(
f̄ (X)− r̄

)
(1− 2x) + 2x

(〈
f̄ (X)

〉
− r̄
))2 (355)

−
〈
S̄E (X ′, X)

〉
X′

1−
〈
S̄ (X ′)

〉
1−

〈
S̄E (X ′)

〉 (〈f̄ (X ′)
〉
− r̄
)

−
〈
ŜB
E (X ′, X)

〉
X′

1−
〈
Ŝ (X ′)

〉
+
〈
ŜB
E (X ′)

〉
+
〈
ŜB
L (X ′)

〉
1−

〈
ŜE (X ′)

〉
+
〈
ŜB
E (X ′)

〉 (〈
f̂ (X ′)

〉
− r̄
)
− SB

E (X,X) (f1 (X)dr − r̄)
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that is:

0 =

〈
f̄
〉2

D − Ā
(
1 + ∆f̄(X)+∆r̄(X)

2

) (
r̄ +

(
f̄ (X)− r̄

)
(1− 2x) + 2x

(〈
f̄ (X)

〉
− r̄
))2〈

f̄
〉2

D − 1
2 Ā
(
1 + ∆f̄ (X)

) (
r̄ +

(
f̄ (X)− r̄

)
(1− 2x) + 2x

(〈
f̄ (X)

〉
− r̄
))2 (356)

−
〈
S̄E (X ′, X)

〉
X′

1−
〈
S̄ (X ′)

〉
1−

〈
S̄E (X ′)

〉 (〈f̄ (X ′)
〉
− r̄
)

−
〈
ŜB
E (X ′, X)

〉
X′

1−
〈
Ŝ (X ′)

〉
+
〈
ŜB
E (X ′)

〉
+
〈
ŜB
L (X ′)

〉
1−

〈
ŜE (X ′)

〉
+
〈
ŜB
E (X ′)

〉 (〈
f̂ (X ′)

〉
− r̄
)
− SB

E (X,X) (f1 (X)dr − r̄)

where:

D =

⟨S̄(X′,X)⟩
X′

1−⟨S̄(X′,X)⟩
X′

 ((1−⟨S̄⟩)f̄(X)+⟨S̄(X′,X)⟩X′ ⟨f̄⟩) ⟨S̄(X′,X)⟩
1−⟨S̄(X′,X)⟩

⟨f̄⟩
⟨S̄(X′,X)⟩X′

1−⟨S̄(X′,X)⟩X′


2

⟨S̄(X′,X)⟩
1−⟨S̄(X′,X)⟩

∆f̄ (X ′) = f̄ (X ′)−

(
⟨w̄ (X)⟩

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2
+
〈
ŵB

1 (X)
〉 〈

f̂ (X ′)
〉
ŵ1

+
〈
wB

1 (X)
〉
⟨f (X)⟩

)
where:

∆f̄ (X ′) = f̄ (X ′)−
(
x
(〈

f̄ (X ′)
〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

)
+ 4x

〈
f̂ (X ′)

〉
ŵ1

+ (1− 6x) ⟨f (X)⟩
)

= f̄ (X ′)− ⟨r̄ (X ′)⟩ −
(
x
(〈

f̄ (X ′)
〉
w̄1

− ⟨r̄ (X ′)⟩
)
+ 4x

(〈
f̂ (X ′)

〉
− ⟨r̄ (X ′)⟩

)
+ (1− 6x) (⟨f (X)⟩ − ⟨r̄ (X ′)⟩)

)
∆ ⟨r̄ (X ′)⟩ = ⟨r̄ (X ′)⟩ −

(
x
(〈

f̄ (X ′)
〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

)
+ 4x

〈
f̂ (X ′)

〉
ŵ1

+ (1− 6x) ⟨f (X)⟩
)

= −
(
x
(〈

f̄ (X ′)
〉
w̄1

− ⟨r̄ (X ′)⟩
)
+ 4x

(〈
f̂ (X ′)

〉
− ⟨r̄ (X ′)⟩

)
+ (1− 6x) (⟨f (X)⟩ − ⟨r̄ (X ′)⟩)

)
and:

∆f̄ (X ′) + ∆ ⟨r̄ (X ′)⟩
2

=
f̄ (X ′)− ⟨r̄ (X ′)⟩

2
−
(
x
(〈

f̄ (X ′)
〉
w̄1

− ⟨r̄ (X ′)⟩
)
+ 4x

(〈
f̂ (X ′)

〉
− ⟨r̄ (X ′)⟩

)
+ (1− 6x) (⟨f (X)⟩ − ⟨r̄ (X ′)⟩)

)
Replacing:

1−
〈
S̄ (X ′)

〉
1−

〈
S̄E (X ′)

〉 →
〈
DF (X ′)

〉
1−

〈
Ŝ (X ′)

〉
+
〈
ŜB
E (X ′)

〉
+
〈
ŜB
L (X ′)

〉
1−

〈
ŜE (X ′)

〉
+
〈
ŜB
E (X ′)

〉 →
〈
D̂F (X ′)

〉
this leads to the expanded formula:

0 =

〈
f̄
〉2

D − Ā

(
1 +

f̄(X′)−⟨r̄(X′)⟩
2 −D

)(
r̄ +

(
f̄ (X)− r̄

)
(1− 2x) + 2x

(〈
f̄ (X)

〉
− r̄
))2 ∥Ψ̄0∥2

∥Ψ̄0(X)∥2〈
f̄
〉2

D − 1
2 Ā
(
1 + f̄ (X ′)− ⟨r̄ (X ′)⟩ −B

) (
r̄ +

(
f̄ (X)− r̄

)
(1− 2x) + 2x

(〈
f̄ (X)

〉
− r̄
))2 ∥Ψ̄0∥2

∥Ψ̄0(X)∥2

(357)

−
〈
S̄E (X ′, X)

〉 〈
DF (X ′)

〉 (〈
f̄ (X ′)

〉
− r̄
)

−
〈
ŜB
E (X ′, X)

〉
X′

〈
D̂F (X ′)

〉(〈
f̂ (X ′)

〉
− r̄
)
− SB

E (X,X) (f1 (X)dr − r̄)
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with:

B = x
(〈

f̄ (X ′)
〉
w̄1

− ⟨r̄ (X ′)⟩
)
+ 4x

(〈
f̂ (X ′)

〉
− ⟨r̄ (X ′)⟩

)
+ (1− 6x) (⟨f (X)⟩ − ⟨r̄ (X ′)⟩)

We then replace:

f̄ (X ′)− ⟨r̄ (X ′)⟩
⟨r̄ (X ′)⟩

→ y + κ〈
f̄ (X ′)

〉
− ⟨r̄ (X ′)⟩

⟨r̄ (X ′)⟩
→ v + κ〈

f̂ (X ′)
〉
− ⟨r̄ (X ′)⟩

⟨r̄ (X ′)⟩
→ t

(⟨f (X)⟩ − ⟨r̄ (X ′)⟩) → v′

which leads to the equation:

0 =

〈
f̄
〉2

D − Ā
(
1 + y

2 −
(
xv + 2xt+ 1−6x

2 v′
))

(r̄ (1 + κ) + y (1− 2x) + 2xv)
2〈

f̄
〉2

D − 1
2 Ā
(
1 + y −

(
xv + 2xt+ 1−6x

2 v′
))

(r̄ (1 + κ) + y (1− 2x) + 2xv)
2

(358)

−
〈
S̄E (X ′, X)

〉
X′
〈
DF (X ′)

〉 (〈
f̄ (X ′)

〉
− r̄
)

−
〈
ŜB
E (X ′, X)

〉
X′

〈
D̂F (X ′)

〉 〈
DF (X ′)

〉 (〈
f̂ (X ′)

〉
− r̄
)
− SB

E (X,X) (f1 (X)dr − r̄)

under the assumption:
(⟨f (X)⟩ − ⟨r̄ (X ′)⟩) << 1

The equation rewrites:

0 =
(κ+ 1 + v)

2
D − 2x

(
1 + κ 1−6x

2 + y
2 −

(
xv + 2xt+ 1−6x

2 v′
))

(κ+ 1 + y (1− 2x) + 2xv)
2

(κ+ 1 + v)
2
D − x

(
1 + κ 2−6x

2 + y −
(
xv + 2xt+ 1−6x

2 v′
))

(κ+ 1 + y (1− 2x) + 2xv)
2 (359)

−
〈
S̄E (X ′, X)

〉
X′
〈
DF (X ′)

〉 (〈
f̄ (X ′)

〉
− r̄
)

−
〈
ŜB
E (X ′, X)

〉
X′

〈
D̂F (X ′)

〉(〈
f̂ (X ′)

〉
− r̄
)
− SB

E (X,X) (f1 (X)dr − r̄)

where:

D =



⟨S̄(X′,X)⟩
X′

1−⟨S̄(X′,X)⟩
X′

 ((1−⟨S̄⟩)f̄(X)+⟨S̄(X′,X)⟩X′ ⟨f̄⟩) ⟨S̄(X′,X)⟩
1−⟨S̄(X′,X)⟩

⟨f̄⟩
⟨S̄(X′,X)⟩X′

1−⟨S̄(X′,X)⟩X′


2

⟨S̄(X′,X)⟩
1−⟨S̄(X′,X)⟩



2

→



2x(1+κ 1−6x
2 + y

2−(xv+2xt+ 1−6x
2 v′))

1−2x(1+κ 1−6x
2 + y

2−(xv+2xt+ 1−6x
2 v′))

 ((1−⟨S̄⟩)f̄(X)+⟨S̄(X′,X)⟩X′ ⟨f̄⟩) ⟨S̄(X′,X)⟩
1−⟨S̄(X′,X)⟩

⟨f̄⟩
⟨S̄(X′,X)⟩X′

1−⟨S̄(X′,X)⟩X′


2

2x(1+κ 1−6x
2 + v

2−(xv+2xt+ 1−6x
2 v′))

1−2x(1+κ 1−6x
2 + v

2−(xv+2xt+ 1−6x
2 v′))



2
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and:
((
1−

〈
S̄
〉)

f̄ (X) +
〈
S̄ (X ′, X)

〉
X′
〈
f̄
〉) ⟨S̄(X′,X)⟩

1−⟨S̄(X′,X)⟩〈
f̄
〉 ⟨S̄(X′,X)⟩

X′
1−⟨S̄(X′,X)⟩

X′


=

(
1− 2x

(
1 + κ 1−6x

2 + v
2 −

(
xv + 2xt+ 1−6x

2 v′
)))

(1 + κ+ y) +
(
1 + κ 1−6x

2 + y
2 −

(
xv + 2xt+ 1−6x

2 v′
))

(1 + κ+ v)

(1 + κ+ v)
2x(1+κ 1−6x

2 + y
2−(xv+2xt+ 1−6x

2 v′))
1−2x(1+κ 1−6x

2 +y−(xv+2xt+ 1−6x
2 v′))

×
2x
(
1 + κ 1−6x

2 + v
2 −

(
xv + 2xt+ 1−6x

2 v′
))

1− 2x
(
1 + κ 1−6x

2 + v
2 −

(
xv + 2xt+ 1−6x

2 v′
))

We approximate the first term in (359) by:

(κ+ 1 + v)
2
D − 2x

(
1 + κ 1−6x

2 + y
2 −

(
xv + 2xt+ 1−6x

2 v′
))

(κ+ 1 + y (1− 2x) + 2xv)
2

(κ+ 1 + v)
2
D − x

(
1 + κ 2−6x

2 + y −
(
xv + 2xt+ 1−6x

2 v′
))

(κ+ 1 + y (1− 2x) + 2xv)
2

≃

(
D (κ+ 1)

2 − 2x (κ− y (2x− 1) + 1)
2 ( 1

2y − κ
(
3x− 1

2

)
+ v′

(
3x− 1

2

)
− 2tx+ 1

))
D (κ+ 1)

2 − x (κ− y (2x− 1) + 1)
2 (

y − κ (3x− 1) + v′
(
3x− 1

2

)
− 2tx+ 1

)
For v ≃ 0, and x << 1, equation (359) becomes at the lowest order:

0 =

(
−2x

y

(κ+ 2) (κ+ 1)
+ 1− x+

1

2
v′x+ 2tx2

)
y

−
〈
S̄E (X ′, X)

〉
X′
〈
DF (X ′)

〉 (〈
f̄ (X ′)

〉
− r̄
)

−
〈
ŜB
E (X ′, X)

〉
X′

〈
D̂F (X ′)

〉(〈
f̂ (X ′)

〉
− r̄
)
− SB

E (X,X) (f1 (X)dr − r̄)

with solutions:

f̄ (X ′)− (κ+ 1) ⟨r̄ (X ′)⟩ = R̄H,0
exc (X)

2
±

√√√√√( R̄H,0
exc (X)

2

)2

− (κ+ 2) (κ+ 1)
1− x

x
R̄L,0

exc (X)

2

where:

R̄H,0
exc (X) = (κ+ 2) (κ+ 1)

(
1− x

2x
⟨r̄ (X ′)⟩+ (⟨f (X)⟩ − ⟨r̄ (X ′)⟩)

4
+
(〈

f̂ (X ′)
〉
− ⟨r̄ (X ′)⟩

)
x

)
and:

R̄L,0
exc (X) =

〈
S̄E (X ′, X)

〉
X′
〈
DF (X ′)

〉 (〈
f̄ (X ′)

〉
− r̄
)

+
〈
ŜB
E (X ′, X)

〉
X′

〈
D̂F (X ′)

〉(〈
f̂ (X ′)

〉
− r̄
)
+ SB

E (X,X) (f1 (X)dr − r̄)

Since 2x
(κ+2)(κ+1) << 1, for all level of uncertainty, the high-return solution corresponds to very high

returns, and the low-return solution is:

f̄ (X ′)− (κ+ 1) r̄

≃
〈
S̄E (X ′, X)

〉
X′
〈
DF (X ′)

〉 (〈
f̄ (X ′)

〉
− r̄
)

+
〈
ŜB
E (X ′, X)

〉
X′

〈
DF (X ′)

〉 (〈
f̂ (X ′)

〉
− r̄
)
+ SB

E (X,X) (f1 (X)dr − r̄)

≃ x
(〈
f̄ (X ′)

〉
− r̄
)
+ 4x

(〈
f̂ (X ′)

〉
− r̄
)
+ (1− 6x) (f1 (X)dr − r̄)

194



Appendix 11 Evaluation of stakes and return

Once inward aggregate stakes of investment Ŝη (X), S̄η (X)... are found, we can retrieve the stakes
Ŝη (X

′, X), Ŝη (X
′, X)... between two sectors.

19.1 A11.1 Investors’ stakes

As in part one, the uncertainty coefficients are given by:

ŵ (X ′, X)

2
=

(
1−

(
γ
〈
ŜE (X)

〉)2)
ŵ

(0)
1 (X ′, X)

1 + ŵ
(0)
1 (X ′, X)

(
1−

(
γ
〈
ŜE (X)

〉)2)
+

(
γ
〈
ŜE (X1, X ′)

〉
X1

)2

−
(
γ
〈
ŜE (X)

〉)2
and the shares are:

ŜE (X ′, X) (360)

→

(
1−

(
γ
〈
ŜE (X)

〉)2)
ŵ

(0)
1 (X ′, X)

(
1 + ∆f̂ (X ′)

)
1 + ŵ

(0)
1 (X ′, X)

(
1−

(
γ
〈
ŜE (X)

〉)2)
+

(
γ
〈
ŜE (X1, X ′)

〉
X1

)2

−
(
γ
〈
ŜE (X)

〉)2

Ŝ (X ′, X)

→
2

(
1−

(
γ
〈
ŜE (X)

〉)2)
ŵ

(0)
1 (X ′, X)

(
1 +

∆f̂(X′)+∆r̂(X′)
2

)
1 + ŵ

(0)
1 (X ′, X)

(
1−

(
γ
〈
ŜE (X)

〉)2)
+

(
γ
〈
ŜE (X1, X ′)

〉
X1

)2

−
(
γ
〈
ŜE (X)

〉)2
To include decreasing returns, we consider:

f (X) →
f1 (X) + τ∆Fτ

(
R̄ (K,X)

)
Kr

X

− C

KX
− C0

A11.2 Banks’ stakes

Using (207), (208):

(w̄ (X ′, X))
−1

(361)

= 1 +
4

ζ2w̄
(0)
1 (X ′, X)


ζ̄2ζ2

(
1 +

(
γ
〈
ŜE

(
X1,(X′)

′)〉)2
1−(γ⟨ŜE(X′,(X′)′)⟩)2

)
〈
ŵ

(0)B
1

(
(X ′)

′
, X ′

)〉
(X′)′

+ ξ2



×


1 +

(
γ̄⟨S̄E(X1,X

′)⟩
X1

)2

1−(γ̄⟨S̄E((X′)′,X′)⟩)2

1 +

(
γ⟨ŜE(X1,X′)⟩X1

)2

1−(γ⟨ŜE(X′,(X′)′)⟩)2


w

(0)B
1 (X ′, X) +

ζ2

ξ2

1 +

(
γ
〈
ŜE (X1, X

′)
〉
X1

)2

1−
(
γ
〈
ŜE

(
X ′, (X ′)

′)〉)2


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(
ŵB

1 (X ′, X)
)−1

(362)

= 1 +

〈
ŵ

(0)B
1

(
(X ′)

′
, X ′)〉

(X′)′

ζ2w̄
(0)
1 (X′,X)

w
(0)B
1 (X′,X)


1+

(
γ⟨ŜE(X1,X

′)⟩
X1

)2
1−(γ⟨ŜE(X′,(X′)′)⟩)2

1+

(
γ̄⟨S̄E(X1,X

′)⟩X1

)2
1−(γ̄⟨S̄E((X′)′,X′)⟩)2


4

(
ζ̄2ζ2

(
1 +

(γ⟨ŜE(X1,(X′)′)⟩)2
1−(γ⟨ŜE(X′,(X′)′)⟩)2

)
+ ξ2

〈
ŵ

(0)B
1

(
(X ′)

′
, X ′

)〉
(X′)′

)

+

ζ2
〈
ŵ

(0)B
1

(
(X ′)

′
, X ′)〉

(X′)′

ξ2w
(0)B
1 (X ′, X)

1 +

(
γ
〈
ŜE (X1, X

′)
〉
X1

)2

1−
(
γ
〈
ŜE

(
X ′, (X ′)

′)〉)2


w̄B (X,X) = 1− ⟨w̄ (X ′, X)⟩X′ −
〈
ŵB

1 (X ′, X)
〉

and S̄E (X ′, X) , S̄L (X ′, X), S̄ (X ′, X), ŜB
E (X ′, X), SB

E (X,X) given by (65), (66), (67), (71), (73).

The coeffcients ζ2

ξ2
ζ̄2 are given by (227), (228).

ŵB
2 (X ′, X) =

(
1−

(
γ
〈
ŜE (X1, X

′)
〉)2)

ŵ
(0)
2 (X ′, X) (1 + ∆r̂ (X ′))

1 + ŵ
(0)
2 (X ′, X)

(
1−

(
γ
〈
ŜE (X1, X ′)

〉)2)
+

(
γ
〈
ŜE (X1, X ′)

〉
X1

)2

−
(
γ
〈
ŜE (X1, X ′)

〉)2
(363)

and:
wB

2 (X) = 1− ŵB
2 (X ′, X) (364)

see (72), (74), and shares of loans are:

ŜB
L (X ′, X)

κ
(
1− S̄ (X)

) = ŵB
2 (X ′, X)

{
1 + ŵB

2 (X ′, X)

(
r̂ (X ′)−

〈
f̂ (X ′)

〉
ŵ1

)
+ wB

2 (X) (r̂ (X ′)− f (X))

}
SB
L (X,X)

κ
(
1− S̄ (X)

) = wB
2 (X)

[
1 + ŵB

2 (X)
(
r (X)− ⟨r̂ (X ′)⟩ŵ2

)]
see (330), (331).

A11.2 Firms’ returns

Returns for investors are obtained by replacing in the shares given above, the average return for
firms:

f (X) → fdr
1 (X) =

f1 (X) + τ∆Fτ

(
R̄ (K,X)

)
Kr

X

− C

KX
− C0

⟨f (X)⟩ →
〈
fdr
1 (X)

〉
=

f1 (X) + τ∆Fτ

(
R̄ (K,X)

)
⟨K⟩r

− C

⟨K⟩
− C0 (365)

where constnt C0 has been reintroduced.
The returns for firms are given, as in Appendix 8, by:

f
(e)
1 (X) =

(
1 + k2 (X) + κ

[
kB2

1 + k̄

]
(X)

)
f ′
1 (X)−

(
k2 (X) + κ

[
kB2

1 + k̄

]
(X)

)
r̄ (366)
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Now using that:

1 + k2 (X
′) + κ

[
kB2

1 + k̄

]
(X ′) =

1−
(
SE (X ′, X ′)

K̂X |Ψ̂(X′)|2
KX |Ψ(X′)|2

+ SB
E (X ′, X ′)

K̄X′ |Ψ̄(X′)|2
KX′ |Ψ(X′)|2

)
1−

(
⟨S (X ′, X ′)⟩ K̂X |Ψ̂(X′)|2

KX |Ψ(X′)|2
+ ⟨SB (X ′, X ′)⟩ K̄X′ |Ψ̄(X′)|2

KX′ |Ψ(X′)|2

)
=

1−
(
SE (X) + SB

E (X)
)

1− (S (X) + SB (X))

We find:

f ′
1 (X) =

1−
(
SE (X) + SB

E (X)
)

1− (S (X) + SB (X))

((
1−

(
S (X) + SB (X)

))r f1 (X) + τ∆Fτ

(
R̄ (K,X)

)
Kr

X

(367)

−C0 −
C

KX

)
− SL (X) + SB

L (X)

1− (S (X) + SB (X))
r̄

which corresponds to the net return of production plus variation in stocks, from which the paiements
of loans is substracted.

A11.3 States with default

A11.3.1 initial default

As explained in appendix 1, the equations for return have to be modified when defaults occur. It
may start from firms such that:

1 + f ′
1 (X) < 0

This case arises if the previous solutions

1− SE (X)

1− S (X)

(
f1 (X) + τ∆Fτ

(
R̄ (K,X)

)
Kr

X

− C

KX
− C0

)
− S (X)− SE (X)

1− S (X)
r̄ < −1 (368)

where S (X) stand for S (X) + SB (X) and SE (X) for SE (X) + SB
E (X).

If this condition (368) is satisfied, the resolution has to be modified to include defaults. In this
case, the firms returns is:

f ′
1 (X) → f̂ (X)− (1 + r̄)SL (X)

due to the loans to be paid back.
Since (368) leads to:

f1 (X) + τ∆Fτ

(
R̄ (K,X)

)
+ τ∆Fτ

(
R̄ (K,X)

)
Kr

X

− C

KX
− C0 <

(S (X)− SE (X)) r̄ − (1− S (X))

1− SE (X)

the condition for default writes:

f (X)− (1 + r̄)SL (X) <
(S (X)− SE (X)) r̄ − (1− S (X))

1− SE (X)
− (1 + r̄)SL (X)

To detail this condition, we use that the various shares write:

SE (X,X) (369)

=
w (X)

2

1 +

ŵ (X)

f (X)−

〈
f̂ (X ′)

〉
ŵ1

+ ⟨r̂ (X ′)⟩ŵ2

2

+
w (X)

2
(f (X)− r̄ (X))



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S (X,X) = w (X)

1− ŵ (X)
1 +

〈
f̂ (X ′)

〉
ŵ1

2

 (370)

SB
E (X,X)

= wB
1 (X)

{
1 + ⟨w̄ (X)⟩

(
f (X)−

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)
+
〈
ŵB

1 (X)
〉(

f (X)−
〈
f̂ (X ′)

〉
ŵ1

)}
SB
L (X,X)

κ
(
1− S̄ (X)

) = wB
2 (X)

[
1 + ŵB

2 (X)
(
r (X)− ⟨r̂ (X ′)⟩ŵ2

)]
wB

1 (X) = wB
2 (X) =

1

2
wB (X)〈

ŵB
1 (X)

〉
=

〈
ŵB

2 (X)
〉
=

1

2

〈
ŵB (X)

〉
SB (X,X) ≃ wB (X)

1−
1 +

〈
f̂ (X ′)

〉
ŵ1

+ ⟨r̄ (X ′)⟩w̄2

2


Then, given the return equations:

Ĝ =

(
1−

(
γ
〈
ŜE (X)

〉)2)
2−

(
γ
〈
ŜE (X)

〉)2
1−

∆
(

f(X)+r(X)
2

)
2−

(
γ
〈
ŜE (X)

〉)2 +

〈
f̂ (X ′)

〉
− ⟨r̂ (X ′)⟩ŵ2

2


×

1−
〈
Ŝ (X ′)

〉
1−

〈
ŜE (X ′)

〉 (〈f̂ (X ′)
〉
− ⟨r̄⟩

)
− SE (X,X) (f (X)− r)

and:

Ḡ =
〈
S̄E (X ′, X)

〉
X′

1−
〈
S̄ (X ′)

〉
1−

〈
S̄E (X ′)

〉 (〈f̄ (X ′)
〉
− r̄
)

(371)

+
〈
ŜB
E (X ′, X)

〉
X′

1−
〈
Ŝ (X ′)

〉
+
〈
ŜB
E (X ′)

〉
+
〈
ŜB
L (X ′)

〉
1−

〈
ŜE (X ′)

〉
+
〈
ŜB
E (X ′)

〉 (〈
f̂ (X ′)

〉
− r̄
)
+ SB

E (X,X) (f1 (X)− r̄)

We use that (see Appendix 8):

Ĝ ≃
(
f̂ (X)− r̄

)
Ḡ ≃

(
f̄ (X)− r̄

)
This leads to the threshold for investors’ default:

f (X)− r

< −
4

(
2−

(
γ
〈
ŜE (X)

〉)2)(
1 +

(
1−(γ⟨ŜE(X)⟩)2

)
2
(
2−(γ⟨ŜE(X)⟩)2

)2 1−⟨Ŝ(X′)⟩
1−⟨ŜE(X′)⟩

(〈
f̂ (X ′)

〉
− ⟨r̄⟩

))
1−
(
1−(γ⟨ŜE(X)⟩)2

)
⟨f̂(X′)⟩

ŵ1

2−(γ⟨ŜE(X)⟩)2
− r̄ (X)

1−
(
γ
〈
ŜE (X)

〉)2
2−

(
γ
〈
ŜE (X)

〉)2

×

(1 + r̄) +

1 +
⟨f̂(X′)⟩−⟨r̂(X′)⟩

ŵ2
2 − ∆r(X)

2−(γ⟨ŜE(X)⟩)2

1 +

(
1−(γ⟨ŜE(X)⟩)2

)
2
(
2−(γ⟨ŜE(X)⟩)2

)2 1−⟨Ŝ(X′)⟩
1−⟨ŜE(X′)⟩

(〈
f̂ (X ′)

〉
− ⟨r̄⟩

) 1−
〈
Ŝ (X ′)

〉
1−

〈
ŜE (X ′)

〉 (〈f̂ (X ′)
〉
− ⟨r̄⟩

)
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that is:

f (X)− r

< −
4

(
1 + ŵ(X)w(X)

2

1−⟨Ŝ(X′)⟩
1−⟨ŜE(X′)⟩

(〈
f̂ (X ′)

〉
− ⟨r̄⟩

))
w (X)− ŵ (X)

〈
f̂ (X ′)

〉
ŵ1

− r̄ (X)

ŵ (X)

w (X)

×

(1 + r̄) +
1 +

⟨f̂(X′)⟩−⟨r̂(X′)⟩
ŵ2

2 − w (X)∆r (X)

1 + ŵ(X)w(X)
2

1−⟨Ŝ(X′)⟩
1−⟨ŜE(X′)⟩

(〈
f̂ (X ′)

〉
− ⟨r̄⟩

) 1−
〈
Ŝ (X ′)

〉
1−

〈
ŜE (X ′)

〉 (〈f̂ (X ′)
〉
− ⟨r̄⟩

)
The threshold for banks’ default is obtained similarly by considering f̄ (X) < −1. This leads to:

−1 >
〈
S̄E (X ′, X)

〉
X′

1−
〈
S̄ (X ′)

〉
1−

〈
S̄E (X ′)

〉 (〈f̄ (X ′)
〉
− r̄
)

(372)

+
〈
ŜB
E (X ′, X)

〉
X′

1−
〈
Ŝ (X ′)

〉
+
〈
ŜB
E (X ′)

〉
+
〈
ŜB
L (X ′)

〉
1−

〈
ŜE (X ′)

〉
+
〈
ŜB
E (X ′)

〉 (〈
f̂ (X ′)

〉
− r̄
)

+SB
E (X,X) (f1 (X)− r̄) + r̄

and this corresponds to:

f (X)− r̄ < − 1

SB
E (X,X)

(
1 + r̄ +

〈
S̄E (X ′, X)

〉
X′

1−
〈
S̄ (X ′)

〉
1−

〈
S̄E (X ′)

〉 (〈f̄ (X ′)
〉
− r̄
)

+
〈
ŜB
E (X ′, X)

〉
X′

1−
〈
Ŝ (X ′)

〉
+
〈
ŜB
E (X ′)

〉
+
〈
ŜB
L (X ′)

〉
1−

〈
ŜE (X ′)

〉
+
〈
ŜB
E (X ′)

〉 (〈
f̂ (X ′)

〉
− r̄
)

where:

SB
E (X,X)

= wB
1 (X)

{
1− ⟨w̄ (X)⟩

(
1 +

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)
−
〈
ŵB

1 (X)
〉(

1 +
〈
f̂ (X ′)

〉
ŵ1

)}

for f (X) = −1.

A11.3.2 Default Propagation

A11.3.2.1 Investors’ modified returns equation We consider the zeroth ordr resolution.

First order corrections can be found straightforwardly as in Appendix 8 of Gosselin and Lotz
(2025). Given (154) and considering full default only:

max

−1, (1 + f (X ′))
1−

(
Ŝ (X ′) + ŜB

E (X ′) + ŜB
L (X ′)

)
ŜL (X ′)

 = −1

along with Ŝ = S:
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0 =

∫ (
δ (X −X ′)− ŜE (X ′, X)

) 1− Ŝ (X ′)

1− ŜE (X ′)
(f (X ′)− r̄) dX ′

+

∫
ŜL (X ′, X) dX ′ +

∫
SL (X ′, X) dX ′

−
∫

SE (X ′, X)
1−

(
S (X ′) +

(
SB
E (X ′) + SB

L (X ′)
))

1− SE (X ′)− SB
E (X ′)

f1 (X
′) dX ′

As before, we consider investors that invest in neighbor firms, which leads to:

∫ (
∆(X,X ′)− ŜE (X ′, X)

) 1− Ŝ (X ′)

1− ŜE (X ′)
f (X ′) dX ′ (373)

= SE (X,X) f ′
1 (X)−

∫
Ŝ−

ŜL (X ′, X) dX ′

so that the resolution is obtained by shifting f ′
1 (X) of:

− 1

SE (X,X)

∫
Ŝ−

ŜL (X ′, X) dX ′

and by reevaluating the values of f (X ′) for the remaining investors that were above the threshld
and that may now switch below the threshold.

A11.3.2.2 Banks’ modified returns equation Considering banks leads to consider the fol-
lowing returns equations:

0 =
(
1− S̄E (X ′, X)

) (
f̄ (X ′)− r̄

) 1− S̄ (X ′)

1− S̄E (X ′)
(374)

−ŜB
E (X ′, X)

(
f̂ (X ′)− r̄

) 1−
(
Ŝ (X ′) + ŜB

E (X ′) + ŜB
L (X ′)

)
1−

(
ŜE (X ′) + ŜB

E (X ′)
)

+
(
1 + f̄ (X ′)

)
H
(
−
(
1 + f̄ (X ′)

))
S̄L (X ′, X)

(
1− S̄ (X ′)

)
S̄L (X ′)

+
(
1 + f̂ (X ′)

)
H
(
−
(
1 + f̂ (X ′)

))
ŜB
L (X ′, X)

1−
(
S (X ′) +

(
SB
E (X ′) + SB

L (X ′)
))

SL (X ′) + SB
L (X ′)

+ (1 + f ′
1 (X

′))H (− (1 + f ′
1 (X

′)))SB
L (X ′, X)

1−
(
Ŝ (X ′, X) +

(
ŜB
E (X ′) + ŜB

L (X ′)
))

ŜL (X ′) + ŜB
L (X ′)

−SB
E (X ′, X)

{
1−

(
S (X ′) +

(
SB
E (X ′) + SB

L (X ′)
))

1− SE (X ′)− SB
E (X ′)

(
(f ′

1 (X
′)− r̄) + ∆Fτ

(
R̄ (K,X)

))}

0 =
(
1− S̄E (X ′, X)

) (
f̄ (X ′)− r̄

) 1− S̄ (X ′)

1− S̄E (X ′)
(375)

−ŜB
E (X ′, X)

(
f̂ (X ′)− r̄

) 1−
(
Ŝ (X ′) + ŜB

E (X ′) + ŜB
L (X ′)

)
1−

(
ŜE (X ′) + ŜB

E (X ′)
)

+S̄L (X ′, X) + ŜB
L (X ′, X) + SB

L (X ′, X)

−SB
E (X ′, X)

{
1−

(
S (X ′) +

(
SB
E (X ′) + SB

L (X ′)
))

1− SE (X ′)− SB
E (X ′)

(
(f ′

1 (X
′)− r̄) + ∆Fτ

(
R̄ (K,X)

))}
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A11.3.2.3 Shifts in returns For investors, the returns are shifted by the followng amount:

f (X) → f (X)−

(
1

SE (X,X)

(∫
Ŝ−

(
ŜL (X ′, X)

)
dX ′ + SL (X,X)

)
+ df (X)

)

→ f (X)−
(

1

SB
E (X,X)

(〈
ŜL (X ′, X)

〉
µ+ SL (X,X)

)
+ df (X)

)
where µ is the proportion of deflt investrs.in the return equation.

In first approximation, we will write:

f̂ (X) → f̂ (X)−
1−

〈
ŜE (X ′)

〉
1−

〈
Ŝ (X ′)

〉 SE (X,X)

1−
〈
ŜE (X)

〉 1

SE (X,X)

(∫
Ŝ−

(
ŜL (X ′, X)

)
dX ′ + SL (X,X) + df (X)

)

→ f̂ (X)− 1

1−
〈
Ŝ (X ′)

〉 ((〈ŜL (X ′, X)
〉
+ SL (X,X)

)
µ+ SE (X,X) df (X)

)
Similarly, for banks, returns are modified by the formla:

f̄ (X ′) → f̄ (X ′)− 1

1− S̄ (X ′)

(∫
S̄−

S̄L (X ′, X) dX ′ +

∫
Ŝ−

ŜB
L (X ′, X) dX ′ + SB

L (X,X) + SB
E (X,X) df (X)

)

−SB
E (X,X)

1− S̄ (X ′)

ŜB
E (X ′, X)

1−
〈
Ŝ (X ′)

〉 1−
(
Ŝ (X ′) + ŜB

E (X ′) + ŜB
L (X ′)

)
1−

(
ŜE (X ′) + ŜB

E (X ′)
)

×

(∫
Ŝ−

(
ŜL (X ′, X)

)
dX ′ + SL (X,X) + SE (X,X) df (X)

)

→ f̄ (X ′)− 1

1− S̄ (X ′)

((〈
S̄L (X ′, X)

〉
X′ +

〈
ŜB
L (X ′, X)

〉
X′

+ SB
L (X,X)

)
µ+ SB

E (X,X) df (X)
)

−SB
E (X,X)

1− S̄ (X ′)

ŜB
E (X ′, X)

1−
〈
Ŝ (X ′)

〉 1−
(
Ŝ (X ′) + ŜB

E (X ′) + ŜB
L (X ′)

)
1−

(
ŜE (X ′) + ŜB

E (X ′)
)

×
((〈(

ŜL (X ′, X)
)〉

X′
+ SL (X,X)

)
µ+ SE (X,X) df (X)

)
This can be regrouped as:

f̄ (X ′)−

SB
E (X,X)

1− S̄ (X ′)
+ SE (X,X)

SB
E (X,X)

1− S̄ (X ′)

ŜB
E (X ′, X)

1−
〈
Ŝ (X ′)

〉 1−
(
Ŝ (X ′) + ŜB

E (X ′) + ŜB
L (X ′)

)
1−

(
ŜE (X ′) + ŜB

E (X ′)
)

 df (X)

−

 1

1− S̄ (X ′)
+

SB
E (X,X)

1− S̄ (X ′)

ŜB
E (X ′, X)

1−
〈
Ŝ (X ′)

〉 1−
(
Ŝ (X ′) + ŜB

E (X ′) + ŜB
L (X ′)

)
1−

(
ŜE (X ′) + ŜB

E (X ′)
)

(〈(ŜL (X ′, X)
)〉

X′
+ SL (X,X)

)
µ

− 1

1− S̄ (X ′)

(〈
S̄L (X ′, X)

〉
X′ +

〈
ŜB
L (X ′, X)

〉
X′

+ SB
L (X,X)

)
µ

where µ is the proportion of default among investors, assumed to be the same for other types of
agents, firms and banks. In the sequel:

1−
(
S (X ′) +

(
SB
E (X ′) + SB

L (X ′)
))

1− SE (X ′)− SB
E (X ′)

(
(f ′

1 (X
′)− r̄) + ∆Fτ

(
R̄ (K,X)

))
computes the firms returns. It will be given by (365):((

1−
(
S (X) + SB (X)

)))r ⟨f1 (X ′)⟩ − C0 −
((
1−

(
S (X) + SB (X)

)))
C
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A11.3.2.4 Capital ratios The capital ratio are given by (347) and (348):

K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX |Ψ(X)|2
(376)

≃
18σ2

K̂

µ̂

(
1−

〈
Ŝ
〉)2

1− S(X,X)crK̂X |Ψ̂(X)|2+SB(X,X)crK̄X |Ψ̄(X)|2( 2ϵ
3σ2

K̂

) r
2 f1(X)

C0+
SL(X)

1−SE(X)
r̄


2
r


−−2((

2ϵ
3σ2

K̂

) r
2

f1(X)

C0+
SL(X)

1−SE(X)
r̄

)− 2
r

((
1−

〈
Ŝ
〉)(

f̂ (X) +
⟨ŜB

E
(X,X′)⟩

X′+⟨ŜB
L
(X,X′)⟩

X′⟨S̄⟩
1−⟨S̄⟩

〈
f̄
〉)

+
〈
Ŝ (X ′, X)

〉
X′

(〈
f̂
〉
+

⟨ŜB
E ⟩+⟨ŜB

L ⟩⟨S̄⟩
1−⟨S̄⟩

〈
f̄
〉))2

K̄X

∣∣Ψ̄ (X)
∣∣2

KX |Ψ(X)|2
≃ 72

σ2
K̂
V
(
1−

〈
S̄
〉)2(〈

f̂
〉
+

⟨ŜB
E ⟩+⟨ŜB

L ⟩
1−⟨S̄⟩

〈
f̄
〉)4

(
f̄ (X)

(
1−

〈
S̄
〉)

+
〈
S̄ (X ′, X)

〉
X′
〈
f̄
〉) (

1−
〈
Ŝ
〉)4

µ̂

(∥∥Ψ̄0

∥∥)4 (377)

×

1−
S (X,X)cr K̂X

∣∣∣Ψ̂ (X)
∣∣∣2 + SB (X,X)cr K̄X

∣∣Ψ̄ (X)
∣∣2((

2ϵ
3σ2

K̂

) r
2

f1(X)

C0+
SL(X)

1−SE(X)
r̄

) 2
r


−2( 2ϵ

3σ2
K̂

) r
2

f1 (X)

C0 +
SL(X)

1−SE(X) r̄

 2
r

As in Appendix 8 of Gosselin and Lotz (2025), the dominant part of the derivatives comes from:

δ
K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX |Ψ(X)|2
= 2

(
δS (X) + δSB (X)

1− (S (X) + SB (X))

) K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX |Ψ(X)|2

δ
K̄X

∣∣Ψ̄ (X)
∣∣2

KX |Ψ(X)|2
= 2

(
δS (X) + δSB (X)

1− (S (X) + SB (X))

)
K̄X

∣∣Ψ̄ (X)
∣∣2

KX |Ψ(X)|2

A11.3.2.5 Modifications of stakes We can also compute the shares variation due to default:

SB
E (X,X)

= wB
1 (X)

{
1 + ⟨w̄ (X)⟩

(
f (X)−

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)
+
〈
ŵB

1 (X)
〉(

f (X)−
〈
f̂ (X ′)

〉
ŵ1

)}
SB
L (X,X)

κ
(
1− S̄ (X)

) = wB
2 (X)

[
1 + ŵB

2 (X)
(
r (X)− ⟨r̂ (X ′)⟩ŵ2

)]
As a consequence:

δSB (X,X) (378)

→ −wB
1 (X)

(⟨w̄ (X)⟩+
〈
ŵB

1 (X)
〉)df (X)− 1

2

⟨w̄ (X)⟩ δ
〈
f̄ (X ′)

〉
w̄1

⟨w̄ (X)⟩+
〈
ŵB

1 (X)
〉 −

〈
ŵB

1 (X)
〉
δ
〈
f̂ (X ′)

〉
ŵ1

⟨w̄ (X)⟩+
〈
ŵB

1 (X)
〉



→ −wB
1 (X)

{
⟨w̄ (X)⟩f(X) df (X)− ⟨w̄ (X)⟩S̄

(〈
S̄L (X ′, X)

〉
X′ +

〈
ŜB
L (X ′, X)

〉
X′

+ SB
L (X,X)

)
µ

−
〈
ŵB

1 (X)
〉 (〈(ŜL (X ′, X)

)〉
X′

+ SL (X,X)
)
µ

1−
〈
Ŝ (X ′)

〉

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where we define:

⟨w̄ (X)⟩f(X) =
(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

−
〈
ŵB

1 (X)
〉 SE (X,X)

1−
〈
Ŝ (X ′)

〉
−⟨w̄ (X)⟩

2

SB
E (X,X)

1− S̄ (X ′)
+ SE (X,X)

SB
E (X,X)

1− S̄ (X ′)

ŜB
E (X ′, X)

1−
〈
Ŝ (X ′)

〉 1−
(
Ŝ (X ′) + ŜB

E (X ′) + ŜB
L (X ′)

)
1−

(
ŜE (X ′) + ŜB

E (X ′)
)



⟨w̄ (X)⟩S̄ =
⟨w̄ (X)⟩

2

 1

1− S̄ (X ′)
+

SB
E (X,X)

1− S̄ (X ′)

ŜB
E (X ′, X)

1−
〈
Ŝ (X ′)

〉 1−
(
Ŝ (X ′) + ŜB

E (X ′) + ŜB
L (X ′)

)
1−

(
ŜE (X ′) + ŜB

E (X ′)
)


Gathering (376), (377), (378), we obtain:

δSB (X) = −wB
1 (X)

{
⟨w̄ (X)⟩f(X) df (X)− ⟨w̄ (X)⟩S̄

(〈
S̄L (X ′, X)

〉
X′ +

〈
ŜB
L (X ′, X)

〉
X′

+ SB
L (X,X)

)
µ

−
〈
ŵB

1 (X)
〉 (〈(ŜL (X ′, X)

)〉
X′

+ SL (X,X)
)
µ

1−
〈
Ŝ (X ′)

〉
 K̄X

∣∣Ψ̄ (X)
∣∣2

KX |Ψ(X)|2

+2SB (X,X)

(
δS (X) + δSB (X)

1− (S (X) + SB (X))

)
K̄X

∣∣Ψ̄ (X)
∣∣2

KX |Ψ(X)|2

As in Appendix 8 of Gosselin and Lotz (2025):

δS (X) = −w (X) ŵ (X)

2

K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX |Ψ(X)|2

df (X)

1− ⟨SE (X,X)⟩

1−
〈
Ŝ (X)

〉
−

(〈(
ŜL (X ′, X)

)〉
X′

+ SL (X,X)
)
µ

1−
〈
Ŝ (X)

〉


+2S (X,X)

(
δS (X) + δSB (X)

1− (S (X) + SB (X))

) K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX |Ψ(X)|2

and we can compute the total variation of invested shares in firms:

δSB (X) + δS (X) = −

(
w(X)ŵ(X)

2

(
1− ⟨SE(X,X)⟩

1−⟨Ŝ(X)⟩

)
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2 + wB

1 (X) ⟨w̄ (X)⟩f(X)

K̄X |Ψ̄(X)|2
KX |Ψ(X)|2

)
df (X)

1− 2 S(X)+SB(X)

1−(S(X)+SB(X))

+

(
w(X)ŵ(X)

2

K̂X |Ψ̂(X)|2
KX |Ψ(X)|2 + wB

1 (X)
〈
ŵB

1 (X)
〉 K̄X |Ψ̄(X)|2

KX |Ψ(X)|2

)
(⟨(ŜL(X′,X))⟩X′+SL(X,X))µ

1−⟨Ŝ(X)⟩

1− 2 S(X)+SB(X)

1−(S(X)+SB(X))

+
wB

1 (X) ⟨w̄ (X)⟩S̄
K̄X |Ψ̄(X)|2
KX |Ψ(X)|2

(〈
S̄L (X ′, X)

〉
X′ +

〈
ŜB
L (X ′, X)

〉
X′

+ SB
L (X,X)

)
µ

1− 2 S(X)+SB(X)

1−(S(X)+SB(X))

A11.3.2.6 Solving for modifications of returns Given that:

df (X) = −

(
C −

r
(
f1 (X) + τ∆Fτ

(
R̄ (K,X)

))
(1− S (X))

1−r

)(
δSB (X) + δS (X)

)
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the variation df (X) satisfies:

df (X) =

(
C −

r
(
f1 (X) + τ∆Fτ

(
R̄ (K,X)

))
(1− S (X))

1−r

)
(379)

(
w(X)ŵ(X)

2

(
1− ⟨SE(X,X)⟩

1−⟨Ŝ(X)⟩

)
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2 + wB

1 (X) ⟨w̄ (X)⟩f(X)

K̄X |Ψ̄(X)|2
KX |Ψ(X)|2

)
df (X)

1− 2 S(X)+SB(X)

1−(S(X)+SB(X))

−

(
w(X)ŵ(X)

2

K̂X |Ψ̂(X)|2
KX |Ψ(X)|2 + wB

1 (X)
〈
ŵB

1 (X)
〉 K̄X |Ψ̄(X)|2

KX |Ψ(X)|2

)
(⟨(ŜL(X′,X))⟩

X′+SL(X,X))µ
1−⟨Ŝ(X)⟩

1− 2 S(X)+SB(X)

1−(S(X)+SB(X))

−
wB

1 (X) ⟨w̄ (X)⟩S̄
K̄X |Ψ̄(X)|2
KX |Ψ(X)|2

(〈
S̄L (X ′, X)

〉
X′ +

〈
ŜB
L (X ′, X)

〉
X′

+ SB
L (X,X)

)
µ

1− 2 S(X)+SB(X)

1−(S(X)+SB(X))


and the solution has the following form:

df (X) = −A

B
µdC (380)

with:

dC =

(
C −

r
(
f1 (X) + τ∆Fτ

(
R̄ (K,X)

))
(1− S (X))

1−r

)
and where:

A =

w (X) ŵ (X)

2

K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX |Ψ(X)|2
+ wB

1 (X)
〈
ŵB

1 (X)
〉 K̄X

∣∣Ψ̄ (X)
∣∣2

KX |Ψ(X)|2


(〈(

ŜL (X ′, X)
)〉

X′
+ SL (X,X)

)
1−

〈
Ŝ (X)

〉
+wB

1 (X) ⟨w̄ (X)⟩S̄
K̄X

∣∣Ψ̄ (X)
∣∣2

KX |Ψ(X)|2
(〈

S̄L (X ′, X)
〉
X′ +

〈
ŜB
L (X ′, X)

〉
X′

+ SB
L (X,X)

)
= A1

(〈(
ŜL (X ′, X)

)〉
X′

+ SL (X,X)
)
+A2

(〈
S̄L (X ′, X)

〉
X′ +

〈
ŜB
L (X ′, X)

〉
X′

+ SB
L (X,X)

)

B =

(
1− 2

S (X) + SB (X)

1− (S (X) + SB (X))

)1− dC

(
w(X)ŵ(X)

2

(
1− ⟨SE(X,X)⟩

1−⟨Ŝ(X)⟩

)
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2 + wB

1 (X) ⟨w̄ (X)⟩f(X)

K̄X |Ψ̄(X)|2
KX |Ψ(X)|2

)
1− 2 S(X)+SB(X)

1−(S(X)+SB(X))


We compute fraction µ by considering:

f̄ (X) < −1 + df̄

This is an approximation, since we should consider different fraction for banks and firms, but it
allows nethertheless to obtain an order of magnitude for the fraction of defaults. We find:

µ =
1

⟨df̄⟩
µ − 2

〈
f̄
〉

with solution:

µ =
1

2
−

1−
〈
df̄
〉
+
〈
f̄
〉

2
〈
f̄
〉 =

〈
df̄
〉
− 1

2
〈
f̄
〉
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We then find the variation for banks returns:

〈
df̄
〉

µ
=

SB
E (X,X)

1− S̄ (X ′)
+ SE (X,X)

SB
E (X,X)

1− S̄ (X ′)

ŜB
E (X ′, X)

1−
〈
Ŝ (X ′)

〉 1−
(
Ŝ (X ′) + ŜB

E (X ′) + ŜB
L (X ′)

)
1−

(
ŜE (X ′) + ŜB

E (X ′)
)

 df (X)

µ

+

 1

1− S̄ (X ′)
+

SB
E (X,X)

1− S̄ (X ′)

ŜB
E (X ′, X)

1−
〈
Ŝ (X ′)

〉 1−
(
Ŝ (X ′) + ŜB

E (X ′) + ŜB
L (X ′)

)
1−

(
ŜE (X ′) + ŜB

E (X ′)
)


×
(〈(

ŜL (X ′, X)
)〉

X′
+ SL (X,X)

)
+

1

1− S̄ (X ′)

(〈
S̄L (X ′, X)

〉
X′ +

〈
ŜB
L (X ′, X)

〉
X′

+ SB
L (X,X)

)
and the overall loss of every remaining banks is:

〈
df̄
〉
=

1

⟨df̄⟩
µ − 2

〈
f̄
〉
〈
df̄
〉

µ

A11.3.2.7 Banks default condition Consequently, there is default if µ > 0 that is:〈
df̄
〉

µ
− 2

〈
f̄
〉
> 0

and this translates by the condition: 1

1− S̄ (X ′)
+

SB
E (X,X)

1− S̄ (X ′)

ŜB
E (X ′, X)

1−
〈
Ŝ (X ′)

〉 1−
(
Ŝ (X ′) + ŜB

E (X ′) + ŜB
L (X ′)

)
1−

(
ŜE (X ′) + ŜB

E (X ′)
)

 (381)

×
(〈(

ŜL (X ′, X)
)〉

X′
+ SL (X,X)

)
+

1

1− S̄ (X ′)

(〈
S̄L (X ′, X)

〉
X′ +

〈
ŜB
L (X ′, X)

〉
X′

+ SB
L (X,X)

)
> 2

〈
f̄
〉
−

SB
E (X,X)

1− S̄ (X ′)
+ SE (X,X)

SB
E (X,X)

1− S̄ (X ′)

ŜB
E (X ′, X)

1−
〈
Ŝ (X ′)

〉 1−
(
Ŝ (X ′) + ŜB

E (X ′) + ŜB
L (X ′)

)
1−

(
ŜE (X ′) + ŜB

E (X ′)
)

 df (X)

Using (380), we write the firms loss:

df (X)

µ
= −

A1

(〈(
ŜL (X ′, X)

)〉
X′

+ SL (X,X)
)
+A2

(〈
S̄L (X ′, X)

〉
X′ +

〈
ŜB
L (X ′, X)

〉
X′

+ SB
L (X,X)

)
B

dC

A11.3.2.8 dependency of default condition on parameters To study the default condition
we use that (381) writes:

H
(〈(

ŜL (X ′, X)
)〉

X′
+ SL (X,X)

)
+G

(
1− SB

E (X,X) A2
B dC

1− S̄ (X ′)

)(〈
S̄L (X ′, X)

〉
X′ +

〈
ŜB
L (X ′, X)

〉
X′

+ SB
L (X,X)

)
> 2

〈
f̄
〉

where:

H =
1− SB

E (X,X) A1
B dC

1− S̄ (X ′)
+H

(
1− SE (X,X)

A1

B
dC

)
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G =

(
1− SB

E (X,X) A2
B dC

1− S̄ (X ′)

)
The term:

H =
SB
E (X,X)

1− S̄ (X ′)

ŜB
E (X ′, X)

1−
〈
Ŝ (X ′)

〉 1−
(
Ŝ (X ′) + ŜB

E (X ′) + ŜB
L (X ′)

)
1−

(
ŜE (X ′) + ŜB

E (X ′)
)

increases with participations ŜE (X ′) + ŜB
E (X ′) and S̄ (X ′) and

〈
Ŝ (X ′)

〉
, while it decreases with

loans ŜL (X ′)+ ŜB
L (X ′).

The coefficients A1 and A2:

A1 =

w(X)ŵ(X)
2

K̂X |Ψ̂(X)|2
KX |Ψ(X)|2 + wB

1 (X)
〈
ŵB

1 (X)
〉 K̄X |Ψ̄(X)|2

KX |Ψ(X)|2

1−
〈
Ŝ (X)

〉 , A2 = wB
1 (X) ⟨w̄ (X)⟩S̄

K̄X

∣∣Ψ̄ (X)
∣∣2

KX |Ψ(X)|2

increase with
〈
Ŝ (X)

〉
, with capital ratios

K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

K̄X |Ψ̄(X)|2
KX |Ψ(X)|2 and, decrease with uncertainty since

wB
1 (X)

〈
ŵB

1 (X)
〉
and wB

1 (X) ⟨w̄ (X)⟩S̄ decrease with uncertainty γ.

B =

(
1− 2

S (X) + SB (X)

1− (S (X) + SB (X))

)

×

1− dC

(
w(X)ŵ(X)

2

(
1− ⟨SE(X,X)⟩

1−⟨Ŝ(X)⟩

)
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2 + wB

1 (X) ⟨w̄ (X)⟩f(X)

K̄X |Ψ̄(X)|2
KX |Ψ(X)|2

)
1− 2 S(X)+SB(X)

1−(S(X)+SB(X))


B increases with uncertainty γ. Then using that

⟨SE (X,X)⟩

1−
〈
Ŝ (X)

〉 =
1−

〈
Ŝ (X)

〉
− ⟨SL (X,X)⟩

1−
〈
Ŝ (X)

〉 = 1− ⟨SL (X,X)⟩

1−
〈
Ŝ (X)

〉
decreases with

〈
Ŝ (X)

〉
, we obtain that B decreases with

〈
Ŝ (X)

〉
. B also decreases with capital

ratios
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

K̄X |Ψ̄(X)|2
KX |Ψ(X)|2 .

As a consequence:
1− SB

E (X,X) A1
B dC

1− S̄ (X ′)

G =
1− SB

E (X,X) A2
B dC

1− S̄ (X ′)

increase as function of S̄ (X ′),
〈
Ŝ (X)

〉
, with capital ratios

K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

K̄X |Ψ̄(X)|2
KX |Ψ(X)|2 and decrease as a

function of SB
E (X,X) and uncertaint γ.

Moreover:

H =
1− SB

E (X,X) A1
B dC

1− S̄ (X ′)
+H

(
1− SE (X,X)

A1

B
dC

)
increases as function of S̄ (X ′),

〈
Ŝ (X)

〉
, ŜE (X ′), ŜB

E (X ′), with capital ratios
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2 ,

K̄X |Ψ̄(X)|2
KX |Ψ(X)|2

while it decreases with loans ŜL (X ′)+ ŜB
L (X ′) and decrease as a function of SB

E (X,X), SE (X,X)

and uncertainty γ.
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Appendix 12 Capital circulation

Since we consider fluctuations and return dynamics, we can normalize private capital and replace
as in (313):

f1 (X)− C

→

1−

⟨S (X ′, X ′)⟩
K̂X′

∥∥∥Ψ̂∥∥∥2
KX′ |Ψ(X ′)|2

+
〈
SB (X ′, X ′)

〉 K̄X′
∣∣Ψ̄ (X ′)

∣∣2
KX′ |Ψ(X ′)|2




r

f1 (X)

−

1−

⟨S (X ′, X ′)⟩
K̂X′

∥∥∥Ψ̂∥∥∥2
KX′ |Ψ(X ′)|2

+
〈
SB (X ′, X ′)

〉 K̂X′

∥∥∥Ψ̂∥∥∥2
KX′ |Ψ(X ′)|2


C

→
(
1−

(
S (X, , θ − 1) + SB

E (X, , θ − 1) + SB
L (X, θ − 1)

))r
f1 (X)

−
(
1−

(
S (X, , θ − 1) + SB

E (X, , θ − 1) + SB
L (X, θ − 1)

))
C

We start with the return equations for investrs and banks with decreasing returns written as:

0 =
1− Ŝ (X)

1− ŜE (X)

(
f̂ (X ′)− r̄

)
−
〈
ŜE (X ′, X)

〉
X′

1−
〈
Ŝ (X ′)

〉
1−

〈
ŜE (X ′)

〉 (〈f̂ (X ′)
〉
− ⟨r̄⟩

)
−SE (X,X)

((
1− ST (X, , θ − 1)

)r
f1 (X)− C0 −

(
1− ST (X, , θ − 1)

)
C − r̄

+
(
1− ST (X, , θ − 1)

)r
τ (⟨f1 (X)⟩ − ⟨f1 (X ′)⟩)

)

0 =
1− S̄ (X)

1− S̄E (X)

(
f̄ (X)− r̄

)
−
〈
S̄E (X ′, X)

〉
X′

1−
〈
S̄ (X ′)

〉
1−

〈
S̄E (X ′)

〉 (〈f̄ (X ′)
〉
− r̄
)

(382)

−
〈
ŜB
E (X ′, X)

〉
X′

1−
〈
Ŝ (X ′)

〉
+
〈
ŜB
E (X ′)

〉
+
〈
ŜB
L (X ′)

〉
1−

〈
ŜE (X ′)

〉
+
〈
ŜB
E (X ′)

〉 (〈
f̂ (X ′)

〉
− r̄
)

−SB
E (X,X)

((
1− ST (X, , θ − 1)

)r
(f1 (X) + τ (⟨f1 (X)⟩ − ⟨f1 (X ′)⟩))− C0 −

(
1− ST (X, , θ − 1)

)
C − r̄

)
where we defind ST (X, , θ − 1), the total share of investd captl in firms:

ST (X, , θ − 1) = S (X, , θ − 1) + SB
E (X, , θ − 1) + SB

L (X, θ − 1)

We derive the variations of each terms in this equations.

A12.1 Variations of total stakes

We first estimate:

δST (X, , θ − 1) = δS (X, , θ − 1) + δSB
E (X, , θ − 1) + δSB

L (X, θ − 1) (383)

and compute separately each term. We have:

SB
E (X,X)

= wB
1 (X)

{
1 + ⟨w̄ (X)⟩

(
f (X)−

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)
+
〈
ŵB

1 (X)
〉(

f (X)−
〈
f̂ (X ′)

〉
ŵ1

)}
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which implies:

δSB
E (X,X)

= wB
1 (X)

(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

δf (X)

using:

K̄X

∣∣Ψ̄ (X)
∣∣2

KX |Ψ(X)|2
≃

72
σ2
K̂

V ⟨ĝ⟩4

ḡ2(X)µ̂

(∥∥Ψ̄0

∥∥)4
ϵ
√
σ2
K̂

|Ψ0(X)|2
ϵ X3

σ2
K̂
(Z (X) (f1 (X)− r (X)) + r (X))

2

≃
72

σ2
K̂

V (1−⟨S̄⟩)2
(
⟨f̂⟩+ ⟨ŜB

E ⟩+⟨ŜB
L ⟩

1−⟨S̄⟩ ⟨f̄⟩
)4

(f̄(X)(1−⟨S̄⟩)+⟨S̄(X′,X)⟩
X′⟨f̄⟩)(1−⟨Ŝ⟩)4µ̂

(∥∥Ψ̄0

∥∥)4
ϵ
√
σ2
K̂

|Ψ0(X)|2
ϵ X3

σ2
K̂
(Z (X) (f1 (X)− r (X)) + r (X))

2

to compute δf (X), leads ultimately to:

δSB
E (X, θ − 1)

= wB
1 (X)

(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

δf (X, θ − 1)

+SB
E (X,X)

(
∂f̄(X)K̄X

∣∣Ψ̄ (X)
∣∣2

K̄X

∣∣Ψ̄ (X)
∣∣2 δf̄ (X, θ − 1)−

∂f(X)KX |Ψ(X)|2

KX |Ψ(X)|2
δf (X, θ − 1)

)

=

(
wB

1 (X)
(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

− SB
E (X, θ − 1)

∂f(X)KX |Ψ(X)|2

KX |Ψ(X)|2

)
∂f (X)

∂ST (X, θ − 2)
δST (X, θ − 2)

+SB
E (X, θ − 1)

∂f̄(X)K̄X

∣∣Ψ̄ (X)
∣∣2

K̄X

∣∣Ψ̄ (X)
∣∣2 δf̄ (X, θ − 1)

The last term in (383) is estimated by writing:

SB
L (X) = SB

L (X,X)
K̄X

∣∣Ψ̄ (X)
∣∣2

KX |Ψ(X)|2

and:

SB
L (X,X)

κ
(
1−

〈
S̄ (X)

〉) =
1

2−
(
γ
〈
ŜE (X ′, X)

〉)2
1 + 1−

(
γ
〈
ŜE (X ′, X)

〉)2
2−

(
γ
〈
ŜE (X ′, X)

〉)2 (r (X)− ⟨r̂ (X ′)⟩ŵ2

) (384)

which yields:

δSB
L (X, θ − 1) = SB

L (X, θ − 1)

(
∂f̄(X)K̄X

∣∣Ψ̄ (X)
∣∣2

K̄X

∣∣Ψ̄ (X)
∣∣2 δf̄ (X, θ − 1)−

∂f(X)KX |Ψ(X)|2

KX |Ψ(X)|2
δf (X, θ − 1)

)

= SB
L (X, θ − 1)

∂f̄(X)K̄X

∣∣Ψ̄ (X)
∣∣2

K̄X

∣∣Ψ̄ (X)
∣∣2 δf̄ (X, θ − 1)

−SB
L (X, θ − 1)

∂f(X)KX |Ψ(X)|2

KX |Ψ(X)|2
∂f (X)

∂ST (X, θ − 2)
δST (X, θ − 2)
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The first term in (383) is computed directly:

δS (X, θ − 1) =

ŵ(X)
2

∂f(X)
∂S(X,θ−2)δS (X, θ − 2)

1 +

(
ŵ (X)

(
f(X)+r̄(X)

2 −
⟨f̂(X′)⟩ŵ1

+⟨r̂(X′)⟩ŵ2

2

))S (X) +
δ
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

S (X)

=

ŵ(X)
2

∂f(X)
∂S(X,θ−2)δS (X, θ − 2)

1 +

(
ŵ (X)

(
f(X)+r̄(X)

2 −
⟨f̂(X′)⟩

ŵ1
+⟨r̂(X′)⟩ŵ2

2

))S (X)

+

∂f̂(X)

(
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

)
S (X)

K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

δf̂ (X, θ − 1)

+

∂f(X)

(
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

)
S (X)

K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

∂f (X)

∂ST (X, θ − 2)
δST (X, θ − 2)

δS (X, θ − 1)

=

 ŵ(X)
2 S (X)

1 +

(
ŵ (X)

(
f(X)+r̄(X)

2 −
⟨f̂(X′)⟩

ŵ1
+⟨r̂(X′)⟩ŵ2

2

)) +

∂f(X)

(
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

)
S (X)

K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

 ∂f (X)

∂S (X, θ − 2)
δS (X, θ − 2)

+

∂f̂(X)

(
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

)
S (X)

K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

δf̂ (X, θ − 1)

and we find ultimately:

δST (X, , θ − 1) (385)

=
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) ∂f̄(X)KX |Ψ(X)|2

KX |Ψ(X)|2
δf̄ (X, θ − 1) +

∂f̂(X)

(
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

)
S (X)

K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

δf̂ (X, θ − 1)

+

{
wB

1 (X)
(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

−
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) ∂f(X)KX |Ψ(X)|2

KX |Ψ(X)|2

+

 ŵ(X)
2 S (X)

1 +

(
ŵ (X)

(
f(X)+r̄(X)

2 −
⟨f̂(X′)⟩

ŵ1
+⟨r̂(X′)⟩ŵ2

2

)) +

∂f(X)

(
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

)
S (X)

K̂X |Ψ̂(X)|2
KX |Ψ(X)|2




δST (X, θ − 2) ∂f (X)

∂ST (X, θ − 2)

A12.2 Variations of return equations

A12.2.1 Computation of δf (X, θ − 1)

We first compute δf (X, θ − 1)

∂f (X)

∂ST (X, θ − 2)
= −

(
r
(
1− ST (X, θ − 2)

)r−1 (
f1 (X) + ∆Fτ

(
R̄ (K,X)

))
− C

)
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so that:

δf (X, θ − 1) = −
(
r
(
1− ST (X, θ − 2)

)r−1 (
f1 (X) + ∆Fτ

(
R̄ (K,X)

))
− C

)
δST (X, θ − 2)

Then using:

1−
(
Ŝ (X, θ) + δŜ (X, θ)

)
1−

(
ŜE (X ′, θ) + δŜE (X, θ)

) = − δŜ (X, θ)

1−
(
ŜE (X ′, θ)

) +

(
1−

(
Ŝ (X, θ)

))
(
1−

(
ŜE (X ′, θ)

))2 δŜE (X, θ)

and:

δŜE (X ′) (386)

→ 1

2

(
1−

(
γ
〈
ŜE (X)

〉)2)(
1 + ∆f̂ (X ′)

)
2−

(
γ
〈
ŜE (X)

〉)2
− γ

〈
ŜE (X)

〉
γ ⟨ŵ (X ′, X)⟩ ⟨w (X)⟩∆

(
f(X′)+r(X′)

2

)
〈
K̂
〉∥∥∥Ψ̂∥∥∥2

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2

where:

∆f̂ (X ′) = f̂ (X ′)−

⟨ŵ (X)⟩

〈
f̂ (X ′)

〉
ŵ1

+ ⟨r̂ (X ′)⟩ŵ2

2
+ ⟨w (X)⟩ ⟨f (X)⟩+ ⟨r (X)⟩

2

 (387)

In first approximation:

δŜE (X, θ − 1) ≃ δ∆f̂ (X, θ − 1)

1 + ∆f̂ (X, θ − 1)
ŜE (X)−

∂K̂X′ |Ψ̂(X′)|2
∂f̂(X,θ−1)

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2 ŜE (X) δf̂ (X, θ − 1)

with:

K̂X

∣∣∣Ψ̂ (X)
∣∣∣2

KX |Ψ(X)|2
(388)

≃

18σ2
K̂

µ̂ĝ2(X)
V
∥∥∥Ψ̂0 (X)

∥∥∥4
ϵ
√
σ2
K̂

|Ψ0(X)|2
ϵ X3

σ2
K̂
(Z (X) (f1 (X)− r (X)) + r (X))

2

≃

18σ2
K̂

µ̂ϵ

√
σ2
K̂

|Ψ0(X)|2
ϵ

(
1−

〈
Ŝ
〉)2

V
∥∥∥Ψ̂0

∥∥∥4 σ2
K̂
(Z (X) (f1 (X)− r (X)) + r (X))

2

((
1−

〈
Ŝ
〉)

f̂ (X) +
⟨ŜB

E
(X,X′)⟩

X′+⟨ŜB
L
(X,X′)⟩

X′⟨S̄⟩
1−⟨S̄⟩

〈
f̄
〉
+
〈
Ŝ (X ′, X)

〉
X′

(〈
f̂
〉
+

⟨ŜB
E ⟩+⟨ŜB

L ⟩⟨S̄⟩
1−⟨S̄⟩

〈
f̄
〉))2

X3
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Then, we obtain the variation δf̂ (X, θ) by gathering the different contributions:

1−
(
Ŝ (X)

)
1−

(
ŜE (X)

)δf̂ (X, θ)

=


 Ŝ (X)

2
(
1−

(
ŜE (X ′)

))
 1

1 + ∆f̂(X′)+∆r̂(X′)
2

−
∂K̂X′ |Ψ̂(X′)|2

∂f̂(X,θ−1)

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2


−

(
1−

(
Ŝ (X)

))
ŜE (X)(

1−
(
ŜE (X ′)

))2
 1

1 + ∆f̂ (X)
−

∂K̂X′ |Ψ̂(X′)|2
∂f̂(X,θ−1)

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2

(f̂ (X)− r̄

)

+SE (X,X, θ − 1)
∂f (X)

∂ST (X, θ − 1)

∂f̂(X)

(
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

)
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

 δf̂ (X, θ − 1)

−SE (X,X, θ − 1)
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) ∂f (X)

∂ST (X, θ − 1)

∂f̄(X)KX |Ψ(X)|2

KX |Ψ(X)|2
δf̄ (X, θ − 1)

+

−

(
1−

〈
Ŝ (X ′)

〉)(〈
f̂ (X ′)

〉
− r̄
)

1−
〈
ŜE (X ′)

〉 ⟨ŵ (X ′, X)⟩ ⟨w (X)⟩
4

+
w(X)

4 (1 + ŵ (X))SE (X)

1 +

(
ŵ (X)

(
f (X)−

⟨f̂(X′)⟩
ŵ1

+⟨r̂(X′)⟩ŵ2

2

)
+ w(X)

2 (f (X)− r̄ (X))

) (f (X)− r̄)

+SE (X,X, θ − 1)
∂f (X)

∂ST (X, θ − 1)

×

(
wB

1 (X)
(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

−
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) ∂f(X)KX |Ψ(X)|2

KX |Ψ(X)|2

+
ŵ(X)

2 S (X)

1 +

(
ŵ (X)

(
f(X)+r̄(X)

2 −
⟨f̂(X′)⟩

ŵ1
+⟨r̂(X′)⟩ŵ2

2

)) +

∂f(X)

(
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

)
S (X)

K̂X |Ψ̂(X)|2
KX |Ψ(X)|2




× ∂f (X)

∂ST (X, θ − 2)
δST (X, θ − 2)

A12.2.2 Computation of δf̄

As for investors, the variation of the return equation is obtained by estimatin the various average
shares connecting the agents of the group and their variations. We found previously for banks
shares in investors:〈

ŜB
E (X ′, X)

〉
X′

≃
〈
ŵB

1 (X ′, X)
〉 [

1 + ⟨w̄ (X)⟩

(〈
f̂ (X ′)

〉
−

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)
+
〈
wB

1 (X)
〉 (〈

f̂ (X ′)
〉
− f (X)

)]
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so that:

δ
〈
ŜB
E (X ′, X, θ − 1)

〉
X′

≃ −
〈
ŵB

1 (X ′, X, θ − 1)
〉 〈

wB
1 (X)

〉
δf (X, θ − 1)

= −
〈
ŵB

1 (X ′, X)
〉 〈

wB
1 (X)

〉 ∂f (X)

∂ST (X, θ − 2)
δST (X, θ − 2)

Banks shares in other banks are given by:〈
S̄E (X ′, X)

〉
X′

=
⟨w̄ (X ′, X)⟩

2

×

(
1 + w̄ (X)

(〈
f̄ (X ′)

〉
w̄1

− ⟨r̄ (X ′)⟩w̄2

2

)
+ ŵB

1 (X)

(〈
f̄ (X ′)

〉
−
〈
f̂ (X ′)

〉
ŵ1

)
+ wB

1 (X)
(〈
f̄ (X ′)

〉
− f (X)

))

≃ ⟨w̄ (X ′, X)⟩
2

×

(
1 + ⟨w̄ (X)⟩

(〈
f̄ (X ′)

〉
w̄1

− ⟨r̄ (X ′)⟩w̄2

2

)

+
〈
ŵB

1 (X)
〉(〈

f̄ (X ′)
〉
−
〈
f̂ (X ′)

〉
ŵ1

)
+
〈
wB

1 (X)
〉 (〈

f̄ (X ′)
〉
− f (X)

))

〈
S̄E (X ′, X)

〉
X

=

〈
w̄ (X ′, X)

2

〉
X

(
1 +

{
⟨w̄ (X)⟩

(
f̄ (X ′)−

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)

+
〈
ŵB

1 (X)
〉(

f̄ (X ′)−
〈
f̂ (X ′)

〉
ŵ1

)
+
〈
wB

1 (X)
〉 (

f̄ (X ′)− ⟨f (X)⟩
)})

〈
S̄L (X ′, X)

〉
X

=

〈
w̄ (X ′, X)

2

〉(
1 +

{
w̄ (X)

(
r̄ (X ′)−

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)

+
〈
ŵB

1 (X)
〉(

r̄ (X ′)−
〈
f̂ (X ′)

〉
ŵB
1

)
+
〈
wB

1 (X)
〉
(r̄ (X ′)− f (X))

})
〈
S̄ (X ′, X)

〉
X

=
〈
S̄E (X ′, X)

〉
X
+
〈
S̄L (X ′, X)

〉
X

= ⟨w̄ (X ′, X)⟩

[
1 +

{
w̄ (X)

(
f̄ (X ′) + r̄ (X ′)

2
−

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)

+ŵB
1 (X)

(
f̄ (X ′) + r̄ (X ′)

2
−
〈
f̂ (X ′)

〉
ŵ1

)
+ wB

1 (X)

(
f̄ (X ′) + r̄ (X ′)

2
− ⟨f (X)⟩

)}]
so that the variations becomes:

δ
〈
S̄E (X ′, X) , θ − 1

〉
X′ = −⟨w̄ (X ′, X)⟩

2
wB

1 (X) δf (X, θ − 1)

= −⟨w̄ (X ′, X)⟩
2

wB
1 (X)

∂f (X)

∂ST (X, θ − 2)
δST (X, θ − 2)

and:

δ
〈
S̄E (X ′, X)

〉
X

=

〈
w̄ (X ′, X)

2

〉
X

(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉
+
〈
wB

1 (X)
〉)

δf̄ (X ′)

212



δ
〈
S̄ (X ′, X, θ − 1)

〉
X

= ⟨w̄ (X ′, X)⟩
{
1

2

(
w̄ (X) + ŵB

1 (X) + wB
1 (X)

)
− wB

1 (X)

}
δf (X, θ − 1)

= ⟨w̄ (X ′, X)⟩
{
1

2

(
w̄ (X) + ŵB

1 (X) + wB
1 (X)

)}
δf̄ (X ′, θ − 1)

To compute average perturbations, we also consider the half averaged quantities that measure the
average capital flow that comes in a given sector:

S̄E (X ′) =
〈
S̄E (X ′, X)

〉
X

〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̄X′
〉 ∣∣Ψ̄ (X ′)

∣∣2
S̄L (X) =

〈
S̄L (X ′, X)

〉
X

〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̄X′
〉 ∣∣Ψ̄ (X ′)

∣∣2
S̄ (X ′) =

〈
S̄ (X ′, X)

〉
X

〈
K̄
〉 ∥∥Ψ̄∥∥2〈

K̄X′
〉 ∣∣Ψ̄ (X ′)

∣∣2
〈
S̄ (X ′, X)

〉
X

=
〈
S̄E (X ′, X)

〉
X
+
〈
S̄L (X ′, X)

〉
X

= ⟨w̄ (X ′, X)⟩

[
1 +

{
w̄ (X)

(
f̄ (X ′) + r̄ (X ′)

2
−

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)

+ŵB
1 (X)

(
f̄ (X ′) + r̄ (X ′)

2
−
〈
f̂ (X ′)

〉
ŵ1

)
+ wB

1 (X)

(
f̄ (X ′) + r̄ (X ′)

2
− ⟨f (X)⟩

)}]
where: 〈

K̄
〉 ∥∥Ψ̄∥∥2

K̄X

∣∣Ψ̄ (X)
∣∣2 =

ḡ2 (X)
(∥∥Ψ̄0

∥∥)4
⟨ḡ⟩2

(∣∣Ψ̄0 (X)
∣∣)4 =

(
f̄ (X)

(
1−

〈
S̄
〉)

+
〈
S̄ (X ′, X)

〉
X′
〈
f̄
〉)2〈

f̄
〉2

leading to the variations:

δ
〈
S̄ (X ′, X)

〉
X

= H (X ′)

(
δ
f̄ (X ′) + r̄ (X ′)

2

)〈
S̄ (X ′, X)

〉
X

where:

H (X ′) =

(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉
+
〈
wB

1 (X)
〉)

1 + w̄ (X)∆1

(
f̄(X′)+r̄(X′)

2

)
+ ŵB

1 (X)∆2

(
f̄(X′)+r̄(X′)

2

)
+ wB

1 (X)∆3

(
f̄(X′)+r̄(X′)

2

)

∆1

(
f̄ (X ′) + r̄ (X ′)

2

)
=

(
f̄ (X ′) + r̄ (X ′)

2
−

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)

∆2

(
f̄ (X ′) + r̄ (X ′)

2

)
=

(
f̄ (X ′) + r̄ (X ′)

2
−
〈
f̂ (X ′)

〉
ŵ1

)
∆3

(
f̄ (X ′) + r̄ (X ′)

2

)
=

(
f̄ (X ′) + r̄ (X ′)

2
− ⟨f (X)⟩

)

δS̄ (X ′) =
1

2
H (X ′) S̄ (X ′) δf̄ (X ′)−

∂f̄(X)

〈
K̄X′

〉 ∣∣Ψ̄ (X ′)
∣∣2〈

K̄X′
〉 ∣∣Ψ̄ (X ′)

∣∣2 S̄ (X ′) δf̄ (X ′)
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δS̄E (X ′) = H (X) S̄E (X ′) δf̄ (X ′)

−
∂f̄(X)

〈
K̄X′

〉 ∣∣Ψ̄ (X ′)
∣∣2〈

K̄X′
〉 ∣∣Ψ̄ (X ′)

∣∣2 S̄E (X ′) δf̄ (X ′)

Ultimately, expanding the following expression to the lowest order:

1−
(
S̄ (X, θ) + δS̄ (X, θ)

)
1−

(
S̄E (X ′, θ) + δS̄E (X, θ)

) = − δS̄ (X, θ)

1−
(
S̄E (X ′, θ)

) + (
1−

(
S̄ (X, θ)

))(
1−

(
S̄E (X ′, θ)

))2 δS̄E (X, θ)

leads to the average variation equation of return equation:

0 =
1− S̄ (X)

1− S̄E (X)
δf̄ (X) +

(
− δS̄ (X, θ)

1−
(
S̄E (X ′, θ)

) + (
1−

(
S̄ (X, θ)

))(
1−

(
S̄E (X ′, θ)

))2 δS̄E (X, θ)

)(
f̄ (X)− r̄

)
(389)

−δ
〈
S̄E (X ′, X)

〉
X′

1−
〈
S̄ (X ′)

〉
1−

〈
S̄E (X ′)

〉 (〈f̄ (X ′)
〉
− r̄
)

−δ
〈
ŜB
E (X ′, X)

〉
X′

1−
〈
Ŝ (X ′)

〉
+
〈
ŜB
E (X ′)

〉
+
〈
ŜB
L (X ′)

〉
1−

〈
ŜE (X ′)

〉
+
〈
ŜB
E (X ′)

〉 (〈
f̂ (X ′)

〉
− r̄
)

−δSB
E (X,X) (f (X)− r̄)− SB

E (X,X)
∂f (X)

∂ST (X, θ − 1)
δST (X, , θ − 1)

that is expanded in the followin form:

0 =
1− S̄ (X)

1− S̄E (X)
δf̄ (X, θ − 1) +

(
− δS̄ (X, θ − 1)

1−
(
S̄E (X ′, θ − 1)

) + (
1−

(
S̄ (X, θ − 1)

))(
1−

(
S̄E (X ′, θ − 1)

))2 δS̄E (X, θ − 1)

)(
f̄ (X)− r̄

)
(390)

+
⟨w̄ (X ′, X)⟩

2
wB

1 (X)
1−

〈
S̄ (X ′)

〉
1−

〈
S̄E (X ′)

〉 (〈f̄ (X ′)
〉
− r̄
) ∂f (X)

∂ST (X, θ − 2)
δST (X, θ − 2)

+
〈
ŵB

1 (X ′, X)
〉 〈

wB
1 (X)

〉 1− 〈Ŝ (X ′)
〉
+
〈
ŜB
E (X ′)

〉
+
〈
ŜB
L (X ′)

〉
1−

〈
ŜE (X ′)

〉
+
〈
ŜB
E (X ′)

〉 (〈
f̂ (X ′)

〉
− r̄
) ∂f (X)

∂ST (X, θ − 2)
δST (X, θ − 2)

−wB
1 (X)

(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

(f (X)− r̄)
∂f (X)

∂ST (X, θ − 2)
δST (X, θ − 2)

−SB
E (X,X)

∂f (X)

∂ST (X, θ − 1)
δST (X, θ − 1)
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Using (385) to write δST (X, θ − 1) yields then:

1− S̄ (X)

1− S̄E (X)
δf̄ (X, θ − 1)

=

{(
1

2
H (X) S̄ (X)−

S̄ (X ′, θ − 1) ∂f̄(X)

〈
K̄X

〉 ∣∣Ψ̄ (X)
∣∣2〈

K̄X′
〉 ∣∣Ψ̄ (X ′)

∣∣2
) (

f̄ (X)− r̄
)

1−
(
S̄E (X ′, θ − 1)

)
−

(
H (X) S̄E (X)−

S̄E (X ′, θ − 1) ∂f̄(X)

〈
K̄X

〉 ∣∣Ψ̄ (X)
∣∣2〈

K̄X′
〉 ∣∣Ψ̄ (X ′)

∣∣2
) (

1−
(
S̄ (X, θ − 1)

)) (
f̄ (X)− r̄

)(
1−

(
S̄E (X ′, θ − 1)

))2
+
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) ∂f̄(X)K̄X

∣∣Ψ̄ (X)
∣∣2

K̄X

∣∣Ψ̄ (X)
∣∣2 SB

E (X,X)
∂f (X)

∂ST (X, θ − 1)

}
δf̄ (X, θ − 1)

+SB
E (X,X)

∂f (X)

∂ST (X, θ − 1)

∂f̂(X)

(
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

)
S (X)

K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

δf̂ (X, θ − 1)

+

{
wB

1 (X)
(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

(f (X)− r̄)
∂f (X)

∂ST (X, θ − 2)
− ⟨w̄ (X ′, X)⟩

2
wB

1 (X)
1−

〈
S̄ (X ′)

〉
1−

〈
S̄E (X ′)

〉 (〈f̄ (X ′)
〉
− r̄
)

−
〈
ŵB

1 (X ′, X)
〉 〈

wB
1 (X)

〉 1− 〈Ŝ (X ′)
〉
+
〈
ŜB
E (X ′)

〉
+
〈
ŜB
L (X ′)

〉
1−

〈
ŜE (X ′)

〉
+
〈
ŜB
E (X ′)

〉 (〈
f̂ (X ′)

〉
− r̄
)

+SB
E (X,X)

∂f (X)

∂ST (X, θ − 1)

×

{
wB

1 (X)
(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

−
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) ∂f̄(X)K̄X

∣∣Ψ̄ (X)
∣∣2

K̄X

∣∣Ψ̄ (X)
∣∣2

+

 ŵ(X)
2 S (X)

1 +

(
ŵ (X)

(
f(X)+r̄(X)

2 −
⟨f̂(X′)⟩

ŵ1
+⟨r̂(X′)⟩ŵ2

2

)) +

∂f(X)

(
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

)
S (X)

K̂X |Ψ̂(X)|2
KX |Ψ(X)|2





∂f (X)

∂ST (X, θ − 2)
δST (X, θ − 2)

A12.3 Matricial form of the system of variations

The three variations can be compactly written through a system of coefficients:

1− S̄ (X)

1− S̄E (X)
δf̄ (X, θ) = aδf̄ (X, θ − 1) + bδf̂ (X, θ − 1) + cδST (X, θ − 2)

a =

{(
1

2
H (X) S̄ (X)−

S̄ (X ′, θ − 1) ∂f̄(X)

〈
K̄X

〉 ∣∣Ψ̄ (X)
∣∣2〈

K̄X′
〉 ∣∣Ψ̄ (X ′)

∣∣2
) (

f̄ (X)− r̄
)

1−
(
S̄E (X ′, θ − 1)

)
−

(
H (X) S̄E (X)−

S̄E (X ′, θ − 1) ∂f̄(X)

〈
K̄X

〉 ∣∣Ψ̄ (X)
∣∣2〈

K̄X′
〉 ∣∣Ψ̄ (X ′)

∣∣2
) (

1−
(
S̄ (X, θ − 1)

)) (
f̄ (X)− r̄

)(
1−

(
S̄E (X ′, θ − 1)

))2
+
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) ∂f̄(X)K̄X

∣∣Ψ̄ (X)
∣∣2

K̄X

∣∣Ψ̄ (X)
∣∣2 SB

E (X,X)
∂f (X)

∂ST (X, θ − 1)

}
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b = SB
E (X,X)

∂f (X)

∂ST (X, θ − 1)

∂f̂(X)

(
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

)
S (X)

K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

c =

{
wB

1 (X)
(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

(f (X)− r̄)
∂f (X)

∂ST (X, θ − 2)
− ⟨w̄ (X ′, X)⟩

2
wB

1 (X)
1−

〈
S̄ (X ′)

〉
1−

〈
S̄E (X ′)

〉 (〈f̄ (X ′)
〉
− r̄
)

−
〈
ŵB

1 (X ′, X)
〉 〈

wB
1 (X)

〉 1− 〈Ŝ (X ′)
〉
+
〈
ŜB
E (X ′)

〉
+
〈
ŜB
L (X ′)

〉
1−

〈
ŜE (X ′)

〉
+
〈
ŜB
E (X ′)

〉 (〈
f̂ (X ′)

〉
− r̄
)

+SB
E (X,X)

∂f (X)

∂ST (X, θ − 1)

{
wB

1 (X)
(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

−
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) ∂f(X)KX |Ψ(X)|2

KX |Ψ(X)|2

+

 ŵ(X)
2 S (X)

1 +

(
ŵ (X)

(
f(X)+r̄(X)

2 −
⟨f̂(X′)⟩

ŵ1
+⟨r̂(X′)⟩ŵ2

2

)) +

∂f(X)

(
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

)
S (X)

K̂X |Ψ̂(X)|2
KX |Ψ(X)|2





∂f (X)

∂ST (X, θ − 2)

1−
(
Ŝ (X)

)
1−

(
ŜE (X)

)δf̂ (X, θ) = dδf̄ (X, θ − 1) + eδf̂ (X, θ − 1) + fδST (X, θ − 2)

d = SE (X,X, θ − 1)
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) ∂f (X)

∂ST (X, θ − 1)

∂f̄(X)K̄X

∣∣Ψ̄ (X)
∣∣2

K̄X

∣∣Ψ̄ (X)
∣∣2

e =


 Ŝ (X)

2
(
1−

(
ŜE (X ′)

))
 1

1 + ∆f̂(X′)+∆r̂(X′)
2

−
∂K̂X′ |Ψ̂(X′)|2

∂f̂(X,θ−1)

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2


−

(
1−

(
Ŝ (X)

))
ŜE (X)(

1−
(
ŜE (X ′)

))2
 1

1 + ∆f̂ (X)
−

∂K̂X′ |Ψ̂(X′)|2
∂f̂(X,θ−1)

K̂X′

∣∣∣Ψ̂ (X ′)
∣∣∣2
(f̂ (X)− r̄

)

+SE (X,X, θ − 1)
∂f (X)

∂ST (X, θ − 1)

∂f̂(X)

(
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

)
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2


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f =

−

(
1−

〈
Ŝ (X ′)

〉)(〈
f̂ (X ′)

〉
− r̄
)

1−
〈
ŜE (X ′)

〉 ⟨ŵ (X ′, X)⟩ ⟨w (X)⟩
4

+
w(X)

4 (1 + ŵ (X))SE (X)

1 +

(
ŵ (X)

(
f (X)−

⟨f̂(X′)⟩
ŵ1

+⟨r̂(X′)⟩ŵ2

2

)
+ w(X)

2 (f (X)− r̄ (X))

) (f (X)− r̄)

+SE (X,X, θ − 1)
∂f (X)

∂ST (X, θ − 1)

×

(
wB

1 (X)
(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

−
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) ∂f(X)KX |Ψ(X)|2

KX |Ψ(X)|2

+
ŵ(X)

2 S (X)

1 +

(
ŵ (X)

(
f(X)+r̄(X)

2 −
⟨f̂(X′)⟩

ŵ1
+⟨r̂(X′)⟩ŵ2

2

)) +

∂f(X)

(
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

)
S (X)

K̂X |Ψ̂(X)|2
KX |Ψ(X)|2




× ∂f (X)

∂ST (X, θ − 2)

δST (X, , θ − 1) = gδf̄ (X, θ − 1) + hδf̂ (X, θ − 1) + iδST (X, θ − 2)

g =
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) ∂f̄(X)K̄X

∣∣Ψ̄ (X)
∣∣2

K̄X

∣∣Ψ̄ (X)
∣∣2

h =

∂f̂(X)

(
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

)
S (X)

K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

i =

{
wB

1 (X)
(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

−
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) ∂f(X)KX |Ψ(X)|2

KX |Ψ(X)|2

+

 ŵ(X)
2 S (X)

1 +

(
ŵ (X)

(
f(X)+r̄(X)

2 −
⟨f̂(X′)⟩

ŵ1
+⟨r̂(X′)⟩ŵ2

2

)) +

∂f(X)

(
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

)
S (X)

K̂X |Ψ̂(X)|2
KX |Ψ(X)|2




∂f (X)

∂ST (X, θ − 2)

The effect of fluctuations in investors stakes as been studied in Gosselin and Lotz 25 a and we
focus on banks only. To evaluate the effect of introducing banks, we consider:

SB
L (X, θ − 1) > > SB

E (X, θ − 1)

SB
L (X, θ − 1) > > S (X)

Ŝ (X)

a > > b

d > > e

h > >

so that in first approximation we consider the three dimensional system: δf̄ (X, θ)

δf̂ (X, θ)

δST (X, , θ − 1)

 =

 a 0 c

d −1 f

g 0 i


 δf̄ (X, θ − 1)

δf̂ (X, θ − 1)

δST (X, , θ − 2)


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A12.4 Eigenvalues and stability

The eigenvalues of this system are:(
−1,

1

2
a+

1

2
i− 1

2

√
(a− i)

2
+ 4cg,

1

2
a+

1

2
i+

1

2

√
(a− i)

2
+ 4cg

)
and eigenvectors: 0

1

0

 ,


−
(
2−

√
(a−D)2+4cg+D+a

)
c

2(f+af−cd)

f
(√

a2−2aD+D2+4cg−D+a
)
−2cd

2(f+af−cd)

1
2f+2af−2cd

(
a−D + aD −D2 +D

√
a2 − 2aD +D2 + 4cg +

√
a2 − 2aD +D2 + 4cg − 2cg

)
 ,


− 1

2f+2af−2cd

(
2c+ c

√
a2 − 2aD +D2 + 4cg + cD + ac

)
− 1

2f+2af−2cd

(
f
√
a2 − 2aD +D2 + 4cg + fD − af + 2cd

)
− 1

2f+2af−2cd

(
D − a− aD +D2 +D

√
a2 − 2aD +D2 + 4cg +

√
a2 − 2aD +D2 + 4cg + 2cg

)


where in first approximation:

a =


 1

2

(
w̄ (X) + ŵB

1 (X) + wB
1 (X)

)
S̄ (X)(

1 + w̄ (X)∆1

(
f̄(X′)+r̄(X′)

2

)
+ ŵB

1 (X)∆2

(
f̄(X′)+r̄(X′)

2

)
+ wB

1 (X)∆3

(
f̄(X′)+r̄(X′)

2

))
−
S̄ (X ′, θ − 1) ∂f̄(X)

〈
K̄X

〉 ∣∣Ψ̄ (X)
∣∣2〈

K̄X′
〉 ∣∣Ψ̄ (X ′)

∣∣2
) (

f̄ (X)− r̄
)

1−
(
S̄E (X ′, θ − 1)

)
−

 (
w̄ (X) + ŵB

1 (X) + wB
1 (X)

)
S̄E (X)(

1 + w̄ (X)∆1

(
f̄(X′)+r̄(X′)

2

)
+ ŵB

1 (X)∆2

(
f̄(X′)+r̄(X′)

2

)
+ wB

1 (X)∆3

(
f̄(X′)+r̄(X′)

2

))
−
S̄E (X ′, θ − 1) ∂f̄(X)

〈
K̄X

〉 ∣∣Ψ̄ (X)
∣∣2〈

K̄X′
〉 ∣∣Ψ̄ (X ′)

∣∣2
) (

1−
(
S̄ (X, θ − 1)

)) (
f̄ (X)− r̄

)(
1−

(
S̄E (X ′, θ − 1)

))2
+
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) ∂f̄(X)K̄X

∣∣Ψ̄ (X)
∣∣2

K̄X

∣∣Ψ̄ (X)
∣∣2 SB

E (X,X)
∂f (X)

∂ST (X, θ − 1)

}
− 1

i =

{
wB

1 (X)
(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

−
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) ∂f(X)KX |Ψ(X)|2

KX |Ψ(X)|2
(391)

+

 ŵ(X)
2 S (X)

1 +

(
ŵ (X)

(
f(X)+r̄(X)

2 −
⟨f̂(X′)⟩

ŵ1
+⟨r̂(X′)⟩ŵ2

2

)) +

∂f(X)

(
K̂X |Ψ̂(X)|2
KX |Ψ(X)|2

)
S (X)

K̂X |Ψ̂(X)|2
KX |Ψ(X)|2




∂f (X)

∂ST (X, θ − 2)

c →
{
wB

1 (X)
(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

(f (X)− r̄)
∂f (X)

∂ST (X, θ − 2)

−⟨w̄ (X ′, X)⟩
2

wB
1 (X)

1−
〈
S̄ (X ′)

〉
1−

〈
S̄E (X ′)

〉 (〈f̄ (X ′)
〉
− r̄
)

−
〈
ŵB

1 (X ′, X)
〉 〈

wB
1 (X)

〉 1− 〈Ŝ (X ′)
〉
+
〈
ŜB
E (X ′)

〉
+
〈
ŜB
L (X ′)

〉
1−

〈
ŜE (X ′)

〉
+
〈
ŜB
E (X ′)

〉 (〈
f̂ (X ′)

〉
− r̄
)

−SB
E (X,X)

∂f (X)

∂ST (X, θ − 1)

(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) ∂f(X)KX |Ψ(X)|2

KX |Ψ(X)|2

}
∂f (X)

∂ST (X, θ − 2)
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g =
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) ∂f̄(X)K̄X

∣∣Ψ̄ (X)
∣∣2

K̄X

∣∣Ψ̄ (X)
∣∣2 < 0

∂f (X)

∂ST (X, θ − 2)
= −r

(
1− ST (X, θ − 2)

)−1
f (X)

≃ −r
(
f (X)−

〈
f̄ (X ′)

〉)
f (X)

For banks in general f̄ (X)− r̄ << f̂ (X)− r̄ and:

a < α

Compared to β, the coefficient i includes:

i → −
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) ∂f(X)KX |Ψ(X)|2

KX |Ψ(X)|2
∂f (X)

∂ST (X, θ − 2)
< 0

and c includes additional term:(
wB

1 (X)
(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

(f (X)− r̄)
∂f (X)

∂ST (X, θ − 2)
− ⟨w̄ (X ′, X)⟩

2
wB

1 (X)
1−

〈
S̄ (X ′)

〉
1−

〈
S̄E (X ′)

〉 (〈f̄ (X ′)
〉
− r̄
))

× ∂f (X)

∂ST (X, θ − 2)

which is positive when
〈
f̄ (X ′)

〉
− r̄ > 0

Both terms lead to more stable eigenvalues than in the case of sole investors. We consider
several cases as befor.

A12.4.1 Case 1 f̄ (X)− r̄ << 1

In general, for
(
f̄ (X)− r̄

)
<< 1

a+ i ≃ −
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) 1

f (X)
SB
E (X,X)

∂f (X)

∂ST (X, θ − 1)

+

{
wB

1 (X)
(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

+
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) 1

f (X)

+
ŵ(X)

2 S (X)

1 +

(
ŵ (X)

(
f(X)+r̄(X)

2 −
⟨f̂(X′)⟩ŵ1

+⟨r̂(X′)⟩ŵ2

2

))


∂f (X)

∂ST (X, θ − 2)

< 0

−ai ≃
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) 1

f (X)
SB
E (X,X)

∂f (X)

∂ST (X, θ − 1)

×
{
wB

1 (X)
(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

+
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) 1

f (X)

+
ŵ(X)

2 S (X)

1 +

(
ŵ (X)

(
f(X)+r̄(X)

2 −
⟨f̂(X′)⟩

ŵ1
+⟨r̂(X′)⟩ŵ2

2

))


∂f (X)

∂ST (X, θ − 2)

→
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
)
SB
E (X,X)

(
r
(
1− ST (X, θ − 2)

)−1
)2
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−cg ≃
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) 1

f̄ (X)

×
{
wB

1 (X)
(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

(f (X)− r̄)
∂f (X)

∂ST (X, θ − 2)

−
〈
ŵB

1 (X ′, X)
〉 〈

wB
1 (X)

〉 1− 〈Ŝ (X ′)
〉
+
〈
ŜB
E (X ′)

〉
+
〈
ŜB
L (X ′)

〉
1−

〈
ŜE (X ′)

〉
+
〈
ŜB
E (X ′)

〉 (〈
f̂ (X ′)

〉
− r̄
)

+SB
E (X,X)

∂f (X)

∂ST (X, θ − 1)

(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) 1

f̄ (X)

}
∂f (X)

∂ST (X, θ − 2)

→
((

SB
E (X, θ − 1) + SB

L (X, θ − 1)
) 1

f̄ (X)

)2
∂f (X)

∂ST (X, θ − 1)

∂f (X)

∂ST (X, θ − 2)((
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) f (X)

f̄ (X)

)2 (
r
(
1− ST (X, θ − 2)

)−1
)2

nd −cg > −ai ldng t stbl.

A12.4.2 Case 2 f̄ (X)− r̄ >> 1, f (X) finite

The coefficients are estimated:

a ≃

 1
2

(
w̄ (X) + ŵB

1 (X) + wB
1 (X)

)
S̄ (X, θ − 1)(

1 + w̄ (X)∆1

(
f̄(X′)+r̄(X′)

2

)
+ ŵB

1 (X)∆2

(
f̄(X′)+r̄(X′)

2

)
+ wB

1 (X)∆3

(
f̄(X′)+r̄(X′)

2

)) (392)

−
S̄ (X ′, θ − 1) ∂f̄(X)

〈
K̄X

〉 ∣∣Ψ̄ (X)
∣∣2〈

K̄X′
〉 ∣∣Ψ̄ (X ′)

∣∣2
) (

f̄ (X)− r̄
)

1−
(
S̄E (X ′, θ − 1)

)
−

 (
w̄ (X) + ŵB

1 (X) + wB
1 (X)

)
S̄E (X ′, θ − 1)(

1 + w̄ (X)∆1

(
f̄(X′)+r̄(X′)

2

)
+ ŵB

1 (X)∆2

(
f̄(X′)+r̄(X′)

2

)
+ wB

1 (X)∆3

(
f̄(X′)+r̄(X′)

2

))
−
S̄E (X ′, θ − 1) ∂f̄(X)

〈
K̄X

〉 ∣∣Ψ̄ (X)
∣∣2〈

K̄X′
〉 ∣∣Ψ̄ (X ′)

∣∣2
) (

1−
(
S̄ (X, θ − 1)

)) (
f̄ (X)− r̄

)(
1−

(
S̄E (X ′, θ − 1)

))2
Since:

S̄ (X, θ − 1)

1−
(
S̄E (X ′, θ − 1)

) − S̄E (X ′, θ − 1)
(
1−

(
S̄ (X, θ − 1)

))(
1−

(
S̄E (X ′, θ − 1)

))2 =
1−

(
S̄ (X, θ − 1)

)
1−

(
S̄E (X ′, θ − 1)

) S̄L (X, θ − 1)(
1−

(
S̄E (X ′, θ − 1)

))2
we find as in appendix 10 that:

a ≃ (1 + ∆r̄)
(
1 + ∆f̄ (X)

) (
f̄ (X)− r̄

)
> 0

We use that:
∂f(X)KX |Ψ(X)|2

KX |Ψ(X)|2
≃ 1

f (X)
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so that:

i ≃
{
wB

1 (X)
(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

+
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) 1

f (X)
(393)

+

 ŵ(X)
2 S (X)

1 +

(
ŵ (X)

(
f(X)+r̄(X)

2 −
⟨f̂(X′)⟩

ŵ1
+⟨r̂(X′)⟩ŵ2

2

))



∂f (X)

∂ST (X, θ − 2)

≃
{
wB

1 (X)
(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

+
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) 1

f (X)

+
S (X)

f (X)− f̄ (X)

}
r
(
1− ST (X, θ − 2)

)−1
f (X)

< 0

and:

a+ i

→ (1 + ∆r̄)
(
1 + ∆f̄ (X)

) (
f̄ (X)− r̄

)
−
{
wB

1 (X)
(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

+
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) 1

f (X)

+
S (X)

f (X)− f̄ (X)

}
r
(
1− ST (X, θ − 2)

)−1
f (X)

≃ (1 + ∆r̄)
(
1 + ∆f̄ (X)

) (
f̄ (X)− r̄

)
−
{
wB

1 (X)
(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

+
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) 1

f (X)

}
×r
(
1− ST (X, θ − 2)

)−1
f (X)

> 0

which corresponds to an unstable case.

A12.4.2 Case 2 bis f̄ (X)− r̄ >> 1, f (X) >> 1

a ≃ (1 + ∆r̄)
(
1 + ∆f̄ (X)

) (
f̄ (X)− r̄

)
> 0

i = −
{
wB

1 (X)
(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

(394)

+
S (X)

f (X)−
〈
f̂ (X ′)

〉
 r

(
1− ST (X, θ − 2)

)−1
f (X)

≃ −wB
1 (X)

(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

r
(
1− ST (X, θ − 2)

)−1
f (X)

a+ i < 0

−ai ≃ (1 + ∆r̄)
(
1 + ∆f̄ (X)

) (
f̄ (X)− r̄

)
×wB

1 (X)
(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

r
(
1− ST (X, θ − 2)

)−1
f (X)

c ≃ wB
1 (X)

(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

(f (X)− r̄)
(
r
(
1− ST (X, θ − 2)

)−1
)2
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−g ≃
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
) 1

f̄ (X)

−cg ≃ wB
1 (X)

(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉)

(f (X)− r̄)

×
(
r
(
1− ST (X, θ − 2)

)−1
)2 (

SB
E (X, θ − 1) + SB

L (X, θ − 1)
) 1

f̄ (X)

≃ wB
1 (X)

(
⟨w̄ (X)⟩+

〈
ŵB

1 (X)
〉) (

SB
E (X, θ − 1) + SB

L (X, θ − 1)
)

×
(
r
(
f (X)−

〈
f̄ (X ′)

〉)
f (X)

)2 (f (X)− r̄)

f̄ (X)

and:
−ai ≃ (1 + ∆r̄)

(
f̄ (X)− r̄

)
(
SB
E (X, θ − 1) + SB

L (X, θ − 1)
)
rf (X)

(f (X)− r̄)

f̄ (X)

Thus, when rf (X) (f(X)−r̄)

f̄(X)
is large enough and:

−ai < −ch

this case corresponds to stabilty. Otherwise, it is unstable.

A12.4.3 Formula for perturbations

The initial variations δf̄ , δf̂ , δS, write in terms of eigenvectrs: δf̄

δf̂

δS

 = aV1 + bV2 + cV3

with:

V1 =

 0

1

0



V2 =


−
(
2−

√
(a−D)2+4cg+D+a

)
c

2(f+af−cd)

f
(√

a2−2aD+D2+4cg−D+a
)
−2cd

2(f+af−cd)

1
2f+2af−2cd

(
a−D + aD −D2 +D

√
a2 − 2aD +D2 + 4cg +

√
a2 − 2aD +D2 + 4cg − 2cg

)
 ,

V3 =


− 1

2f+2af−2cd

(
2c+ c

√
a2 − 2aD +D2 + 4cg + cD + ac

)
− 1

2f+2af−2cd

(
f
√
a2 − 2aD +D2 + 4cg + fD − af + 2cd

)
− 1

2f+2af−2cd

(
D − a− aD +D2 +D

√
a2 − 2aD +D2 + 4cg +

√
a2 − 2aD +D2 + 4cg + 2cg

)


The coefficients a, b and c depend on the initial variations and on the coordinates of the Vi. We
find the following formula:  a

b

c

 = (V1, V2, V3)
−1

 δf̄

δf̂

δS


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where (V1, V2, V3) is the matrix with columns given by the Vi.

and the formula for perturbation in the continuous approximation writes: δf̄ (X, θ)

δf̂ (X, θ)

δS (X, θ − 1)

→ a exp (−θ)V1 + b exp (λ−θ)V2 + c exp (λ+θ)V3

To the first approximation, this leads to: δf̄ (X, θ)

δf̂ (X, θ)

δS (X, θ − 1)

→ c exp (λ+θ)V3

where:

c = (0, 0, 1)

(V1, V2, V3)
−1

 δf̄

δf̂

δS




A12.5 Deviations from averages perturbations equations

Introducing deviations from averages interaction amounts as in the first part, to introduce additional
terms that are in first approximation:

1− S̄ (X)

1− S̄E (X)
δf̄ (X, θ − 1) = aδf̄ (X, θ − 1) + bδf̂ (X, θ − 1) + cδST (X, θ − 2)

+

∫
V (X,X ′) δf̄ (X ′, θ − 1) +

∫
W (X,X ′) δf̂ (X ′, θ − 1)

1−
(
Ŝ (X)

)
1−

(
ŜE (X)

)δf̂ (X, θ) = dδf̄ (X, θ − 1) + eδf̂ (X, θ − 1) + fδST (X, θ − 2)

+

∫
T (X,X ′) δf̄ (X ′, θ − 1)

δST (X, , θ − 1) = gδf̄ (X, θ − 1) + hδf̂ (X, θ − 1) + iδST (X, θ − 2)

V (X,X ′) = S̄E (X ′, X)
1−

〈
S̄ (X ′)

〉
1−

〈
S̄E (X ′)

〉
W (X,X ′) = ŜB

E (X ′, X)
1−

〈
Ŝ (X ′)

〉
+
〈
ŜB
E (X ′)

〉
+
〈
ŜB
L (X ′)

〉
1−

〈
ŜE (X ′)

〉
+
〈
ŜB
E (X ′)

〉

T (X,X ′) = ŜE (X ′, X)
1−

〈
Ŝ (X ′)

〉
1−

〈
ŜE (X ′)

〉
This modifies the matrix of the system by an additional contribution: a 0 c

d −1 f

g 0 i

+

 V (X,X ′) W (X,X ′) 0

0 T (X,X ′) 0

0 0 0


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Using that for block matrices:[
P−1 0

0 N−1

][
A R

R′ A′

][
P 0

0 N

]
=

[
A P−1RN

N−1R′P A′

]

so that after block diagonalization interactions are given by:

P−1

 V (X ′, X) W (X,X ′)

0 T (X ′, X)

0 0

N

and:

N−1

 V (X ′, X) W (X,X ′)

0 T (X ′, X)

0 0

P

We assume that, for the average system:  a 0 c

d −1 f

g 0 D


the diagonalization matrices can be approximated by their avergs, s that P = N , nd the transfor-
mation of connection terms becomes:

 α 0 η

β 1 θ

γ 0 ρ


−1 V W 0

0 T 0

0 0 0


 α 0 η

β 1 θ

γ 0 ρ



=


V α ρ

αρ−γη +Wβ ρ
αρ−γη W ρ

αρ−γη Wθ ρ
αρ−γη + V η ρ

αρ−γη

β
(
T +W θγ−βρ

αρ−γη

)
+ V α θγ−βρ

αρ−γη T +W θγ−βρ
αρ−γη θ

(
T +W θγ−βρ

αρ−γη

)
+ V η θγ−βρ

αρ−γη

−V α γ
αρ−γη −Wβ γ

αρ−γη −W γ
αρ−γη −Wθ γ

αρ−γη − V γ η
αρ−γη


where:

 α

β

γ

 =


−
(
2−

√
(a−D)2+4cg+D+a

)
c

2(f+af−cd)

f
(√

a2−2aD+D2+4cg−D+a
)
−2cd

2(f+af−cd)

1
2f+2af−2cd

(
a−D + aD −D2 +D

√
a2 − 2aD +D2 + 4cg +

√
a2 − 2aD +D2 + 4cg − 2cg

)


 c

f

D

 =


−
(
2+a+D−

√
(a−D)2+4cg

)
c

2(f+af−cd)

f
(
a−D+

√
(a−D)2+4cg

)
−2cd

2(f+af−cd)(
a−D+

√
(a−D)2+4cg

)
(1+D)−2cg

2f+2af−2cd


1

2

(
a+D +

√
(a−D)

2
+ 4cg

)
→ 1

2

(
a+D +

√
(a−D)

2
+ 4cg

)
+

(
Wθ

γ

αρ− γη
+ V γ

η

αρ− γη

)

224



A12.6 Modifications of eigenvalues

As in the first part, for interactions without loops, eigenvalues are not modified and fluctuations
do not modify stable states. To include loops, we frst consider the case of reciprocal interactions.

In first approxmtn we can replace eigenvectrs by their averages and modifications for eigenvalues:

λ+ → λ+ +
(

−V α γ
αρ−γη −Wβ γ

αρ−γη −W γ
αρ−γη −Wθ γ

αρ−γη − V γ η
αρ−γη

)

×


1

λ+−λ′
−

0 0

0 1
λ++1 0

0 0 1
λ+−λ′

+−




W ′θ ρ
αρ−γη + V ′η ρ

αρ−γη

θ
(
T ′ + V ′ θγ−βρ

αρ−γη

)
+ V ′η θγ−βρ

αρ−γη

−W ′θ γ
αρ−γη − V ′γ η

αρ−γη


leading to the variation in eignvalues:

1

λ+ − λ′
+−

γ2 (W ′θ + V ′η)
Wθ + V η

(αρ− γη)
2−

1

λ+ − λ′
−
ρ (W ′θ + V ′η) γ

V α+Wβ

(αρ− γη)
2−

W

λ+ + 1
γ
θ
(
T ′ +W ′ θγ−βρ

αρ−γη

)
+ V ′η θγ−βρ

αρ−γη

αρ− γη

If the interaction is symetric:

λ+ → λ+ +
(

−V α γ
αρ−γη −Wβ γ

αρ−γη −W γ
αρ−γη −Wθ γ

αρ−γη − V γ η
αρ−γη

)

×


1

λ+−λ′
−

0 0

0 1
λ++1 0

0 0 1
λ+−λ′

+−




Wθ ρ
αρ−γη + V η ρ

αρ−γη

θ
(
T +W θγ−βρ

αρ−γη

)
+ V η θγ−βρ

αρ−γη

−Wθ γ
αρ−γη − V γ η

αρ−γη


= λ+ +

1

λ+ − λ′
+−

γ2 (Wθ + V η)
2

(αρ− γη)
2 − 1

λ+ − λ′
−
ρ (Wθ + V η) γ

V α+Wβ

(αρ− γη)
2 − W

λ+ + 1
γ
θ
(
T +W θγ−βρ

αρ−γη

)
+ V η θγ−βρ

αρ−γη

αρ− γη

Similarly:

λ− → λ− +
(

β
(
T +W θγ−βρ

αρ−γη

)
+ V α θγ−βρ

αρ−γη T +W θγ−βρ
αρ−γη θ

(
T +W θγ−βρ

αρ−γη

)
+ V η θγ−βρ

αρ−γη

)

×


1

λ−−λ′
−

0 0

0 1
λ−+1 0

0 0 1
λ−−λ′

+−




Wθ ρ
αρ−γη + V η ρ

αρ−γη

θ
(
T +W θγ−βρ

αρ−γη

)
+ V η θγ−βρ

αρ−γη

−Wθ γ
αρ−γη − V γ η

αρ−γη



λ+ +
(

−V α γ
αρ−γη −Wβ γ

αρ−γη −W γ
αρ−γη −Wθ γ

αρ−γη − V γ η
αρ−γη

)

×


1

λ+−λ′
−

0 0

0 1
λ++1 0

0 0 1
λ+−λ′

+−




W ′θ ρ
αρ−γη + V ′η ρ

αρ−γη

θ
(
T ′ +W ′ θγ−βρ

αρ−γη

)
+ V ′η θγ−βρ

αρ−γη

−W ′θ γ
αρ−γη − V ′γ η

αρ−γη


More general, considr cycles of interactions. the loop yields modfication:

∆λiα =
∑∏ Wjk+1αk+1,jkαk

λiα − λjk+1αk+1
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where αk takes their values. where Wjk+1αk+1,jkαk
coefficients of:

V α ρ
αρ−γη +Wβ ρ

αρ−γη W ρ
αρ−γη Wθ ρ

αρ−γη + V η ρ
αρ−γη

β
(
T +W θγ−βρ

αρ−γη

)
+ V α θγ−βρ

αρ−γη T +W θγ−βρ
αρ−γη θ

(
T +W θγ−βρ

αρ−γη

)
+ V η θγ−βρ

αρ−γη

−V α γ
αρ−γη −Wβ γ

αρ−γη −W γ
αρ−γη −Wθ γ

αρ−γη − V γ η
αρ−γη


=

(
C1 C2 C3

)
=

 L1

L2

L3


and the modification is:

L0α


1

λα−λ′
n−

0 0

0 1
λα+1 0

0 0 1
λα−λ′

k+−



×
n−1∏
1


V α ρ

αρ−γη +Wβ ρ
αρ−γη W ρ

αρ−γη Wθ ρ
αρ−γη + V η ρ

αρ−γη

β
(
T +W θγ−βρ

αρ−γη

)
+ V α θγ−βρ

αρ−γη T +W θγ−βρ
αρ−γη θ

(
T +W θγ−βρ

αρ−γη

)
+ V η θγ−βρ

αρ−γη

−V α γ
αρ−γη −Wβ γ

αρ−γη −W γ
αρ−γη −Wθ γ

αρ−γη − V γ η
αρ−γη


k

×


1

λα−λ′
k−

0 0

0 1
λα+1 0

0 0 1
λα−λ′

k+−

Cnα

that is:

L0α


1

λ−+1 0 0

0 1
λ−−λ′

n−
0

0 0 1
λ−−λ′

k+−



×
n−1∏
1


Vkα

ρ
αρ−γη+Wkβ

ρ
αρ−γη

λα+1

Wk
ρ

αρ−γη

λα−λ′
k−

Wkθ
ρ

αρ−γη+Vkη
ρ

αρ−γη

λα−λ′
k+−

β
(
Tk+Wk

θγ−βρ
αρ−γη

)
+Vkα

θγ−βρ
αρ−γη

λα+1

Tk+Wk
θγ−βρ
αρ−γη

λα−λ′
k−

θ
(
Tk+Wk

θγ−βρ
αρ−γη

)
+Vkη

θγ−βρ
αρ−γη

λα−λ′
k+−

−
Vkα

γ
αρ−γη+Wkβ

γ
αρ−γη

λα+1 −
Wk

γ
αρ−γη

λα−λ′
k−

−
Wkθ

γ
αρ−γη+Vkγ

η
αρ−γη

λα−λ′
k+−

Cnα

where:
L0+ →

(
−V α γ

αρ−γη −Wβ γ
αρ−γη −W γ

αρ−γη −Wθ γ
αρ−γη − V γ η

αρ−γη

)

Cn+ →


Wθ ρ

αρ−γη + V η ρ
αρ−γη

θ
(
T +W θγ−βρ

αρ−γη

)
+ V η θγ−βρ

αρ−γη

−Wθ γ
αρ−γη − V γ η

αρ−γη


L0− →

(
β
(
T +W θγ−βρ

αρ−γη

)
+ V α θγ−βρ

αρ−γη T +W θγ−βρ
αρ−γη θ

(
T +W θγ−βρ

αρ−γη

)
+ V η θγ−βρ

αρ−γη

)

Cn+ →

 W ρ
αρ−γη

T +W θγ−βρ
αρ−γη

−W γ
αρ−γη


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A12.7 Variations in terms of stakes

The variations of the system nd transitns can directly be written in terms of stakes between investors
and banks.

A12.7.1 Investors

As in the first prt:

δŜE (X ′, X, θ) =
ŵ (X ′, X)

2

(
1 +

(
δf̂ (X ′)− ⟨w (X)⟩ δ f (X) + r (X)

2

))
→ ŵ (X ′, X)

2
δf̂ (X ′, θ)

δŜ (X ′, X, θ) = ŵ (X ′, X)

(
1 + δ∆

(
f̂ (X ′) + r̂ (X ′)

2

))

→ ŵ (X ′, X)
δf̂ (X ′, θ) + r̂ (X ′, , θ)

2

where:

ŵ (X ′, X) →

(
1−

(
γ
〈
ŜE (X)

〉)2)
ŵ

(0)
1 (X ′, X)

1 + ŵ
(0)
1 (X ′, X)

(
1−

(
γ
〈
ŜE (X)

〉)2)
+

(
γ
〈
ŜE (X1, X ′)

〉
X1

)2

−
(
γ
〈
ŜE (X)

〉)2
The formula for ŵ (X ′, X) shows that this parameter is mainly exogeneous.

A12.7.2 Banks

For banks, we have S̄E (X ′, X) , S̄L (X ′, X), S̄ (X ′, X), ŜB
E (X ′, X), SB

E (X,X) given by (65), (66), (67),
(71), (73):

S̄E (X ′, X) (395)

=
w̄ (X ′, X)

2

(
1 +

{
w̄ (X)

(
f̄ (X ′)−

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)

+ŵB
1 (X)

(
f̄ (X ′)−

〈
f̂ (X ′)

〉
ŵ1

)
+ wB

1 (X)
(
f̄ (X ′)− f (X)

)})

S̄L (X ′, X) (396)

=
w̄ (X ′, X)

2

(
1 +

{
w̄ (X)

(
r̄ (X ′)−

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)

+ŵB
1 (X)

(
r̄ (X ′)−

〈
f̂ (X ′)

〉
ŵB
1

)
+ wB

1 (X) (r̄ (X ′)− f (X))

})

S̄ (X ′, X) = S̄E (X ′, X) + S̄L (X ′, X) (397)

= w̄ (X ′, X)

[
1 +

{
w̄ (X)

(
f̄ (X ′) + r̄ (X ′)

2
−

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)

+ŵB
1 (X)

(
f̄ (X ′) + r̄ (X ′)

2
−
〈
f̂ (X ′)

〉
ŵ1

)
+ wB

1 (X)

(
f̄ (X ′) + r̄ (X ′)

2
− f (X)

)}]
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ŜB
E (X ′, X) (398)

= ŵB
1 (X ′, X)

[
1 + w̄ (X)

(
f̂ (X ′)−

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)

+ŵB
1 (X)

(
f̂ (X ′)−

〈
f̂ (X ′)

〉
ŵ1

)
+ wB

1 (X)
(
f̂ (X ′)− f (X)

)]
ŜB
L (X ′, X)

κ
(
1− S̄ (X)

) = ŵB
2 (X ′, X)

{
1 + ŵB

2 (X)

(
r̂ (X ′)−

〈
f̂ (X ′)

〉
ŵ1

)
+ wB

2 (X) (r̂ (X ′)− f (X))

}
(399)

SB
E (X,X) (400)

= wB
1 (X)

{
1 + w̄ (X)

(
f (X)−

〈
f̄ (X ′)

〉
w̄1

+ ⟨r̄ (X ′)⟩w̄2

2

)
+ ŵB

1 (X)

(
f (X)−

〈
f̂ (X ′)

〉
ŵ1

)}
SB
L (X,X)

κ
(
1− S̄ (X)

) = wB
2 (X)

[
1 + ŵB

2 (X)
(
r (X)− ⟨r̂ (X ′)⟩ŵ2

)]
(401)

with:

(w̄ (X ′, X))
−1

= 1 +
4

ζ2w̄
(0)
1 (X ′, X)


ζ̄2ζ2

(
1 +

(
γ
〈
ŜE

(
X1,(X′)

′)〉)2
1−(γ⟨ŜE(X′,(X′)′)⟩)2

)
〈
ŵ

(0)B
1

(
(X ′)

′
, X ′

)〉
(X′)′

+ ξ2

 (402)

×


1 +

(
γ̄⟨S̄E(X1,X

′)⟩
X1

)2

1−(γ̄⟨S̄E((X′)′,X′)⟩)2

1 +

(
γ⟨ŜE(X1,X′)⟩

X1

)2

1−(γ⟨ŜE(X′,(X′)′)⟩)2


w

(0)B
1 (X ′, X) +

ζ2

ξ2

1 +

(
γ
〈
ŜE (X1, X

′)
〉
X1

)2

1−
(
γ
〈
ŜE

(
X ′, (X ′)

′)〉)2



(
ŵB

1 (X ′, X)
)−1

= 1 +

〈
ŵ

(0)B
1

(
(X ′)

′
, X ′)〉

(X′)′

ζ2w̄
(0)
1 (X′,X)

w
(0)B
1 (X′,X)


1+

(
γ⟨ŜE(X1,X

′)⟩
X1

)2
1−(γ⟨ŜE(X′,(X′)′)⟩)2

1+

(
γ̄⟨S̄E(X1,X

′)⟩X1

)2
1−(γ̄⟨S̄E((X′)′,X′)⟩)2


4

(
ζ̄2ζ2

(
1 +

(γ⟨ŜE(X1,(X′)′)⟩)2
1−(γ⟨ŜE(X′,(X′)′)⟩)2

)
+ ξ2

〈
ŵ

(0)B
1

(
(X ′)

′
, X ′

)〉
(X′)′

) (403)

+

ζ2
〈
ŵ

(0)B
1

(
(X ′)

′
, X ′)〉

(X′)′

ξ2w
(0)B
1 (X ′, X)

1 +

(
γ
〈
ŜE (X1, X

′)
〉
X1

)2

1−
(
γ
〈
ŜE

(
X ′, (X ′)

′)〉)2


w̄B (X,X) = 1− ⟨w̄ (X ′, X)⟩X′ −
〈
ŵB

1 (X ′, X)
〉

and ζ2

ξ2
ζ̄2 gvn by (227), (228).

ŵB
2 (X ′, X) =

(
1−

(
γ
〈
ŜE (X1, X

′)
〉)2)

ŵ
(0)
2 (X ′, X) (1 + ∆r̂ (X ′))

1 + ŵ
(0)
2 (X ′, X)

(
1−

(
γ
〈
ŜE (X1, X ′)

〉)2)
+

(
γ
〈
ŜE (X1, X ′)

〉
X1

)2

−
(
γ
〈
ŜE (X1, X ′)

〉)2
(404)

228



and
wB

2 (X) = 1− ŵB
2 (X ′, X) (405)

givn by(72), (74)
Moreover:

ŜB
L (X ′, X)

κ
(
1− S̄ (X)

) = ŵB
2 (X ′, X)

{
1 + ŵB

2 (X ′, X)

(
r̂ (X ′)−

〈
f̂ (X ′)

〉
ŵ1

)
+ wB

2 (X) (r̂ (X ′)− f (X))

}
SB
L (X,X)

κ
(
1− S̄ (X)

) = wB
2 (X)

[
1 + ŵB

2 (X)
(
r (X)− ⟨r̂ (X ′)⟩ŵ2

)]
As for investors the formula for coefficients w̄B, ŵB

1 ,... show that thes parameter are mainly exoge-
neous. Consequently:

δS̄E (X ′, X) =
w̄ (X ′, X)

2
δf̄ (X ′) , δS̄L (X ′, X) =

w̄ (X ′, X)

2
δr̄ (X ′)

δS̄ (X ′, X) = w̄ (X ′, X)
δf̄ (X ′) + δr̄ (X ′)

2

δŜB
E (X ′, X) =

ŵB
1 (X ′, X)

2
δf̂ (X ′) ,

δŜB
L (X ′, X)

κ
(
1− S̄ (X)

) =
ŵB

2 (X ′, X)

2
δr̂ (X ′)

δSB
E (X,X) = wB

1 (X) δf (X) ,
δSB

L (X,X)

κ
(
1− S̄ (X)

) = wB
2 (X) ŵB

2 (X) δr (X) (406)

The dynamic equations for δf̄ (X, θ), δf̂ (X, θ), δST (X, , θ − 1) can be replaced by a dynamic equation:

 δS̄ (X ′, X, θ)

δŜ (X ′, X, θ)

δST (X, , θ − 1)

 =


a 0

w̄(X′,X)
2 c

ŵ(X′,X)
w̄(X′,X) d −1

ŵ(X′,X)
2 f

g
w̄(X′,X)

2

0 i


 δS̄ (X ′, X, θ − 1)

δŜ (X ′, X, θ − 1)

δST (X, , θ − 2)


with the same eigenvalues as the system for δf̄ (X, θ), δf̂ (X, θ), δST (X, , θ − 1).

A12.8 Transitions induced by group connections

As seen above, the banks tend to stablize flctuatns, when they behave as lenders. When they
behave as investrs, unstablt may arise. This is mainly the case when f̄ (X)− r̄ >> 1, f (X) = O (1).
In this case connexions between different grps may induce transition:

f̄ (X)− r̄ = O (1) , f (X) = O (1)

towards instability:
f̄ (X)− r̄ >> 1, f (X) = O (1)

which correspnds to connect to groups with high
〈
f̄ (X)

〉
or high

〈
f̂ (X)

〉
, the bank behavng as

investrs in this sectors with high profitabilty.
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